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APERHUCJIOBUE K HETBEPTOMY U3NAHHUIO

OTo u3gaHue BHIXOAMT yxe rnociae cmeptu Cepres BacusibeBHua
®omuna. On ycres, ofHaKo, NpojenaTh BCIO OCHOBHYIO paboTy no
ycoBepIIeHCTBOBAHHIO KHHrH. CyulecTBeHHO nepepaGotaHa JecsTas
raaBa. B neii no6asneH naparpad, nOCBSillleHHBIH TeOpeEMe O HesiB-
1Ol (DYHKLUHH M M3MeHeH naparpad «3KcTpeMasbHble 3aJa4u». IJTH
H3MEeHEeHHs! OBJIeKJH 32 co00ll HeCOXOAUMOCTb H3MEHEHHIl B 4eTBep-
Toli riaBe (Ca1eACTBHS M3 TeopeMbl XaHa — DaHaxa u TeopeMmbl Da-
Haxa 06 oO6paTHOM oleparope).

Texct kuuru Obl1 npocmorped B. M. AsekceeBniMm U B. M. Tu-
XOMHDOBHIM, KOTOPBIM §1 BBIP2XKal0 HCKPEHHIOW 6J1arofapHOCTb.

A. Koamoeopos



U3 ﬂPEIlHCJ]OBﬂH KO BTOPOMY U3JAHHIO

IlepBoe usnaune «DJ€MEHTOB TeOPHH GOYHKUHI U QYHKUHOHAJb-
HOrO aHaJjii3a» BBILLIO ABYMS OTJeJbHBIMH BhINyCKaMd B 1954 u
1960 rogmax. IlosiBjieHHe 3THX BBIMYCKOB OBIJIO CBA3aHO C BKJOYE-
HueM B KoHLe 40-X roJ0B B NPOrpaMMy MeXaHHKO-MaTeMaTHIeCKOro
daxynvrera MI'Y kypca «Ananua lll», o6benunssiero saeMeHTHE
TEOpHH Mephbl H TeOpHH (YHKUHH, HHTerpaJibHble YpaBHEHHS, CBEJE-
Hus U3 GYHKUHOHAJIBHOTO aHaJ/JH3a, a N03XKe H BaPHALUHOHHOE HC-
ypcsaenue. AToT Kypc, ynrasiniica B MI'Y cnepsa A. H. Konmoro-
DPOBLIM, 4 MOTOM U JPYTHMH JeKTOpaMu, B ToM ducie C. B. domu-
HBHIM, BollleJ B JaJjibHeillleM B NPOrPAMMBbl H JPYTHX YHHBEPCHTETOB.

B cBoe Bpemsi 3amMeHa B MI'Y oTnenbHBIX KypcoB T€OpUH (DYHK-
uuil AefiCTBUTENBHOTO NEPEMEHHOTO, HHTErpalibHbiX ypaBHEHHHA W
BapHaLHOHHOTO HCUHC/JEHHUS eIHHBIM KypcoM «Aunanus lIl» BeisBana
6oJibiline cropbl. Ilepen kypcoM 6bljia mocTaBjeHa 3afaua NPHYYHTb
CTYIEHTOB K JBOHHOMY 3DEHHIO: C OJHOH CTOPOHBI, CI€IUTb 34 BHYT-
peHHel JOrMKOA pa3BHTHS TEOPHH MHOXKeCTB, O0llell TeOpHH Helpe-
PBIBHBIX OTOOpaXKeHHH MeTPHYECKHX H TONOJOTHYECKHX POCTPAHCTB,,
JINHEMHBIX TPOCTPAHCTB H (YHKIHOHAJIOB H ONEPATOPOB HA HHX, YH-
CTOM TEOpPHH Mepbl H MHTErPHPOBAHHS B OGUIMX «IIPOCTPAHCTBAX €
Mepoii», ¢ npyrofi, —He ymyckKaTb U3 BHAY OOCHyXHUBAaeMyld 3THMH
Gosee aGcTpakTHBIMH 06/1aCTAMH MAaTeMaTHKH NpoGJeMaTHKY KJaac-
CHYECKOTO H Jla’Ke NPHKJAJHOrO aHaIH3a.

Ilpu pellieHHH 3ToH 3ajayd Mbl B MNJAHHPOBKE KHUIH OTJAaeM
npeanoyTeHne aGCTPAKTHON JIHHHH TMOCTpoeHuss Kypca. OT obuieir
TEOPHH MHOKeCTB (rjaBa I) MOXHO mepeHTH K MeTPUYECKHM H TO-
MOJIOrHYECKHM TPOCTPAHCTBAM H HX HENpPEpPbIBHBIM OTOGpaKeHUSM
(rmaBa Il) nu6o HemocpeACTBEHHO K MpOCTPaHCTBAM ¢ Mepoi (6e3
TONOJIOTHH) ¥ HHTErpupoBaHUI0 B HHX (rsaBa V). B raasax Il u IV
H3y4YaloTCs JIHHEeHHble NMPOCTPAHCTBA U JHHeHHble (YHKIHOHAMB H
onepaTopsl B HHX. OT 9THX rJ1aB BO3MOXKEH NpsiMoOfl Mepexoj K rJja-
Be X (HenuHelHble nuddepeHHrpyeMble onepatopsl H (PyHKUHO-
HaJant). B raaBe VII usyuatorcd siHHeliHble POCTPAHCTBA CYMMHpYe-
mMbix pyHkuui. JIlump B rnaBax VI u VIII BHHMaHue, Mo CYIIeCTBY,
COCpeloTO4YeHO Ha (GYHKUHAX AEHCTBHTENbHOrO MEPEMEHHOro.
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XoTs B mepBYyIO Ouepelb B Halllefl KHHre H3Jjaraiorcst ofiiue Io-
gATHA TeOpHH QYHKUMA H QYHKUHOHAJBHOTO aHaJH3a, BHHMaHHe K
TIpUMBIKaIOUiell CI0a KJaCCHYECKOH NpoljieMaTHKe YHTaTeJ]b MOXeET
TPOCJENHTh NOYTH BO BCexX IiaBaxX. Bkiwouenuwe B Kuury rias VI
(reopusi nuddepenuuposanua), VIII (Tpuronomerpuueckue psanbl H
uurerpasn ®Oypoe) u IX (saHHefiHble HHTerpaJbHble ypaBHEHHs) NpH-
BOJUT K TOMY, UTO Ceffuac Hallla KHHIa OXBAaTbIBAeT BCIO NPOrpaMmy
npunsitoro B MI'Y kypca «Ananua Ill», kpome BapuanuonHnoro uc-
yucaeHus. Mbl He BKJIOYHJH 3TOT pa3jel B Hallly KHUTY, OTPAHUYHB-
TIHCh JIMIIb H3JI0KEHHeM B rjaBe X CaMbIX MEPBBIX NPEACTABJIEHHH
0 HeJIHHEeHHOM (YHKUHOHAJbHOM aHaJu3e.

B HOBOM H31aHHH, KAaK H B NIepBOHAYAJbHOM, 3HAUHTENbHOE Me-
CTO 3aHHMaeT-001as Teopud Mepbl. B mocnenHee BpeMs MOSBHJIOCH
JIOBOJIbHO MHOTO H3JIOXKEHHH TEOPHH HHTEerpHpPOBAHHS, OCHOBAHHOH
na cxeMe JlaHuend, He HCIOJb3YIOLIeH annapata TeOpHH Mepbl. Mbl
TIOJIaTaeM, OJHAKO, YTO TEOPHS Mephl AOCTATOYHO BaXKHA H cama 1o
ce6e, HE3aBUCHMO OT BBeJleHHS NOHATHS HHTerpaja, H 3aciaykKHBaeT
"BKJIIOYEHHS] B YHHBEPCHTETCKHH KypC.

BKkJlouenHe HOBBIX I'JIaB 3aMeTHO YBeJHYHJO 06beM KHUrd. Cra
PHle TJIaBbl TOXe CYyUieCTBEHHO NMepepaboTaHbl H B HHUX BKJIOYEHB
HOBble naparpadul (Hanpumep, O MOPAAKOBBIX THNAX H TPAHCHUHUT-
HbIX YHCJAX, TOMOJOTHYECKHUX NPOCTPAHCTBAX, OOOCUIEHHBIX (yHK-
"DHSX U AD.).

[lepepaGaTbiBast Hally KHHT'Y W BKJIOYas B Hee HOBble pa3felHl,
™Mbl CTapaJiich, OJHAKO, COXPAHHTb B HeH TOT CPABHUTEJNBHO 3Je-
MEHTapHBIH CTHJIb H3JIOXKEHHs, KOTOPHIH OBbLI BblAepKaH, Kak HaM
Ka)eTcsl, B IepBOM H3IaHHH. Mbl HajeeMcs, 4TO OHa HaHmeT CBOe
€CTEeCTBEHHOE MeCTO B YHHBEPCHTETCKOM IpenojaBaHUH Hapsay C
JpYrUMH DYKOBOICTBaMH, B 4actHOCTH, ¢ KHurod [. E. Ilumosa
«MateMaTHuecKuii aHa/Ju3, ClelHaJbHBIA Kypc», B KOTOpoH GoJee
TNoJYepKHyTa aHAJHTHYeCKas CTOpOHA feJsa, a HHTepec K MeTpuue-
CKHM H TONOJIOTHYECKHM IIPOCTPAHCTBAM, MepaM H T. A. KaK caMo-
CTOATEJIbHBIM 06 beKTaM KYJbTUBUPYETCS B MEHbIIEH CTeleHH.

A. Koamoeopos
C. domun



NPEAHUCIOBHE K TPETbEMY H3JAHHUIO

[Tpu moaroToBKe HOBOTO H3JaHHsT Mbl COXPAaHWJM OOLIMH miaan
KHHTH M NOCTapaJ/uch He YBeJMYuBaTh ee 06beM. Bmecre ¢ TeM Bech
TEKCT KHHUIH OB 3aHOBO MPOCMOTPEH W OTpelakTHpoBaH. Boabuyio
nomomp B 310l pabore Ham okasan @. B. llupokos. B rnasax [ u
IV chaenanb HeKOTOpBlE NMepeCTAHOBKH W H3MeHeHHs, obierdaoiine,
Ha Hall B3LJISA, Mepexos oT 6osiee MPOCTHIX MOHATHH K Gosee CIOK-
HbIM (HanpuMmep, OoT GaHaXOBHIX MPOCTPAHCTB K Gosee OOLUM B
ra. IV). JloBOIbHO CyLIeCTBEHHO NepepaGoTaHO H3JOXeHHe TeOpHH
Mephl (ra. V).

B nocnennue roast B Kypc «Ananus 111» yacro Bkawouatores sne-
MeHTH TeOpHH 6aHaXOBHIX aare6p W CHIeKTpaJbHOro aHasau3a. [lo-
3TOMY MBI COYJIH LeJecooGpasHbIM BKJIOYHTb B HALY KHHUTY HaMu-
caunoe B. M. TuxoMupoBHIM AONOJHEHHe, MOCBSILEHHOE 3THM BO-
npocam.

A. Koamoeopos
C. Qomun



r1ABA 1
3JIEMEHTbBI TEOPHH MHO)XECTB

§ 1. MNMousiThe MHoxKectBa. Onepauun HaJ MHOXKECTBAMH

1. OcHoBHble ompejesneHHa. B MaTemaTHke BCTpeyaloTcs cambie
pasHooGpasnble mHOKecT8a. MOXKHO rOBOPHTE O MHOMKECTBE rpaneii
MHOTOrPaHHHKA, TOYEK HA NPAMOH, MHOXECTBE HATYpPa/lbHBIX YHCEJ
u 1. 4. [ToHsiTHe MHOXeCTBa HACTOJbKO oOliee, YTO TPYAHO OaTb
eMy Kakoe-n160 ompejeseHHe, KOTOPOe He CBOJHJOCH Obl MPOCTO K
3aMeHe CJI0OBA «MHOMKECTBO» €ro CHHOHHMaMH: COBOKYNHOCTb, coGpa-
HHE 3JIEMEHTOB W T. . i

Posb, KOTOPYIO MOHSITHE MHOXECTBA HIPAeT B COBPEMEHHOH Ma-
TeMaTHKe, ONPEeNseTcs He TOJbKO TeM, UTO caMa TeOPHSI MHOXKeCTB
cTajsa B HACTOsllee BpeMsi BecbMa OGWIHPHOH M CONEpKaTeJNbHOM
JQHUCIHIIJIHHOH, HO TJIaBHBIM 06pa30M TeM BJHSHHEM, KOTOPOE TeOpHUs
MHOXECTB, BO3HHKIIAsl B KOHLE NpPOIIJIOrQ CTOJETHS, OKaspBaja H
OKa3blBaeT Ha BCIO MaTeMaTHKy B nenoMm. He craes cpoeit 3agaueit
CKOJIbKO-HHOYAb NMOJHOE H3JI0:KEHHEe 3TOH TEeOPHH, MBI 3/eCh JHUIbL
BBeJleM OCHOBHble 0603HauYeHHs H NPHBeJEeM NepBOHauaJbHbie Teope-
THKO-MHOXeCTBEeHHble MOHATHS, HCIOJb3yeMble B JaJjibHeHllIeM,

MHuoxecTBa Mbl GyneM 0603HauyaThb NPONHCHLIMH OGyksamu A,
B, ..., a ux aneMeHTH — MaJbIMuH @, b, ... YTBepKiaeHue «ane-
MEHT @ NMPHHAMJEXKHT MHOXeCTBY A» CUMBOJIHUECKH 3anHCchIBaeTcs
Tak: a= A (u1n A = a); 3anucb a £ A (unu A P a) osnauaer, uto
aneMeHT a He npuHaaaexHut A. Ecin Bce aneMeHTbl, H3 KOTOPBIX CO-
crout A, BxoaaT u B B (npuueM enyuait A = B He unckiaouaercsl),
TO Mbl HasbiBaeM A nodmuoscecTsom MuoxectBa B n nuwmem A < B.
Hanpumep, ueasle uucna o6pasyioT MOAMHOXKECTBO B MHOXKeCTBe
BCeX AEHCTBHTEJbHbIX UHCEJ.

Huorna Mb He 3HaeM 3apaHee, COAEPIKHT JIH HEKOE MHOXECTBO
(HanpHMep, MHOXeCTBO KOPHell JaHHOrO ypaBHeHHs) XOTa 6bl OAMH
anemeHT. [TosToMy Llenlecoo6pasHo BBECTH MOHATHE MYCTO20 MHOXKe-
CTBa, T. €. MHOXeCTBA, He COAEpIKallero HH OJHOro sjaeMeHTa. Mpl
G6ynem 0603HauaTh ero cHMBooM . JI060e MHOXKECTBO COMEPIKHUT
& B KauecTBe MOAMHOXKecTBa. [10AMHOXKeCTBa HEKOTOPOTO MHOXKe-
CTBa, OTJIHUHbLIE OT Hero camoro W ot &, HasblBaOTCA COGCTBEH-
HolMiL.

2. Onepaunnn wap mMHoxectBaMH. [1yctb A u B — npoussonbHble
MHOXeCTBa; UX cymmoli, unu obvedunernuer C = A U B uaspiBaercd



14 3JIEMEHTH TEOPUH MHOJXECTB [TJ1. 1

MHOXECTBO, COCTOsilllee H3 BCeX 3JEMEHTOB, MpHHALJIENKaLIUX
xors 661 oAHOMY H3 MHOXecTB A u B (puc. 1).

AunanoruyHo onpejensiercs cyMMa JN0G60TO (KOHEYHOTO HJH
GeCKOHEYHOr0) YHCJIa MHOXecTB: ecad A, — NpousBoJibHble MHOXe-

CTBa, TO HX CyMMa UA(, €CTb COBOKYITHOCTb 3JIEMEHTOB, KaXKIhIf
a

H3 KOTOPbIX NPHHALJEXKHUT XOTd Obl ONHOMY M3 MHOXKeCTB A,,.
Hasosem nepeceuenuem C=A NN B mMHoxectB A u B mHoxe-
CTBO, COCTOsillee H3 BCeX 3JIeMEHTOB, NMpHHAAJeXallUX Kak A, Tak

A 8

L=ANnAB
Puc. 2.

u B (puc. 2). Hanpumep, nepeceueniie MHOXKeCcTBa BCeX YETHBIX YH-
ceJl H MHOXEeCTBA BCeX YHCeJ, AeNIUIUXCH Ha TPH, COCTOHT H3 BCeX
LeNbiX 4uces, aeasimuxca 6e3 ocraTka Ha IuecTb. [lepeceueHuem
N0 60ro (KOHEYHOTo HJH GEeCKOHEUHOTro) yncaa MHOxKecTB A, Ha-

3blBAa€TCA COBOKYINHOCTb ﬂAa 3JIEMEHTOB, IpHHAaIJE)KalluX Ka-
a

KIOMY U3 MHOXKecTB A .
Onepanuu c/10XKeHHsS H NepeceyeHHs] MHOXKeCTB N0 CaMOMY CBO-
eMy ornpefleJIeHHI0O KOMMYTATHBHBL H aCCOLHATUBHSI, T. €.

AUB=BUA, (AUB)UC=AUBUCO),
ANB=BNA, (ANB)NC=AN(BNC).
Kpome Toro, oHH B3aUMHO AHCTPUOYTHBHBI:
AUBINC=(ANCU(BNO), (1)
(ANBYUC=(AUC)N(BUO). (2)

IleficTBUTEe/NbHO, TNpPOBEPHM, HANpHMep, MepBOoe M3 3THX pa-
BeHctB !). TlycTb 5/1eMeHT X MPUHALIEXHT MHOMKECTBY, CTOfILIEMY B
JeBoii yactH pasenctBa (1), 1. e. x=(A U B) N C. dro o3uauaer,
4T0 X BXOAUT B C H, KpOMe TOTO, [0 KpalHell Mepe B OJHO H3 MHO-
)ecTB A uan B. Ho torga x npHHAAJEXHUT XOTS Obl OMHOMY H3 MHO-
xkectB A N C unu B N C, 1. e. BXOAUT B NpaBYlO YacTb PaccMaTpH-
BaeMmoro pasenctBa. O6patHo, nyctb x (A N C) U (B N C). Torza

) PaBeHcTBO ABYX MHOXecTB A == B noHHMaeTcs Kaxk TOXJEeCTBeHHOe pa-
BEHCTBO, T. € OHO O3HAaYaeT, YTO KaM/blfl SJeMEHT MHOMKecTBa A NpHHALJEXHT
B, u naotopor. Mnaue rosops, paBetcTBo A == B DPaBHOCW/JIBHO TOMY, 4TO Bbi-
noJHeHH 06a BrJOYeHHs: A =B u B C A.
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xeANC umn x B N C. CrenoBartensHo, x & C u, Kpome TOTO,
x BxoguTr B A uam B, 1.e. x=AUB. Takum o6pa3om,
xe(A U B)N C. PasenctBo (1) noka3aHo. AHaJOTHYHO IPOBEPsieT-
cs paBeHCTBO (2).

OnpenenuM AJsi MHOXECTB ONlepalHIO BbIYHTaHHS. Mbl HasoBeM
pastocrero C = A\ B mHOXecTB A U B COBOKYNHOCTb Tex 3jieMeH-
ToB n3 A, KoTophle He comepxarcsi B B (puc. 3). Ilpn 3Tom, BooGule

A 8

C=ANB

Puc. 3.

rosopsi, He mpexnosaaraercsi, 4to A D B. Bmecto A \\ B unoraa nu-
myr A — B

Unorpa (HanpuMep, B TeOpuH Mephl) yAoGHO pacCMATPHBATDh TakK
Ha3bIBAEMYIO CUMMETPUHECKYH) PASHOCTb ABYX MHOXecTB A u B, Ko-
TOpas onpejensieTcsi Kak cyMma pasnocteit AN B u B\ A (puc. 4).
CumMmerpHueckyo pa3nocTb C MHOXecTB A u B Mbl Gynem o6o3Ha-
yath cuMBoJioM A A B. Takum o6pa3oM, no onpeneseHuio,

AA B=(AN\B)U(B\ A).

Vnpaxuenne. [lokasatb, yto

A A B=(AUB)\ (A B).

YacTto NPHUXOAMTCS paccMaTpHBATh TOT HJH HHOH 3amac MHO-
KeCTB, ABJAAIOUIHXCS MOAMHOXeCTBAMH HEKOTOPOTO OCHOBHOTO MHO-
X)ecTBa S, HarnpHMep, pasjIMYHble MHOXECTBA TOYEeK Ha UYHCJIOBOH
npsimoii. B 3ToM ciyuae pasnocte S\ A Ha3bBalOT 0onoaHeHuem
MHoxecTBa A u o6o3navaor CA nau A'.

B Teopun MHOXeCTB U ee NPHJOXEHHSX BeCbMa BAXXHYIO POJb
HrpaeT TaK Ha3biBaeMblil MPHHU MU ABOHCTBEHHOCTH, KOTO-
Pl OCHOBaH Ha CJeLYIOHIUX ABYX COOTHOLUEHHSIX:

1. Honosrenue cymmot pasHo nepecevenuro GONOAHEeHUL
S\NUa=[1(s 4. 3)
2. Jlonoanenue nepecesenus pasno cymme O0NOAHEHUL

S\.OAQ=Q(S\AG). (4)
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[TpuHUHT ABOACTBEHHOCTH COCTOHT B TOM, YTO W3 Jito6Oro paseH-
CTBA, OTHOCSILIErOCs K CHCTEMe NOJMHOXeCTB (QPHKCHPOBAHHOTO MHO-
KecTsa S, coBepHIeHHO aBTOMATHUYECKH MOXET 65Th 1O-
JYYeHO Jpyroe — ABONCTBEHHOE — PaBEHCTBO NYyTEM 3aMeHb! BCeX
paccMaTpHBaeMbIX MHOXECTB HX JOMOJHEHHSIMH, CYMM MHOXeCTB —
nepeceyeHHsiIMH, a nepeceyeHHii — cyMMaMu. [Ipumepom ucmosb3o-
BaHHS 3TOCO MPUHIIMIA MOXET CJAYXKHTb BhIBOJ, TeopeMbl 3’ 3 Teo-
peMnt 3 § 2 ran. IL

[TpuBenem noKa3zaTenbCcTBO COOTHOLIEHHS (3).

IIyets x= S\ U Aq. DTO 03HayaeT, YTO X He BXOAHT B 06beln-
a

uenne |J A, T. e. He BXORMT HH B ofiHO M3 MioxecTs A,. Cienosa-
a

TeJbHO, X NPHHAAJNEXKHT KaxKAOMY H3 fonosaseHu#i-S \ A, H notomy
xe [1(S\ 4. OO6patHo, OycTh x & ﬂ (SN A4,), T.e. x BXomut
a

a
B Kawxkgaoe S\ A,; Toria x He BXOIAT HH B OJHO H3 MHOXeCTB A,
T. €. He IPHHAJUIEXKHT HX CyMMe U Ay, a Torja xeS\UAa. Pa-
a a

BeHcTBO (3) nokasano. CooTHomeHue (4) [oKasbiBaeTCsl aHAJOTHYHO.
(TIpoBemuTe [OKa3aTe/bCTBO.)

HasBaHHe «cHMMeTpHueckas pa3HoCTb» Jasn onepauun A A B He COBceM
ylauno; 3Ta ONepallis BO MHOTOM ailaJOrHuHa Onepautu B3ATHA CYMMB MHO-
wects A U B. HefictButenbio, 4 U B 03i12uaeT, UTO Mbl CBA3BLIBAEM HEUCKAIOUAIO-
WUM «HAH> LBA YTBEPXKAEHHSA: «3JE€MEHT NPHHAMJIEKHT A» M «31eMEHT TPHHAL-
AexHT B», a A A B o3Hauaet, u4TO Te Xe caMbie [ABa YTBEPXKAEHHUA CBA3BIBAKTCH
UCKAIOMAIOWUM HAH»: 3JeMeHT X TpHuaigiexur A A B Toria u TOMbKO TOria,
KOraa OH TpHuALJeXHT JaHG0 TOoabK0 A, AHGO Toavko B. Muoxectso A A B
MOXHO G6BO Gb Ha3BaTb «CYMMONl NO MOAYyMO ABa» MHOXectB A n B (Gepercs
06belHHEHHe 3THX HABYX MHOXECTB, HO 3JEMEHTH, KOTOPHE TPH 3TOM BCTPEYaIoT-
cfl ABaXAbi, BoIOpacbIBaloTCA).

§ 2. Oro6paxkennss. PasGuenna na Kaaccol

1. OroGpaxenue mHoxectB. OOuiee nonstHe Pynkunn. B aua-
JNn3e NoHATHe QYHKUMH BBOJUTCS cleaytolium obpasom. [Tycrs X —
HEeKOTOpOe MHOXeCTBO Ha yuc/oBOH mpamoil. [oBopsaT, 4To Ha TOM
MHOXeCTBe ONpejedeHa QYHKIHS [, eciu KaxKAOMy qHCay
x e X mnoctaBJeHO B COOTBETCTBHe OIpejeseHHOe YHCI0o y = f(x).
[Tpu s3ToM X HasbiBaeTcsi 06.4acTor0 onpedesenus NaHHOK QyHKUHH,
a Y — cOoBOKYNHOCTb BCeX 3HayeHHH, NPHHHMAaeMbiX 3TOH ¢YHK-
e, — ee 0064aCTbr0 3HAYERU,

Ecan e BMeCTO 4MCJIOBHIX pacCMaTpPHBAThb MHOXeCTBA KaKofl
YrOAHO TPUPO/BL, TO Mbl IPHAEM K caMoMy 0o6illeMy MOHATHIO QYHK-
uuu. [lycte M u N — 1Ba npoH3BOJIbHBIX MHOXecTBa. ['oBopsT, uTO
Ha M onpenenena ¢yurums f, npHHUMatoas 3HayeHHs u3 N, ecau
KaXXJIOMY 3/71eMeHTy X & M mocraBJjieH B COOTBETCTBHE OAHH H TOJb-
KO OfMH 37ieMeHT y u3 N. Jliasi MHOXKeCTB NPOH3BOJbHOH NPHPOAbI
(xak, BnpoueM, U B CJyuae YHCJIOBBHIX MHOXECTB) BMECTO TePMHHA
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«pYHKLHA» 4aCTO MOJMbL3YIOTCA TEPMHHOM «OTOOpa)KeHHe», roBOpS
06 oTOGpaxKeHHH OJHOro MHOXecTBa B apyroe. [Ipu cnemuannsaunuu
npupoabl MHoxectB M M N BO3HHKAIOT CnenuasbHble THNbl QYHK-
[, KOTOpble HOCAT 0coOble HA3BAHHSA «BEKTOP-PYHKIHA», «Mepa»,
«pYHKUHOHA», ONepaTop» H T. A. Mbl CTONIKHEMCR ¢ HHMH B JaJb-
HeflIeM. )

Ina o6osnaueHuss GyHKUHH (oToOpaxkeuus) us M B N Mmbl 6y-
JleM 4acTo MoJb30BaThes 3anuchio f: M - N,

Ecan a — sneMent u3 M, To oTBevaiouwuii emy snement b=f(a)
u3 N nasviBaetcs ero o6pasom (npu oto6paxeHuH f). COBOKYMHOCTD
BCEX TeX 3JieMeHTOB a u3 M, o6pa3oM KOTOpHIX fABJAAETCS NaHHBIA
sneMeHT b & N, naspiBaercss npoobpasom (MaH, TOUHee MNOAHbIM
npoo6pasom) snementa b u o6osnauaercs f~1(b).

Iyctb A — HekoTOpOe MHOXecTBO U3 M; COBOKYMHOCTb
{f(a):a = A} Bcex snemeHTOB BHAa f(a), rie a = A, HaswiBaercs
ob6pasom A n obosnauaercsi f(A). B cBowo ouepenb AaA KaxKjaoro
mHoxecTBa B u3s N onpenensiercsi ero (noausiii!) npoo6pas f~'(B),
a uMeHHO: f~1(B) ecTb COBOKYNHOCTb BCEX TeX 3JeMeHTOB U3 M, 06-
pasbl KOTOpbIX NpuHamjexar B. Moxer okas3aTbCfl, YTO HH OAHMH
3aeMeHT b u3 B He uMeeT HemycToro npoo6pasa, Torja U npoo6pas
f~(B) 6ynmeT mycTBIM MHOXeCTBOM.

3nmecb MBI OrpaHHYMMCH PacCMOTPEHHEM CaMbix OOLIHMX CBOHCTB
oToGpaXKeHHuH.

BBeneM caenywouiyo TepMHHOMOTHIO. Mbl 6yneM roBoputh, uto f
ecTb oToGpaxeHHe MHOXKecTBa M «Ha» muoxectBo N, ecau f(M) =
== N; Takoe oToGparkeHHe HA3BIBAIOT TaKKe cropvekyueil. B obuiem
cayuae, T. e. koraa f(M)c N, rosopsar, uto f ecTb otoGpaxenne M
«B» N.

Ecau pas mo6blx ABYX DasJHUYHBIX 3JEMEHTOB X; U X2 U3 M ux
o6pasnl y; = (%)) H Yy = fP(XQ) TaKXe PasjuuHbl, TO [ HasbiBaercs
unvexyued. OtoGpaxenne f: M — N, KOTopoe OJHOBPEMEHHO fB-
JseTcs CIOpbeKLIHel W HHDbeKLHeH, Ha3biBaeTcsl Ouexyueld HIH
83aUMHO OOHO3RAUHbIM cOOTBETCTBUEM Mewdy M u N.

YCcTaHOBHM OCHOBHBIE CBOHCTBA OTOGpaKeHHUH.

Teopema 1. [Tpoo6pas cymmor O8yx MHOMCECT8 paBeH Cymme

ux npoobpasos:
I (AuB) =" (AU~ (B).

HokasartenbcTBO. [lycTh 3/1eMeHT X NPHHAMJIEKHUT MHOXKe-
ctey f-'(A U B). 1o osnauaer, uto f(x)e AU B, 1. e. f(x)= A
uan f(x)€ B. Ho Torna x npuuaanexur no kpafiHeil Mepe oHOMY
u3 mHoxectB [1(A) uan f1(B), 1. e. x= f-1(A) U f'(B). O6parHo,
ecan x [ (A)U [1(B), To x npHHanJeXuT no KpaliHedl Mepe of-
Homy u3 MHOXecTB [ (A) u f~'(B), 7. e. f(x) npuHamIeRUT XOTH bl
onHomy u3 MHoxecTB A HaH B, cnemoBatennho, f(x)e A U B, Ho
Torna x = f1(A U B).
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Teopema 2. [Ipoo6pas nepeceuernusn 08yx mHONeCT8 paseH ne-
pecevenuro ux npoobpasos:

FlAanB =i"@ni™"(B.

HoxaszateancTso. Ecm x&f ' (ANB), To f(x)= ANB,
T.e. f(x)=A u f(x) =B, caenosareaso, x < [ Auxes f_l(B),
T.e. xe [ AN (B).

O6paruo, ecn x< f~ (A Nf'(B), 1. e. x&f ' (A nxesf'(B),
0 f(x)= A u [(x)=B. HUnaue rosopsa, f(x)= ANB. Cnenosa-
TeJbHO, X € f_1 (AN B).

TeopeMbl 1 v 2 ocraloTcs B cuJje 17151 CYMM H IepecedeHHH JIo-
60oro (KoHeyHOro MJH GeCKOHEYHOTO) YHC/Ia MHOXECTB TaK e, Kak

U CJeaylollas TeopeMa.
Teopema 3. O6pas cymmv. 08yx MHONECTS pABEH CymMME UX

obpa3o8:
f(AUB)=[ (AU (B).

HokaszartenbctBo. Ecin y=f(A U B), To 370 03Hauaer, 4T0
y = f(x), Tle x NpUHALJEXKHUT MO KpaiHell Mepe OIHOMY H3 MHO-
xects A u B. Cnenoparteabno, y = f(x)e f(A) U f(B). O6patho,
ecin y = f(A)U f(B), o y = f(x), rie x npuHALIEXKHUT N0 KpaiHedx
Mepe onHOoMY u3 MHOoxecTB A u B, T. e. x& A U B u, cnenoBarennb-
Ho, y = f(x) & f(A U B).

3ameTHM, uTo 06pa3s nepeceuerus 08Yyx MHONMeECT8, 8006ule 20-
sopsa, He cosnadaeT ¢ nepecewenuem ux o6pazos. Hanpumep, nycts
paccMaTpHBaeMoe oTo0paxKeHHe NpeacTaBisieT coGOi MPOeKTHPOBa-
HHe MJIOCKOCTH Ha OCb X. TOrza oTpeskH

0<x< 1, y=0,
0<x<1, y=1

He IepecekarTCsi, a B TO K€ BpeMs HX o6pa3b1 coBNajaloT.

YnpaxHeHHe Jlokaxure, uTo npoo6pas AOMOJHEHHsS PaBeH IOMOJHEHHIO
npoo6pa3a. BepHo JH aHalOrHYHOe YTBepXKAeHHe IJisi o6pa3a JOTONHEHHs?

2. Pa36nenne Ha Kiaaccol. OTHOIIEHHS 9KBHBaJleHTHOCTH. B ca-
MBIX PasjIHYHBIX BONPOCAX BCTPeyaloTcsi pa3GHEHHS TeX HJAH HHBIX
MHOMKECTB Ha TONapHO Hemepecekawoluuecs: noiMHoxectBa. Hanpu-
Mep, MJIOCKOCTh (paccMaTpHBaeMylo Kak MHOXKECTBO TOUEK) MOXHO
pa36uTh Ha NpsiMble, napaJulesnbHble OCH X, TPEXMEPHOE NPOCTpaH-
CTBO MOXHO NPEACTaBHTh KaK 00belHHEHHE KOHLEHTPHUYECKHX chep
pasJHYHBIX pafHycoB (HayuHas c¢ r = (), XHUTeJel NaHHOTO ropoaa
MOKHO pa30UTb Ha IPymNIbl MO UX FOAY POXKAEHUSF H T. IL

Kaxbift pas, Korga HEKOTOpoe MHOXKecTBO M npeicTaB/eHo TeM
HJIH MHBIM CIIOCOGOM KakK CyMMa CBOHX INONADHO HelepeceKalomuxcs
HOJMHOXECTB, MWl TOBOPUM O pasbuenuu mroxcecréa M na Kaaccol.
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OGBIYHO MPUXOJHUTCA UMETDb €0 C pa3bUeHHAMH, NOCTPOEHHBIMH
ga 6a3e TOro WJIH HHOTrO NMPH3HAKA, MO KOTOPOMY 3JeMeHTh MHOXKe-
ctBa M o6benuusiorca B Kiaaccel. HanpuMep, MHOXKecTBO Bcex Tpe-
YroJbHHKOB Ha IJIOCKOCTH MOXHO Pa3fHTb Ha KJA4aCChl PaBHHIX Me-
XAy cOOOH MM HA KJAacChl PAaBHOBEJNHKHX TPEYrOJIbHHKOB, BCe
GYHKUHH OT X MOXHO Pa36HTb HAa KJacChl, COGHpas B OJMH KJacc
GYHKIHH, NPUHHMAWIIHe B JaHHOH TOUKe OAMHAKOBLIE 3HAYEHHH,
HT L

Ilpu3nakH, Mo KOTOPHIM 3JEMEHTHl MHOXKeCTBa pa30HBalOTCAd Ha
KJjacchl, MOryT ObITh caMbiMH pa3HooOpasubiMu. Ho Bce ke Takoi
TIpH3HAaK He BIOJHe npou3BoJied. Ilpeanonoxum, HanpuMmep, 4TO Mbl
3axoTresu 66l pa36uUTh Bce NeACTBHUTEJbHbIE YHCAA HA KJAaCChl, BKJIO-
gad 4ucIo b B TOT Ke KJAacc, YTO H YHUCJIO @, B TOM H TOJBKO B TOM
cayuae, korna b > a. SIcHO, yTO HHKaKoro pa3GueHHs AeHCTBHTE/b-
HBIX YHCEJ HA KJIacChl TAKHUM MYTEM IOJYUHTh HeJb3sl, TaK KaK ecuaH
b > a, . e ecan b crenyer 3aUHCAHTL B TOT XKe KJacc, YTO H @, TO
a<<b, T. e. UACJIO @ Heab3A BKJIIOYHTb B TOT XKe KJacc, uto u 0.
Kpome Toro, Tak Kak .a He GoJbllle, YeM CAMO @, TO @ HE JOAXHO no-
nacrto B ONMH Kjacs ¢ camuM co6of! Ipyroit npumep. Iompobyem
Pa30uTb TOYKH NJOTKOCTH Ha KJacChl, OTHOCS JBE TOYKH K OLHOMY
KJIaccy B TOM H TOJbKO TOM CJIydae, KOria pacCTOSITHHE MeX1y HHMH
MeHbiie 1. SIcHO, 4TO AOGHTBHCA ITOrO HeJb3sl, TaK KaK eCJH pac-
CTOsiHHe OT @ N0 b Menbie 1 u paccrosnne ot b n0 ¢ Menblie 1, TO
3TO BOBCE HE O3HAUAET, UTO PACCTOsIHHE OT a A0 ¢ Meubie . Takum
06pa3oM, 3a4HCJsA @ B OJMH Kjaacc ¢ b, a b B OHH KJacc ¢ ¢, MLl
TIONYYHM, YTO B OLHH U TOT XKe KJacC MOLYT NOMNAacCTb JBe TOYKH,
PacCTOsSIHHE MEXKAY KOTOpbIMH GoJblle 1.

IlpuBeneHHble NpHUMephl MOJACKA3bIBAIOT YCJOBHS, IPH KOTOPHIX
“TOT HJIH HHOM NPH3HAK JEHCTBUTEJNbHO NO3BOJSET Pa3OUTh 3JEeMeHThl
HeKOTOPOr'0 MHOXKECTBA Ha KJIaCChl,

IMycte M — HekoTOpoe MHOXKECTBO ¥ NYCTb HEKOTOPhie M3 Map
{a, b) 3JeMeHTOB 3TOrO MHOXECTBA ABJSIOTCA «OTMEYEHHBIMH» !),
Ecan (a, b)— «orMeuennas» napa, To Mbl 6y1eM FOBOPHTb, UTO 3Je-
MeHT a cBsidaH ¢ b oTHomeHHEM @, © 0603HAYaTb 3TO CHMBOJIOM
a - b. Hanpumep, ecin uMeercss B BHLY pa3GHeHHe TPeYTOJbHHKOB

Ha Kjacchl PaBHOBENHKHX, TO a5’b  03HauaeT <«TPeyro/bHHK a

HMeeT Ty Xe IJIOIafb, YTO H TPeyroabuHK b». IlanHoe oTHOLIeHHe
¢ HA3bIBAETCS OTHOWLEHUEeM 3KBUBANCHTHOCTU, eCiM OHO o6jajgaer
CIeyIOIHMH CBOHCTBAMH:

1. PeduiexcuBHOCTb: @5 a ags Jo6oro snementa a & M.

2. CHMMeTPHYHOCTD: €CJH a4 5 b, TO b5 a.

3. TpansuTuBHOCTB: ecih a5 b u b ¢, TO agc.

') Tlpu sToM s/eMeHTH a ¥ b GepyTcs B ONpemeNeHHOM MOpAAKe, T. e. (g, b)
H (b, a)— 1Be, BoOGl1e TOBOPS, pas/HyHble Naph.
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3TH ycJa0BHS HEOOXOJUMbl H JOCTATOYHbI AJis TOro, YTOGH OTHO-
uieHne @ (nmpH3Hak!) no3posaAao paséUTb MHOXKECTBO M Ha Kaacchl.
B camom nene, Bc KO0 e pa3bueHHe LAHHOTO MHOXECTBA Ha KJacChi
onpeje/seT MeXJy 3JeMeHTaMH 3TOr0 MHOXKECTBAa HEKOTOPOE OTHO-
IleHUe 3KBHBAJIEHTHOCTH. [leficTBHTeNbHO, ecid a 5 b o3Havaer

«@ HAaXOAMUTCS B TOM Ke KJjacce, 4TO H b», To oTHOUleHHe ¢ Oyner,
KakK JIerKO NMpOBEPHTb, pedIeKCHBHBIM, CHMMETPHUHbIM H TpaH3H-
THBHBIM.

O6paTHO, NMyCTh @ — HEKOTOPOE OTHOUIEHHE 3KBHBAaJIEHTHOCTII
MeXIy 3JeMeHTaMH MHoxecTBa M u K, — Knacc 3JeMEHTOB X H3
M, 5KBUBaJIEHTHBIX JaHHOMY 3JIEMEHTY a: x4 a. B cuny cBoiictsa
pedIeKCHBHOCTH 3JIEMEHT a caM NpHHaAnexuT kaaccy K,. Tloxa-
KeM, uTo ABa Kjaacca K, nu K, nu6o conapgaioT, JH6O He nepece-
kaiorcs. TlycTb HEKOTOpLIH 371eMEHT ¢ NPHHAANEXKHT OLHOBPEMEHHO
U K, u Ky, T. €. ¢y aH ¢35 b Toraa B cHay cuMMeTpHYHOCTH

@ ’C H B CHJY TPAH3UTHBHOCTH
a5 b. (ry

Ecan Tenepb X — NpOU3BOJbHBIA 3JeMeHT #3 K, T. e. x 5 @ TO
B cuay (1) u CBOACTBA TPAaH3UTHBHOCTH X 5 b, T.e. x & Ky,

Touno Tak Xe NOKa3blBaeTCs, YTO BCAKHI 3neMeHT y & Kp BXO-
aut B K,. TakuM o6pasom, aBa kiaacca K; u Kp, HMeIOWHX XOTA bl
OllHH OOLIHH J€MEHT, COBNAafalT MeXay co6oi. Mbl nmosyuuau pas-
6renne MHOXecTBa M Ha KJacchl No 3aJJaHHOMY OTHOLIEHHIO 3KBH-
BaJIeHTHOCTH.

TTonsaTHe pasGueHHs MHOXKECTBA HA KJAaCChl TECHO CBA3aHO C pac-
CMOTPEHHbIM B NpelbiAylieM NYHKTe NMOHATHEM OTOOpaieHHs.

Iyerb f— oTo6paxenne muoxecrtsa A B MHOxecTBo B. Co6pas
B OJHH KJacC Bce Te 3jJeMeHTH H3 A, o6pasbl KoTopbix B B cosna-
LaIOT, Mbl TIONYYHM, OUEBHIHO, HEKOTOpGe pa3fueHHe MHOXecTBa A.
O6paTHO, paccMOTPHM TpPOH3BOJIbBHOE MHOXeCTBO A u Hekotopoe
ero pasfuenne Ha kaacchbl. IlycTb B — COBOKYNHOCTb TeX KJaccos,
Ha KoTepble pas6uto MHOxecTBO A. CTaBa B COOTBETCTBHE KaXKAOMY
sneMenTy a € A ToT Kaace (T. e. TOT 371eMeHT U3 B), x KoTopomy a
NPHHAIIEKHT, Mbl IOJNYYHM OTOGpaxceHHe MHOXKecTBa A HAa MHOXe-
ctBO B. .

Mpumepsn. 1. CnpoexTHpyeM mJI0OCKOCTb Xy Ha ocb x. I1poo6-
PasLl TOYEK OCH X — BepTHKaJbHble npsAMble. Clie10BaTeNbHO, ITOMY
oTo6pakeHuio oTBeyaeT pa3bHeHHEe IJIOCKOCTH Ha TapajJebHble
npamsie, ’

2. Pazo6beM BCe TOYKH TPEXMEPHOr0 NPOCTPAHCTBA HA KJaCCHI,
OO BeMHHMB B OJHH KJjacC TOYKH, PaBHOYJaJjeHHble OT HauaJja Koop-
nuHat. Kaxabii knacc npepcrasasieT co6ol chepy HEKOTOPOro pa-
auyca. COBOKYNMHOCTb BCeX ITHX KJIACCOB MOXXHO OTOX/IECTBHTb C
MHOXKECTBOM BCEX TOuYeK, Jexallux Ha ayde [0, oo). Hrak, pasbue-
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HHIO TPEXMEPHOTO MPOCTPAaHCTBA Ha KOHLEHTPHYECKHe cdepbl OTBe-
yaeT 0TOGpaXKeHHe ITOr0 MPOCTPAHCTBA HA NOJYNPAMYIO.

3. O6GbevHHNM B OJHH KJIacC BCE JEHCTBHTEJbHBIE YHC/IA C OJH~
HaKoBOH 1poGHOH uacTbio. ITOMY pa3b6HeHHIO OTBeuaeT oToGpaxe-
HHE MpPSAMOH JIHHHH HA OKPYXHOCTb €AHHHYHOH IJIMHBI.

TlonsiTHe 3KBHBAJIEHTHOCTH S$IBJISETCS YACTHBIM ciaydyaeM GoJee
o6uiero nousiTusi 6HHapHoro oTHowe H 4. Ilyerb M — npowus-
poJibHOe MHOXecTBo. OGosnaunM uepes M X M uau M? cosokyn-
HOCTb BCeX YNOpsAoueHHbIX nap (a, b), rae a, b = M. Fosopsr, uto
B M 3anauo 6unapuoe oTHouwlenue @, ecau B M? BbiieneHO mpous-
BOJIbHOE TIOJAMHOXKeCTBO R¢. TouHee roBopsi, Mbl CKa)XeM, UTO 3Jie-
MEHT 4 HaXOAHTCA B OTHOWIGHHH ¢ K 3jeMeHTy b — oGo3naueHue
agpb — B TOM H TOJBKO TOM CJyuae, Korjaa napa (@, b) npuHaiIexuT
R. TlpumepoM GHHAPHOTO OTHOIIEHHUS MOXET CJHYXHTb OTHOLIeHHe
TOXK/ECTBA €; HMEHHO, aeb B TOM H TOJIBKO TOM cJyuae, ecau a = b;
HHauYe TrOBOPsi, 3TO — OTHOLIEHHe, 3ajaBaeMoe JHaroHaibio A B
M X M, 1. e. moAMHOXKeCTBOM nap Buaa (a,a). SlcHo, 4TO BCSIKOE
OTHOIEHHE 3IKBHBAJEHTHOCTH ¢ B HEKOTOPOM MHOXecTBe M ecTb
GHHapHOe OTHOLIeHHe, NOAYHHEHHOE CJIeNYIOIUM YCJOBHAM:

1) Huaronanb A npunaanexut Ro (pedekcHBHOCTD).

2) Ecnu (a,b)= Ry, 10 u (b,a)= Ry (CUMMETPHUYHOCTD).

3) Ecan (a,b)= Ry u (b,c)= Ry, T0 11 (a,¢)= Ry (TpausuTus-
HOCTbD) .

Htag; 3KkBUBa/IeHTHOCTb — 3T0 GHHApHOE OTHOLIEHHE, YAOBJIETBO-
psilolllee yCJIOBUAM pedieKCHBHOCTH, TPAH3UTHBHOCTH H CHMMETPHY-
HocTH. B § 4 Mbl paccMOTpUM ApYrod BaXXKHbIA WacTHHIA ciaydyai 6u-
HapHOTO OTHOUEHHS — YaCTHYHYIO YNOPSAAOYEHHOCTD.

§ 3. 9xBHBaNeHTHOCTL MHOXecTB. [loHSTHE MOUIHOCTH MHOXecCTBa

1. Koneunnie W GeckoHeynbie MHOXecTBa. PaccMaTpHBas pas-
JHUHbIe MHOXKECTBA, Mbl 3aMeyaeM, 4YTO HHOTJAa MOXKHO, eCJH He
¢akTHuecKH, TO XOTs Obl NPHUMEPHO, YKa3aTb UYMCJIO 3JeMEeHTOB B
IaHHOM MHOXecTBe. TaKkoBbl, HalpHMep, MHOXECTBO BCE€X BepLIHH
HEKOTOPOTO MHOTOTPaHHHKA, MHOXECTBO BCeX MPOCTBIX YHces, He
NPeBOCXOJSILIHX HAHHOTO YHCJ/A, MHOXKECTBO BCEX MOJIEKYJ BOABI Ha
3emae u T. 1. Kaxnoe u3 3THX MHOXKeCTB COLEPKUT KOHEUHOE, XOTH,
ObiTb MOXET, H HeH3BeCTHOe HaM uHcJo 3jemenToB. C apyroii cro-
POHBI, CYLIECTBYIOT MHOXECTBA, COCTOSIIHe H3 GECKOHEYHOro YHcJa
3/1eMeHTOB. TaKoBO, HampuMep, MHOXKECTBO BCEX HATYPaJbHBIX YH-
CeJsl, MHOXKECTBO BCeX TOYEK Ha NMpPsSIMOH, BCEX KPyroB Ha MJIOCKOCTH,
BCeX MHOTOYJ/IEHOB C PAlMOHAJbHBIMH KO3dduunentamu u t. A. [pu
3TOM, rOBOpPS, YTO MHOXKECTBO GECKOHEYHO, Mbl HMEEM B BHAY, 4TO
H3 HEro MOXHO H3BJieUb OJHH 3JI€MEHT, /B 3Je€MeHTa M T. M., NMpPH-
YeM MocJIe Kax/0ro TaKoro mara B 3TOM MHOXECTBE ellle OCTaHyTCsH
3JIEMEHTHI.
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JlBa KOHEUHBIX MHOXKECTBa Mbl MOXXeM CPaBHHBATb MO YHCAY 3Je-
MEHTOB H CYAHTb, OAHHAKOBO 3TO YHCJO HJIH K€ B OJHOM M3 MHO-
2KeCTB 3J1eMeHTOB 0oJblile, yeM B ApyroM. CripauuBaeTcs, MOXKHO JIH
nofo6HBIM 2Ke 00pa3oM CpaBHHBAaTb OGeCKOHEUHble MHOXECTBA?
HHaye rosops, MMeeT JM CMbICJ, HanpuMmep, BONPOC O TOM, 4Yero
©oJspllle: KPyroB Ha MJIOCKOCTH HJIH palHOHAaJbHBIX TOYEK Ha Mps-
Mo#, QyHKIHH, onpeneneHHbIX Ha oTpeske [0, 1], uau npsMbIX B npo-
CTPAHCTBE, H T. A.?

ITocMOTpHM, KaK Mbl CpaBHHBaeM MeXIy COGOH [ABa KOHEYHHIX
MHOXeCTBAa. MOXHO, HanpuMep, COCYHTATb YHCJO 3JEMEHTOB B Ka-
JKJIOM H3 HHX H, TAKUM 00pa3oM, 3TH ABa MHOXecTBa cpaBuuTb. Ho
MOXKHO IOCTYNHTb U MHAaye, HMEHHO, NONbITATbCS YCTAHOBHTb OueK-
4uro, T. €. B3aHMHO OfIHO3HAYHOE COOTBETCTBHE MEXIY 3JeMEHTaMH
ITHX MHOXECTB, HHaue rOBOPs, TAKOe COOTBETCTBHE, NIPH KOTOPOM
KaXJIOMy 3JIeMEHTY OJHOIO MHOXKeCTBa OTBeYaeT OIHH H TOJbKO
OJHH 3JeMeHT APYroro, # Hao60poT. SICHO, UTO B3AHMHO OJIHO3HAY-
HOE COOTBETCTBHE MeX]IY JBYyMS KOHEYHbIMH MHOXeCTBAMH MOXHO
'YCTaHOBUTb TOTr[A M TOJbKO TOTJa, KOrZa YHCJIO 3JE€MEHTOB B HHX
onuHakoBo. Hanpumep, 4To6bl TPOBEPHUTh, OJJHHAKOBO JIH YHCJO CTY-
JIeHTOB B TpYIINie U CTYJbeB B ayIHTOPHH, MOXKHO, He NepPECUUTHIBAS
HH TeX, HH JIPYTHX, NOCaJUTh KaXXJOro CTyIeHTa Ha ONpeeJeHHBIH
<Tya. Ecau MecT XBAaTHUT BCeM M He OCTAHETCS HH OJHOrO JIHIIHEro
CTyJ1a, T. e. ec/id OyJleT yCTaHOBJeHa OHEKLUHs MeXIY 3THMHU AByMSs
MHOXeCTBaMH, TO 3T0 U OyNeT O3HAuaTb, YTO YHCJIO 3JEMEHTOB B
HHX OJIMHAKOBO.

3aMmeTuM Tenepb, UTO eCJH IepBbIfl crnoco6 (mMoACYeT yHucjaa 3Je-
MEHTOB) TOAHTCS JIHUIb JUIS CPABHEHHS KO H €U H bl X MHOXECTB, BTO-
poii (yCTaHOBJIEHHE B3aHMHO OJHO3HAYHOTO COOTBETCTBHSA) npnro-
JieH 1 1Jyis 6 e CKOHEYHH X.

2. CuertHble MHOXectBa. [IpocTefimiumM cpelu OeCKOHEUHBIX MHO-
JKeCTB IBJISIETCS MHOXKECTBO HATypaJsbHbIX yuces. HasoBeM cuernoim
MHONECTBOM BCSIKOE MHOXECTBO, 3JeMeHThl KOTOPOro MOXKHO OHek-
THBHO CONMOCTABHTb CO BCEMH HaTypajbHbiMH uHcnaMu. MHaue roso-
psi, CUETHOE MHOXKECTBO — 3TO TAaKOe MHOXKECTBO, 3JIEMEHTbl KOTOPO-
TO MOXHO 3aHyMepoBaTb B OECKOHEYHYIO IOC/eJ0BaTeJbHOCTb:
ay, Qg, ..., Qn, ... [IpuBegeM npuMepbl CYETHHIX MHOXKECTB.

1. Mnooxcecrso scex yenvix uuces. YCTAaHOBHM COOTBETCTBHE Me-
JKIY BCEMH LeJbIMH M BCeMH HaTypaJbHBLIMH YHCJIAMH MO CJIeNyIo-
el cxeme:

0—11~—22.
1 23 45.

BOOG1Ie, HEOTPHIATEABHOMY YHCAY 1 == 0 COMOCTABHM HEYETHOE YHC-
J0 2n+ 1, a oTpunaTenbHOMY n < 0 — yeTHOE UHCO 2|n|:
n<>2n-41 npu n=0,
n<>2|n| mpu n<0.
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2. Mruoscectso 8cex 4eTHoix noaoscuresvuolx 4uces. CooTser-
CTBHE OUEBHIHO: n < 2n.

3. Muoxcecrso 2, 4, 8, ..., 2™, ... creneneld uucaa 2. 3pech co-
OTBETCTBHE TaKxe oueBHAHO. Kaxxpomy uucay 27 comocrasisieTcs
gHCJIO .

4. PaccmoTpuM 0oJiee CIOXHBIH MpHMeEp, a HMEHHO, MOKaXeM,
YTO MHOJNCECTB0 8CeX PAYUOHAAbHbIX duces cueTHO. Kaxjoe paiuo-
HAJbHOE YHCJIIO OJHO3HAYHO 3aMHCHIBAETCH B BHJAE HECOKPATHMON
apobu o = p/q, q > 0. Hazoem cymmy |p|+ g soicoroi pauno-
HAJbHOrO YHCIA o. JICHO, 4TO 4HCJI0 Apobell ¢ AAaHHOH BHICOTOH N
Koneuno. Hanpumep, Boicoty 1 umeet Tosibko uncio 0/1, BeicoTy 2 —
gucaa 1/1 u —1/1, Beicoty 3 —uucna 2/1, 1/2, —2/1u —1/2 u 1. 1.
ByneM HyMepoBaTb BCe pallHOHAJbHble YHCJA 110 BO3PACTaHHIO BbI-
COTbl, T. €. CIepBa BHIMHLIEM YHCJAA BHICOTH |, MOTOM — YHCJIA BBI-
cotol 2 u T. A. [Ipu 3TOM BCSIKOe palHOHAJNBHOE YHCJIO MOJNYUYHUT He-
KOTOPHI HOMep, T. €. OyZeT YCTAaHOBJEHO B3aHMHO OJHO3HAYHOE
COOTBETCTBHE MEXJY BCEMH HATYPAJbHBIMH U BCEMH pallMOHAJbHBI-
MH YHCJIAMH.

BeckoHeuHOe MHOXKECTBO, He SBJSIOLIEeCs CYETHBIM, HA3bIBAETCST
HeCcYeTHbIM MHOXKECTBOM.

YcTaHOBHM HeKOTOpBle obliye CBOHCTBA CYETHBIX MHOMKECTB.

1. Bcakoe nOOMHOMECTBO CHETHO20 MHONMCECTBA KOHEUHO WAL
CHeTHO.

HokaszarteabctBo. Ilycte A — cueTHoe MHOXKeCTBO, a B —
€ro NMoAMHOXEeCTBO. 3aHYMepYeM 3JieMeHThl MHOXecTBa A: ay, a, . . .

ooy Qn ... IlycTh @, Qpn, ... — T€ U3 HHX, KOTOPble BXOAAT B B.
Ecnu cpeau uucen ny, np, ... eCcTh Haunbosbliee, TO B KOHeuHO, B
NMPOTHBHOM cJaydae B cueTHO, MOCKOJIBKY €ro 4ieHbl dn,, Qa,,... 3a-

HYMepOBaHHI yucaaMu 1, 2, ...

2. Cymma 2106020 KOHEUHO20 UAU CHETHOZ0 MHONCECTBA CHETHOLLY
MHOXMCECTB eCTb CHOBQ CHETHOEe MHONECTSoO.

HokasartenbctBo. [Iycts Ay, Ay, ... — CYETHBIE MHOXKECTBA.
Mbl MOXeM CYHTaTh, YTO OHH NONAPHO HEe MEpPeceKaloTcs, TaK Kak
HMHaye MBI paccMoTpestu OB BMeCTO HHX MHOXKecTBa A;, A\ A4,

A3\ (A1 U A4yp), ... —Kaxnaoe 13 KOTOPbIX He GoJee YeM CUETHO, —
HMeIolHe Ty XKe CaMylo CyMMY, 4TO H MHOxecTBa A, A, ... Bee
3/eMeHTbl MHOXeCTB Aj, Az, ... MOXHO 3anucaThb B BHAE CJELYIO-

Hiell 6eCKOHEeYHOH TaGJHILI:

an Q a3 4y ...
Qg1 QG Ay Ay ...

Qg Qg Qg3 Qg ...
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rlie B NEPBOH CTPOKE CTOSAT 3/e€MeHThl MHOXeCTBa A|, BO BTOpO# —
3JeMeHTbl MHOXecTBa Az H T. 1. 3aHyMepyeM Tenepb BCe 3TH 3Je-
MEHTBl «I10 IHaroHa/JsM», T. €. 332 NMePBbIi 3JEeMEHT NpHMeM dy;, 3a
BTOPOH @2, 38 TPETHH dy; H T. A., IBHrasicb B NOPAZKe, YKa3aHHOM
CTpesIKaMH Ha ciefyionleil Tabanie:

aQy—>ap @3—>ay ..
. / / ‘./ e

Qaq; (229 Qg Qoy ...
Q31 Q3 Q33 Ay ..
7

Ay Qg Q3 Qg ...

R T T

SlcHO, uTO MpH 5TOM KaXAbifi 3/MeMEeHT KaJO0ro H3 MHOXEeCTB MOJy-
YUT ONpeJeJEHHHH HOMEp, T. e. 6yleT yCTaHOBJEHO B3aHMHO OIHO-
3HauHOe COOTBETCTBHE MEXK]Y BCEMH 3JIeMEHTaMH BCeX MHOXeCTB
Ay, Ag, ... W BceMH HaTypasnbHBIMH unciamu. Haiue yTBeppenue
JIOKa3aHo.

Ynpaxuennsa JlokasaTh, YTO MHOMKECTBO BCEX MHOrOYJIEHOB ¢ pa-
‘UHOHAJIbHHIMH KO3(GHIHEHTAMH CUETHO.

2. Yncao § HasbiBaeTcs Q.u2ebpaudeckum, eclH OHO SBASETCS KOPHEM HEKO-
TOPOFO MHOrOuYJIeHa ¢ DallHOHAJbHBIMEH KO3hdulUMenTaMHu. JLOKasaTb, YTO MHOXKe-
CTBO BCEX alre6panyecksx YHCEa CYETHO.

3. MlokasaTb, UTO MHOXECTBO BCeX DallHOHAJIbHBIX WHTEPBAJOB (T. €. HHTep-
BaJlOB C PallHOHAJbHBIMH KOWLAMH) Ha NpAMOf CYETHO. .

4. Jloka3aTb, YTO MHOXECTBO BCEX TOUYEK MJOCKOCTH, HMEIOWHX DaHHOHaJb-
Hble KOODJHHAThI, CYETHO.

Ykasanue. Bocnoab3osaTbess CBORCTBOM 2.

3. Bcakoe GeckoHeuHOe MHONECTBO COOEPHCUT CHETHOE NOOMHO-
HeCT80.

HokasatenbctBo. Ilycth M — GecKOHeuHOe MHOXKECTBO.
Bri6epem B HeM HpOH3BOJbHBIN 3jeMeHT ay. Ilockosbky M Gecko-
HeuHo, B HeM Ha#hJeTcs 3JeMeHT g, OTJAHYHBIA OT @i, 3aTeM HaHIeT-
€Sl 3JIEMEHT a3, OTJHUUHBI OT a; M OT @2 W T. A. Ilpononxkasn 3ToT
npouecc (KOTOpbil He MoXeT 0GOpBATbCA H3-3a «HEXBATKH» 3Jie-
MeHTOB, H60 M GecKoHeuHO), Mbl MOJydyaeM CYETHOEe NOJMHOKECTBO

A={al) az, ..., Qg "'}

mHoxectBa M. Ilpensoxenne fjokasaHo.

3710 npenJioxeHHe MOKa3blBaeT, 4TO CPeAH OeCKOHEYHbIX MHO-
JKECTB CUeTHble SBJSIOTCA «CaMbIMH MaJieHbKHMH». Huxe Mbl Bhisic-
HHM, CYILECTBYIOT JIU HeCueTHble GeCKOHeuHble MHOXeCTBA.

3. 9xBuBaNeHTHOCTb MHOXecTB. CpaBHMBas Te HJIM HHble GecKo-
HeuHble MHOXECTBa C HATyPaJbHbIM PSJOM, MBI IPHILJIH K MOHATHIO
CUETHOr0 MHOXeCTBa. JICHO, 4TO MHOXeCTBA MOXXHO CPaBHHBaTbh HE
TONBKO C MHOXECTBOM HATypPaJbHBIX YHCEJN; yCTAHOBJEHHE B3aHMHO
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OIHO3HAYHOTO COOTBETCTBHS (OHEKILHH) MO3BOJSET CPaBHHBATH Me-
X1y coboi no0ble 1Ba MHOXecTBa. BBeneMm caenyioumee omnpene-
JieHHe.

Onpepnenenune. IBa MHOXKecTBa, M u N, HasniBawoTca 9K8U-
gasentHoimu (o6o3Hauenne M ~ N), eciu MeXay HX 3JeMeHTaMu
MOXXHO YCTaHOBHTb B3aHMHO OJIHO3HAYHOE€ COOTBETCTBHE.

TlousiTHe 3KBHBAJIEHTHOCTH TNPUMEHHMO K JIOGLIM MHOXKECTBAM,.
KaK KOHEUHbIM, TaK H GeckoHeuHbiM. J[IBa KOHEUHBIX MHOXECTBA
5KBHMBAJIEHTHHl MeX1y co6ol Torxa (m TOJbKO TOrjpa), Koraa 4ucio
37E€MEHTOB Y HHX OnMHaKoBo. OmnpeneneHHe CueTHOro MHOXECTBA
MOXHO Tenepb cHopMyaHpOBaTH CAEAYIOLIUM 06pa3oM: MHONECTBO
HA3618AETCA CHETHOIM, €CAU OHO IKBUBANEHTHO MHONECT8Y HATY-
Paavtblx ducea. SICHO, YTO JBa MHOMKeECTBa, 3KBHBAJEHTHble Tpe-
TbeMY, 9KBHBAJEHTHbl MeXJy COOOH; B YyaCTHOCTH, JioOble JBa C4eT-
HBIX MHOXKECTBA 3KBHBAJIeHTHH MeXJy co0oH.

IIpumepn. 1. MuoxecTBa TOYeK Ha JIOGHIX ABYX OTpe3Kax
[a, b] u [c, d] skBuBaneHTHB! Mexay coboi. M3 puc. 5 scHoO, Kak
' YCTAHOBHTb MEXAYy HHMH

6uexuHio. MMeHHO, TOukn p
7 H ¢ COGTBETCTBYIOT JApyr
JpYry, ecJd OHH SBJASAIOT-
0 Cl NPOEKUMAMH OJHOH H
TOH Xe TOYKH r BCIOMO-
raTeJbHOro orpeska ef.

z

a ok c g d
Puc. 5. Pnc. 6.

2. MHoXecTBO BCeX TOYEK HAa PACLIHPEHHOH KOMIJIEKCHOM IJ10-
CKOCTH 3KBHMBAJIEHTHO MHOXeCTBY BCeX Touek Ha cdepe. Buexumio
Q < 2 MOXHO YCTaHOBHTb, HallpPHMeP, C NOMOLIbIO CTepeorpaduue-
CKOl npoekuun (puc. 6).

3. MuoxecTBo Bcex uncea B uHTepBate (0, 1) 3KBHBaNEHTHO
MHOXeCTBY BCex ToYek Ha npsamod. CooTBeTCTBHE MOXKHO yCTaHO-
BHTb, HallpUMep, C IOMOUIbIO PYHKUMH

y=%arctgx+-;—.

PaccmatpuBasi npHMepHl, NpUBEJEHHbIe 31eCh H B I. 2, MOXKHO
8aMEeTHTb, YTO HHOTAA GECKOHEYHOE MHOXECTBO OKAa3blBaeTCs IKBH-
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BaJIeHTHHIM CBOeH HCTHHHOHA uactH. Hanpumep, HaTypaJbHbix uu-
CeJl OKa3hBAETCH «CTOJbKO €», CKOJbKO H BCEX IEJBIX HJH Haxe
BCex pauHoHasbHbIX; Ha uHTepBaste (0, 1) «cronbko XKe» ToOuUek,
CKOJIbKO H Ha Bcefl mpsiMofi, U T. 1. DTO siBJEHHEe XapaKTepPHO AJs
6eCcKOHeuHbIX MHOXecTB. [lefiCTBHTe/bHO, B 1. 2 (CBOHCTBO 3) Mbi
MOKa3aJii, YTO U3 BCAKOro GecKoHeuHoro MHoxectsa M MOXHO Bbi-
OpaTb cueTHOe MOAMHOXKeCTBO; mycTb A ={ay, as, ..., @n, ...} Ta-
KOe TIOJMHOXKEeCTBO.
Pazo6beM ero na aBa CueTHHIX MMOAMHOXKECTBA

A1={a1, a3, Us, ...} H A2={ﬂ2, a,, Qg, ...}

¥ ycraHoBuM Mexay A u A, B3aHMHO OJHO3HAYHOE COOTBETCTBHE.
ST0 COOTBETCTBHE MOXHO 3aTe€M IPOLOJKHTb L0 B3AHMHO OAHO3HAY-
HOTO cooTBeTcTBHSI Mexay MHoxectBamu A U(MNA)=M nu
AL U (M A)= M\ A,, orHecss kaxaoMy sjementy u3 M\ A cam
3TOT 3jeMedT. Mexnay TeM MHoxecTBo M\ A, He coBmagaer ¢ M,
T. €. IBJSIeTCs] COGCTBEHHBIM MOAMHOMXKECTBOM a5t M. Mul nonyuaem,
TakuM o6pa3oM, cleayiollee NpeloKeHHe:

Beakoe 6eckoneunoe MHONCECTBO 3KBUBANCHTHO HEKOTOPOMY C8O-
EMY COGCTBEHHOMY NOOMHONCECTSY.

AT10 CBOHCTBO MOMHO NPHHATb 3a OnpejeseHne OecKOHEYHOTrO
MHOXECTBA.

Ynpaxueunne Jlokasath, uto ecan M — npou3BosibHOe GeCKOHEYHOe
aHoXecTBO H A cuetno, To M ~ M U A.

4. HecyeTHOCTh MHOMKECTBA JEHCTBHTENbHBIX 4Hcead. B m. 2 mMu
TPUBEJH NIPHMEPH CYETHBIX MHOXKeCTB., UHCI0 3THX NPHMEPOB MOX-
HO Obl10 Obl yBeJHuHThb. KpoMe TOro, Kak Mbl MOKa3aJH, CyMMa KO-
HEYHOI'0 HJH CYETHOIO0 YHCJI4 CYETHBIX MHOXECTB CHOBAa €CTb CYeT-
HOe MHOXECTBO.

EcrecTBeHHO BO3HHKaeT BOMPOC: a CYILECTBYIOT JIH BOOOILe He-
cueTHble MuoxectBa? Ilos0XKHTEe/IbHBIH OTBET HA HEro AAeT CJaedyio-
masi TeopeMa.

Teopema |. Muoscecrso deiicrautesbroix wucea, 3K AIOUEHHbLX
MeHOoY Hysem u edunuyel, HeCHeTHO.

HdokasatenbcTBo. [IpeanonoXuM, yTo AaHO KaKoe-TO CyeT-
HOEe MHOXECTBO (BCEX HJH TOJbKO HEKOTODbIX) AeHCTBHTEJbHBIX
yuces a, Aexauux Ha orpeske [0, 1)

[ 3] =0, aAlalzal:) vor Qg v v ey
02=0, Qo Qa3 « v« Aoy + v vy
a3 =0, 030303 ... C3p -+, (1)

s e s 8 s s+ » e s s s e

0, =0, 0,020,535 -+ Qun -+,

L T L T R )
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3aech air — k-9 necatuynas undpa uyucna o [loctponm apo6o
p=0,bby... b, ...

duazonarbroil npoyedypou Kanropa, a uMeHHo: 3a b, npuMem npo-
H3BOJIbHYI0 IHGPY, HE COBNAJAIOUIYIO C ajy, 332 bz — MPOU3BOJIBLHYIO
mudpy, He COBNANAIOLLYIO C dg, H T. A.; BooOlle, 3a b, npuMeM npo-
H3BOJbHYI0 LHODY, He COBNAJAIOIMLYIO C Gnn. JTa AECATHYHASI APOGH
He MOXKET COBIACTb HH C OAHOH JApoOblo, CofepxKallelcs B nepey-
ge (1). HeficTtBuTenbHO, OT o APOGH B OTJIHUAETCs O KpalHel mepe
mepBOH LHQPOH, OT Gz — BTOpOH HHdpoi U T. A.; Booblle, TaK Kak
bn F Qnn 009 Bcex 1, TO ApoO6b f oTAMYHA OT J1060H U3 npobelt o,
pxojsaux B nepeuenp (1). TakuM o6pa3oM, HHKAKOe CYETHOE MHO-
JKeCTBO JeHCTBUTENbHBIX YHCeN, Jexalux Ha otpeske [0, 1], He uc-
YeprLIBAET 3TOTO OTPe3Ka.

IlpuBeneHHOe [OKa3aTeJbCTBO CONEPXKHUT HebOJbIION «oOMaH».
Jleno B TOM, UTO HEKOTOPbIE YHCJa (a WUMEHHO, uHcaa Bupa p/l109)
MoryT GBITb 3aNHCaHbl B BUJE AeCATHYHOH ApobH ABYMS CnocoGaMHu:
¢ 6eCKOHEUHBIM YHCJIOM HYJIeH HJIH ¢ G€CKOHeYHBIM YHCJIOM JeBSTOK;
Hanpumep,

3
27 10

=0,5000 ... =0,4999 ...

Takum o6pasom, HecOoBnajieHHe ABYX HECATHUHBIX Jpobell elle He
rapaHTHpYeT pa3jHyHsl H3006pa’KaeMbiX UMH YHCEJ.

Opnunako ecau npoOb fi CTPOHTBH OCTOPOXKHee, Tak, YTOGL OHA He
cojepxasa HH HyJeH, HH AeBATOK, NoJjaras, Hanpumep, b, = 2,
€C/H ann = 1, U bn =1, ecan ann 7 1, TO 1OKA3aTENBCTBO CTAHO-
BHTCS] BIIOJIHE KOPPEKTHBIM.

Ynpaxuenne. IlokasaTs, uTo uncaa, obnanaiolihe ABYMs Pa3HYHRIMH
HECATHYHBIMH Pa3JIOXKeHHsIMH, 06pa3yloT cueTHOe MHOXKECTBO.

Hrak, orpesok [0, 1] naer npuMep HecueTHOoro Muoxecrpa. [1pu-
‘BeJleM HeKOTOpble IPUMePhl MHOXKEeCTB, 5KBHBAJeHTHHIX OTpe3Ky [0, 1].

1. MHoXecCTBO BCeXx TOueK J06oro orpeska [a, b] uau unteppana
(a,b).

2. MHOXeCTBO BCeX TOUYEK Ha MPSIMOH.

3. MHOXeCTBO BCceX TOYEK MJOCKOCTH, NPOCTPAHCTBA, NIOBEPXHO-
CTH cdepbl;~TOYeK, JeXalluX BHYTpH cdepsl, U T. 1.

4. MHOXecTBO BCeX MPAMBIX Ha NJOCKOCTH.

5. MHOXeCTBO BCeX HeNpepbiBHbIX GYHKIMI OXHOTO HJIH HECKOJIb-
KHX TlepeMeHHBbIX.

B cryuasx 1 u 2 nokasatenbcTBO He NpencTaBisieT Tpyaa (cM.
npuMepsl 1 u 3 0. 3). B ocranpubix cayyasix HenmocpenacTBeH-
H O e 0Ka3aTeJbCTBO JOBOJBLHO CJIOKHO.

Ynpaxuenne Hcrnonbsys pesynbraTel 3TOro NyHKTa M ynpaXkHenne 2

I. 2, n0Ka3aTh CYIIECTBOBAHHE TPAHCYENOEHTHOLX UYMCeN, T. €. YHCeN, He SBJAI0-
UHxcs: aare6pandecKHMH,
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5. Teopema Kaunropa — Bepuwureitna. Cienyioutas teopema ss-
N51eTCS OJTHOM M3 OCHOBHBIX B TEOPHH MHOXECTB.

Teopema 2 (Kantop—bepuwreiin). Tycto A u B —
dea npouseosvHoix mHoxcecTsa. Ecau cyuiectéyior 83auUMHO 0OHO-
3Haunoe otobpascenue [ mHOxMcecT8a A Ha nodmHosxcectso B, muo-
aectea B u ssaumno o0no3naunoe oTOGpasicenue g mHowmectéa B
Ha nodmuoxcectso Ay mroacectso A, To A u B axsusasentHobi.

HoxaszatenbcTtBo. He orpannunBas 061IHOCTH, MOXKHO CYH-
taTth, 4T0 A H B He nepecekaiotrcsi. ITycTh X — npou3BoJbHBIA 3Je-
MeHT H3 A. TToJOXHM X = Xy U ONpeleJHM MNOCAEN0BATEIbHOCTD
3J1eMeHTOB {Xn} cienyomium o6pasoM. ITycTb s1eMenT xn yie ompe-
Jeded. Torna, eciu n 4eTHO, TO 3@ Xn4; NPHMEM 3JeMeHT u3 B, yno-
BJICTBOPSAIOLIHA YC/OBHIO §(Xn+1) = Xn (€CJHH TaKOH 3JEMEHT Cylue-
CTBYET), @ €CJIH Nl HEYETHO, TO Xn4y — 3JIEeMEHT U3 A, ynoBieTBOpSsiIO-
WHH YCIOBHIO f(Xny1) = Xa (ecau ou cyuectsyer). BosMoxHbl ABa
cayuast.

1°. TIpn HEKOTOPOM 71 3JEeMEeHTa Xn4i, YAOBJETBOPSIOUIEr0 yKa-
3aHHBIM YCJIOBHUSIM, He cyHiecTByeT. UHCJIO n HasbiBaeTCs nopadkom
5.1eMeHTA X. v

2°. TlocnenoBatenbHOCTb {Xn} Geckoneuna!). Toraa x nasbiBaer-
Cl IAEMEHTOM DECKOHEUH020 nopadkKa.

Paso6bem Tenepb A Ha Tpu MHOXKecTBa: Ag, cocrosiliiee H3 3Je-
MEHTOB YeTHOro mnopsiika, Ao — MHOMXKECTBO 3JIeMEHTOB HEYETHOro
nopsiika H Ay — MHOXKeCTBO BCeX 3JIEMEHTOB GEeCKOHEYHOro NopsaKa.
Pa36uB aHaJOrHYHBIM 00pa3oM MHOXeCTBO B, 3aMeTuM, uTo | OTO-
6paxaer Ag Ha Bo u A; Ha By, a g-! oto6paxaer Ao na Bp. Urak,
B3aMMHO OJIHO3HAauHOe oToOGpaKeHde 1, coBnajamwiiee ¢ [ Ha
Ag U Ar u ¢ g7! na Ao, eCTb B3aMMHO OJHO3HAYHOE OTOOGPANKEHHE
Bcero A Ha Bce B.

6. IloHsATHE MOIMHOCTH MHOXecTBAa. EC/IH 3KBHBAJIEHTHBI JiBa KO-
HEYHBIX MHOXECTBa, TO OHH COCTOSIT M3 OJHOrO M TOTO Ke YHcJja
»/eMeHTOB. EC/IM XKe 5KBHBaJIeHTHble MeXAy coGoil MHOXectBa M
u N npou3BosbHbL, TO roBOpAT, 40 M u N UMeIoT 0HHAKOBYIO MOUY-
HocTs., Takum 06pa3oM, MOLIHOCTb — 3TO TO o6llee, YTO eCTb Yy JIO-
ObIX JBYX 3KBHBAJIEHTHBIX MeXAy co60H MHoXecTB. JLJ1i KOHEUHBIX
MHOXECTB [OHSITHE MOLIHOCTH COBNAJaeT C IPHBBLIYHBLIM TOHSITHEM
yucJa 3JeMeHTOB MHOXecTBa. MOIHOCTL MHOXeCTBA HATYypaJbHBIX
unces (7. e. J1060ro CYeTHOro MHOXKeCTBa) 0603HAYaeTCsl CHMBOJIOM
Ry (untaercs: «aned uysab»). [Ipo MHOXKecTBa, 5KBHBAJCHTHbIE MHO-
JKECTBY BCeX MefcTBHTeNbHBIX uuces otpe3ka [0, 1], rosopst, urto
OHH HMEIOT MOWHOCTb KOHMTUHYyma. DTa MOIHOCTb 0603HAYaeTcs
CHMBOJIOM € (HJHM CHMBOJIOM ).

1) TIpu 3TOM YHCJIO PA3AUHHLLX DJIEMEHTOB Xn MOXeT ObITb H KOHEYHO: OHH
MOrYT «3alUKJIHBaTbCA», 00pasys GecKOHedHyro TOCHeLOBaTeAbHOCTb, COLEpHKa-
HYIO JIHIB KOHEYHOe THCJIO TONAPHO PA3JIHIHBIX 3JEMEHTOB.
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BecbMa rayGoKHH BONPOC O CyLI{eCTBOBAHHH MOILHOCTEH, MpoMe-
YTOUHBIX MeXay N u ¢, 6yaer 3aTpoHyT Huxe B § 4. Kak mpa-
pHJ10, GeCKOHEeuHble MHOXECTBa, BCTpeyaioliHecs B aHaJjH3e, HJH
CUETHBI, HJIH HMEIOT MOLIHOCTb KOHTHHYYMa.

Jns MouiHOCTe!l KOHEUHBIX MHOXECTB, T. €. [IJSi HaTypaJbHbIX
ypcesJ KpOMe MOHATHSl PAaBEHCTBA HMEIOTCS TaKXKe MOHATHS «GOJb-
me» U «MeHblle». [TonbiTaeMcsi pacmpocTpaHHTbL 3TH NMOCHefHHE HA
6eCKOHeUHble MOUIHOCTH.

IMyctb A w B — nBa npousBOJbHbIX MHOXecTBa, a m(A) u
m(B)—ux wmomHoctd. Torga JorHuecKH BO3MOXHBI CJeAyIOUiHE
cayuyaH:

1. A 3KBHBaJICHTHO HEKOTOPOH YaCTH MHOXecTBa B, a B skBuBa-
JIEHTHO HEKOTOpOH yacTH MHOXKecTBa A.

2. A comep>KHT HEKOTOPYIO YacTb, 5KBHBaJNEHTHYIO B, HO B B Her
yacTH, 5KBHBaJeHTHOH A.

3. B comepXHT HEKOTOPYIO YacTh, 5KBHBaJeHTHYIO A, HO B A HeT
yacTH, 5KBHBaJeHTHOH B.

4, Hu B 0ONHOM H3 3THX ABYX MHOKECTB HET YaCTH, 5KBHBAJEHT-
HOHA APYromy.

B nepsom cayuae mHoxectBa A u B B cuny Teopembl Kanropa —
BepuiuTeiina 3KBUBaNeHTHBI MeXay cobod, T. e. m(A)= m(B). Bo
BTOPOM CJyuae eCTeCTBEHHO CuHTaTb, yTo m(A) > m(B), a B Tpe-
TbeM, uTo m(A) << m(B). HakoHel, B ueTBepTOM CJayyae HAM MpH-
woch 6Bl CUHUTATb, YTO MOLIHOCTH MHOXKeCTB A u B HecpaBHHMbI
mexay coGoit. Ho Ha caMom pnese sToT cayuafi HeBOo3MOxeH! dto
cnenyet u3 Teopembl llepmeso, 0 KoTopo#t peub Gyler uatu B § 4.

Uraxk, aw06eie d8a mrosxcectaa A u B aubo sksusarentHol mexncoy
coboii (u To2da m(A)= m(B)), n1u60. yooBJIETBOPAIOT OXHOMY H3
AByX cooTHowerui: m(A) << m(B) uwau m(A) > m(B).

Mb1 oTMeTH N BhIllE, YTO CUETHbiEe MHOXKECTBA — 3TO «CaMble Ma-
JleHbKHe» H3 GeCKOHEeYHbIX MHOXEeCTB, a 3aTeM II0Ka3aJH, 4To Cylie-
CTBYIOT U GECKOHeUHble MHOXeCTBa, OECKOHEeYHOCTb KOTOPHIX HMeeT
60J1ee «BLICOKHI MOPAJOK»,—3TO MHOXECTBA MOILHOCTH KOHTHHYyMa.
A cywmecTByorT Ju 6ecKOHeuyHble MOI{HOCTH, NPEBOCXOASALIHE MOLI-
HOCTb KOHTHHyyMa? Boofule, cymiecTByeT JM KaKas-TO <«HAHBbIC-
l1as» MOUIHOCTb WJIH HeT? OKa3biBaeTcs, BepHa Ciaelyollas Teopema.

Teopema 3. [Tycte M — nexoropoe mnoscecrso u nycre M —
MHONCECTBO, IAEMEHTAMU KOTOPO20 ABAAIOTCA BCEBO3MONCHblE NOO-
MHoocecrea muomcecrea M. Toeda M umeer mowynocts 66sbtLYytO,
“eM MOULHOCTb UCXOOHO020 MHOMcecTéa M.

HokaszartenbcTBo. Jlerko BHAETb, UTO MOIIHOCTb M MHOXe-
ctBa M He MOKeT GbITb MeHblle MOLLHOCTH /M HCXOAHOTO MHOXMe-
¢TBa M; NefCTBUTENbHO, KOJHOJEMEHTHbIE» MOAMHOXKeCTBa H3 M 06-
pasyior B M uacTb, SKBUBaJEeHTHYIO MHOXecTBY M. Ocraerca moka-
'3aTb, YTO MOLHOCTH M H m He coBnajaioT. [IycTb Mexay siaementamu
a, b, ... MmuoxectBa M u xakumu-To saeMentaMu A, B, ... MHOXe-
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ctBa M (1. e. KAKUMHU-TO NOAMHOKecTBaMH H3 M) ycraHoBJeHO
B3aHMHO OJJHO3HAUHOE COOTBETCTBHE

a<>A, b<—B, ...

ITokaxeM, 4yTo OHO HaBepHsiKa He ucyepneiBaer Bcero M. Umen-
HO, CKOHCTPYHPYEM Takoe MHOXecTBO X < M, KoTopoMy He COOTBET-
cTByeT HHKako#l sjeMent u3 M. Ilycte X — COBOKYNMHOCTBL 3jeMeH-
TOB U3 M, He BXOAAUIUX B Te NOAMHOXECTBA, KOTOPble UM COOTBET-
creywoT. IlogpoGuee: ecan a <> A u a= A, TO 37eMEHT a@ Mbl He
BKaoyaeM B X, a ecid @ <> A u a & A, T0 MBI BKJIIOYAEM 3JIEMEHT @
B X. flcHo, uto X ecThb MOAMHOXKECTBO MHOXecTBa M, T. e. HEKOTO-
poifi aaement u3 M. [TokaxeM, 4TO NOAMHOKECTBY X He MOXKET CO-
OTBETCTBOBATh HHKAaKOH 3jaemeHT u3 M. [lomycTuM, YTO Takoil sJe-
MeHT X <> X CyIllecTByeT; MOCMOTPHUM, OYAET JIH OH COLEPKAaThCs
B X uau Her? Ilycte x & X; HO Benb 1o onpepesiendio B X BXOZHT
BCSAKHHA 3JeMeHT, He COLepXKaUIUHCSH B NOAMHOXKECTBE, KOTOpoe
€My COOTBETCTBYET, CJIeOBATENbHO, 3JeMEHT X NO0JKeH OBITh BKJIO-
yeH B X. O6paTHO, NPEANOJNOKHUB, YTO X COLEPXKHUTCA B X, MBI NOMY-
YHM, YTO X He MOXeT cojepxaTbcst B X, TaK Kak B X BKJIIOUEHHI
TOJIBKO T€ 3JIEMEHTHI, KOTOPBle He BXOUST B COOTBETCTBYIOUIHE HM
nogMuoxecrBa. Utak, sjeMeHT x, OTBeuaiomWiHi# MOJMHOXKECTBY X,
JOJIXKeH OHOBPEMEHHO H COZepXKaThCs U He conxepxkartbest B X. Or-
cloa ciaeayer, YTO TAKOTO 3JeMeHTa BOOOLle He CyLUIeCTBYeT, T. €.
YTO B3aHMHO OJHO3HAYHOTO COOTBETCTBHSI MEXJY 3JeMeHTaMH MHO-
®kectBa M u BCeMH ero noAMHOXECTBAMH YCTaHOBHTb Henb3s. Teo-
peMa JloKa3aHa. '

Hrtak, anas a1060if MOIIHOCTH MBI NEHCTBHTEJBHO MOXEM IO-
CTPOHTb MHOXeCTBO O6oJbIIell MOIIHOCTH, 3aTeM eule GoJbluei
H T. L., MOJAyYast, TaKUM 00pa3oM, He OrpaHHYEHHYIO CBepXy LLUKaJay
MOLHOCTEH.

3amMeuanune. Mouwnocts MHOXectBa M 0603HAUAIOT CHMBO-
Jaom 2™, rue m— moumHocte M. (UnTartenb JierKo MOHMET CMBICT
3TOro 0603HaYeHHsI, paCCMOTpeB cayyail KoHeyHoro M.) Takum oG-
pasoM, MNpelblAyUlyl0 TEeOpeEMY MOXHO BbIPa3HTb HEPaBEHCTBOM
m << 2™, B yactHocTH, INH m = N MoJayuyaem HepaBeHCTBO Ny <<
< 2%, Tlokaxem, uto 2™ = R, T. e. mOKaXKeM, UTO MOWHOCTO MHO-
HecTaa 6Cex NOOMHONCECT8 HATYPAALHO20 pAda pPABHA MOWHOCTU
KOHTUHYYMA.

Pa3o6beM nogMHOXKECTBA HAaTypaJbHOTO psifla Ha JBa Kiaacca, P
-u @, —na te (kaacc B), y KOTOpbIX LoNOJHeHHe GeCKOHEYHO, U HA
te (knacc ®), y kotopeix ono koHeuno. K kmaccy ® orHocurcs, B
YaCTHOCTH, CaM HaTypaJbHbIA psil, 160 ero nomoJHenne mycro. YUnc-
JO TOAMHOXeCTB B Kjaacce ® cuetno (nmokasatb). Kiaace ® He
BIMsieT HA MOWHOCTb MHOXectBa M = P U @.

Mexny nonMHoXecTBaMu Kaacca B u nedCTBUTENbHBIMH YHCJIa-
MH o H3 noaycermenta {0, 1) MOXKHO yCTAHOBHTh B3aHMHO OJHO-
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.gHauHOe cooTBercTBHe. MIMeHHO, comocTaBUM noaMHOXecTBY A & P
qHeao o, 0 << o < |, ¢ IBOHYHBIM Pa3JI0kKeHHEM

€

g 2 g
a='2_1+ 2; + o e +'2_:'+ e ey

The €, = | uan 0 B 3aBHCHMOCTH OT TOrO, MPHHALJIEKHT AU 1 MHO-
sxectBa A uaun Her. IlpoBepky merasefl mpefocraBiisieM ' UHTaATeNIoO.

YnpaxHenue. JlokazaTe, YTO COBOKYNHOCTb BCeX YHCJIOBHX (yHKUuA
(mnu BoOOWe (yHKUHH, MPHHHUMAIOUIMX 3HAYEHHS B MHOXKECTBE, COLEpPIKAUIEM He
MeHee JBYX 3JIEMEHTOB), ONpelleJieHHbIX Ha HEeKOTOPOM MuoxecTse M, umeer moul-
‘'HOCTb GOMbIIYIO, YeM MOIIHOCTb MHOXecTBa M.

¥razanue. Bocnosb3oBaThbes TEM, YTO MHOXKECTBO BCeX UHOUKATOPOS, T. €.
<yskunA Ha M, npuHuMaloWMX TOJMbKO NBa 3Haueuus, 0 u |, 5KBUBaJEHTHO MiiO-
HKECTBY BceX NMOIMHOKECTB u3 M.

§ 4. YnopsaouyeHnble MHOXecTBa. TpaHcdHHHTHBIE uyHCaa

B sToMm naparpade H3N0XeH pAj NOHATHH, CBA3aHHBIX C HAeel
YHOPAI04eHHOCTH MHOXKeCTB. Mpl orpaHnuHMcA 3[eCb CaMbiMH Iep-
'BOHAYaJbHBIMHM CBeIeHHsIMH; 6oJiee TMOAPOOHOE H3J0KEHHE MOXKHO
‘HafiTH B JIUTEpaType, yKa3aHHOH B KOHLE KHHTH.

1. YacTHuHO ymopsinoueHHble MHoxectBa. [lycte M — mpowus-
BOJIbHOE MHOXKECTBO M @ — HEKOTOpoe GHHApHOe OTHOILEHHe B HeM
‘(ompemeasieMoe HEKOTOPbIM MHOXecTBOM Ry, < M X M). Mbl unaszo-
BeM 5TO OTHOILEHHEe 4acTU4HOU Ynopaodo4esHOCTor0, eCJIH OHO YIOB-
JIETBOPSET YyCNOBHAM:

1) pedrexcusnoctu: aga,
2) TpanaurusrocTu: ecnu agb u bgc, To agc,
3) anrucummerpudrocTu: eciu apb u bea, To a = b.

YacTHuHYI0 YIOPSIIOYEHHOCTh NPUHATO 0603HauaThb CHMBONOM <.
Takum o6pa3om, 3anuch a << b o3nauaer, yto napa (a,b) npunaz-
JIEKHT COOTBETCTBYIOWEMY MHOXKeCTBY Ry. Ilpo anementr a mnpu
3TOM TOBOPST, UTO OH He npesocxo0uT b WM 4TO OH noduunex b.
MnoxeeTBO, B KOTOPOM 3aJaHa HeKOTOpad 4acTHYHAs YHNOPSAOUYeH-
HOCTb, HA3HIBAETCH YACTUYHO YNnopPAOGOUEHHbLM.

IlpuBenemM npHMepH YaCTHYHO YHOPSIAOUEHHBIX MHOXECTB.

1. Bcsikoe MHOXKECTBO MOXHO TPHBHAJbHBIM 06pa3oM paccMmart-
PHBaTb KaK YaCTHYHO YNOPSIOUEHHOE, eCJIH TOJOXHTD @ << b B TOM
H TOJIBKO TOM riyyae, Korna a = b. Muaue rosops, 3a 4aCTHUHYIO
YIOPSAOUEHHOCTh BCETA MOXKHO NPHHATh GHHAPHOE OTHOILIEHHE TO-
¥KaecTBa €. DTOT NPHUMEpP HE NPEACTABJSET, KOHEYHO, GOJbIIOr0 HH-
Tepeca.

2. Tlyctb M — MHOXeCTBO BceX HeNpephIBHbIX (YHKIHA Ha OT-
';leake [, B]. TlosoxuB < g B TOM W TONBKO TOM CJayuae, KOria

(1)<< g(t) nns Beex £, a << t << B, Mbl IIOJNYYHM, OYEBHIHO, YACTHY-
HYIO YIIOPSOYEHHOCTS.
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3. MHOXecTBO BCeX NOAMHOXECTB HEKOTOPOTO (PHKCHPOBAHHOrO
MHOK€eCTBA YAaCTHYHO YNOpPSJIOYEHO 10 BKJioueHHio: M, << M, o3Ha-
yaer, uto M, < M,.

4. MHOXeCTBO BCeX HaTypaJ/bHbIX YHCEJ] YaCTHYHO YNOPSAOYEHO,
ecnu a << b osnauaet «b gennTcs 6e3 octaTka Ha a».

ITycte M — npou3BosibHOE 4ACTHYHO YNOPSAA0YEHHOE MHOXECTBO.
B cayuae, korga a << b u a 5= b, Mpl 6yneM N0Jb30BATbCA CHMBO-
JoM <, T. €. mHcaTb @ << b H rOBOPHTb, UTO a MeHbiue b uaH 4To
a crpoeo noduuneno b. Hapany ¢ 3anuceio a << b mm Gygem nods-
30BaTbCs PaBHOCHJBHON 3aNMHCbIO b > a U TrOBOPHTbL NPH 3TOM, UTO
b ne menbwe a (6oabwe a, ecnu b %= a) uau uto b caedyer 3a a.
DJleMeHT a Ha3blBAeTC MAKCUMAAbHbLIM, €CIH H3 a << b caenyer,
uT0 b = a. DNeMeKET a HA3bIBAETCH MUHUMAALHLIM, €CIH H3 ¢ < a
CJeLyeT, 4T0 € = 4.

YacTHuHO YNOPALOYEHHOE MHOXECTBO, AAf /MOGHX ABYX TOYeK a4, b KOTO-

poro HalifeTcs cJefyiollas 33 HHMH TOuka ¢ (@ << ¢, b <C ¢), Ha3wblBaeTCa Hanpas-
ACHHbIM.

2, OtoGpaxenns, coxpaHsiomwmue nopagok. [lyctre M u M —
JBa YaCTHYHO YNOPSJOYEHHBIX MHOXECTBa H NycTb [ ecTb OTOGpa-
xenne M B M’. Mbl ckaxeM, 4TO 3TO OTOGpaKeHHe COXPAHAET No-
padok, eciu u3 a << b, rae a, b = M, caenyer, f(a) << f(b) (8 M').
OTto6paxenne [ Ha3bIBaeTCA UBOMOPPUIMOM YACTHUHO YNOPSALOYEH-
HbBIX MHOXecTB M n M’, ecim 0HO GHEKTHBHO, a COOTHOIIEHHE
f(a) << f(b) BHINOJNHEHO B TOM U TOAbKO TOM Caydae, Korja a << b.
Camn MHOxectBa M 0 M’ Ha3HBaOTCH NPU 3TOM U30OMOPPHOIMU Me-
XAy cobo#.

Iyctb, Hanpumep, M ecTb MHOXECTBO HAaTypaJbHRIX YHCeJ, ya-
CTHYHO YNOPSINOYEHHOE 110 <AeJHMOCTH» (CM. npHmep 4 m. 1), a
M’ — 10 Xe caMoe MHOXECTBO, HO YNOpPS[OUYEHHOE eCTEeCTBEHHBIM
o6pa3oM, T. . TaK, 4to b => a, ecin b — @ — NoJ0XKHTENbHOE YHCIIO.
Torpa oroGpaxcenne M na M’, craBslllee B COOTBETCTBHE KaXIOMY
YHCJIY N ero €aMo, COXpaHsieT MOPsAJOK (HO He SBJAETCS H30MOp-
dhusMom).

OTnowrene u3oMopdu3Ma MEXKAY YACTHYHO YHOPSAOUEHHBIMH
MHOKECTBAMH TNpeJcTaBJsieT co60H, O4eBH]HO, OTHOLIEHHEe 3KBHBA-
JIEGHTHOCTH (OHO CHMMETPHUYHO, TPaH3HTUBHO H pedJekcuBHo). Cie-
NOBATeJIbHO, €CJIM Y HAC HMeeTCs KaKOH-TO 3amac!) yacTHYHO ymo-
PSIOYEHHBIX MHOXECTB, TO BCe€ 5TH MHOXeCTBAa MOXHO pa3GHuTh Ha
KJaccel H30MOpdHBIX MeXay co60H. FICHO, UTO ecqH Hac HHTepecyeT
He MpUpOAa 3JEMEeHTOB MHOXEeCTBa, a TOJbKO HMEIOIIAsicCd B HeM
yacTHYHAs YNOPANOUEHHOCTb, TO ABAa H30MOPHHIX MeX]y cO60H ya-

1) Mu BO3ZepHBaeMcs OT MNOHSATHR BpOJEe «BCe YACTHUHO YNOPALOYEHHHLIE
MHOJKECTBa», TaK Kak OHH, MOJZOGHO NMOHATHIO «MHOXKECTBO BCEX MHOXKECTB», MO
CYILECTBY, BHYTPeHHe NDOTHBODEUYHBH H He MOryT ObITb BK/IOUEHH B YeTKHe Ma-
TEMaTHYECKHE KOHIENIHH,



$4 YMNOPALROYEHHBIE MHOXXECTBA. TPAHCOHWHHUTHLIE YMCJIA 33

CTHYHO YMODPSIJOYEHHBIX MHOXKECTBA MOXHO pacCMaTpHBATh MPOCTO
KaK TOXIEeCTBEHHbIE.

3. MopankoBbie THNb. YNopsaoueHHble MHOXecTBa. [Ipo H30-
MoppHble Mexay coGOH YaCTHYHO yNOPSANOUEHHble MHOXeCTBa Mbl
6yleM TOBODHTb, YTO OHH HMEIOT OJHH H TOT Xe NnopaoKosuLil Tun.
TakuM o6pasoM, NOPSIAKOBBLIE THI — 3TO0 TO ofliee, 4TO, MPHCYLIe
J06bIM 1BYM H30MOP(DHBIM MeXAYy coGoH YacTHUYHO ymopsioYeHHBIM
MHOXeCTBaM, NMOAOOGHO TOMY KaK MOLLHOCTb — 3TO TO oflee, 4TO
NpUCYILle IKBHBAJEHTHBIM MeXAy coGOi MHOXecCTBaM (paccMaTpH-
BaeMbIM HE3aBHCHMO OT KaKoro Obl TO HH OblJIO OTHOILLIEHHS nopsjKa
B HUX).

ITycte @ u b — 31eMeHTH YaCTHYHO YHOPSIAOYEHHOrO MHOXECTBA.
Moxer 0KasaTbCsl, UTO HH OJHO M3 COOTHOIIeHHH @ <<b m b<Ca
He uMeeT MecTta. B 3ToM ciyuyae sneMeHTH a u b Ha3nBaloTCs He-
cpasnumoimu. TakuM o6Gpa3oM, OTHOLIEHHe NOPsAAKa ONpereseHo
AUUIb AJIS1 HEKOTOPBIX Nap 3JeMeHTOB, MO3TOMY Mbl H TOBOPHM O
4aCTHYHOH ynopsaoueHHOCTH. Ec/H Ke B YaCTHUHO YMOPSAJOYEHHOM
MHOXKecTBe M HeCpaBHHMBIX 3/1EMEHTOB HeT, TO MHOXKecTBo M Ha-
3bIBAETCA YNOpPAGOUEHHbIM (AUHELHO YynopAGOUEHHbIM, COBEPUIEHHO
ynopadouennoin). tak, MHOXKecTBO M ynopsgoueHo, ecyii OHO 4Ya-
CTHYHO YNOPSIAOUEHO M eCIH A5 JIOObIX ABYX Pa3JIMYHBIX JeMeH-
ToB a, b = M o6sasarenbHo au6o a << b, 1160 b << a.

SIcHO, 4TO BCSIKOE MOJMHOXECTBO YMOPSA0YEHHOrO MHOXKEeCTBA
CaMo ynopsil0ueHo.

MHoxecTBa, yKa3aHHble B NpuMepax 1—4 m. 1, ABAsOTCA JHIIb
YacTHYHO ymopsaouyeHHbiMH. [lpocTeAHMH mpuMepaMH JHHEHHO
YIOPSAOUEHHBIX MHOXKECTB MOTYT CJYXKHTb HaTypaJibHble YHCaa, CO-
BOKYIHOCTb BCeX PallHOHAJIbHBIX YHCEJ, BCeX NEHCTBHUTE/bHBIX UHCEN
Ha otpe3ke [0, 1] u T. m. (C eCTeCTBEHHBLIMH OTHOIICHHSAMHU «0OJbIIIE
_H «MeHbllle», KOTOPble B 3THX MHOXECTBAX HMeIOTCH).

ITocKobKY ynopsilOYeHHOCTb €CThb YACTHBIK Caydal - 4aCTHYHON
YIOPSIIOYEHHOCTH, K YNOPSIJOYEHHBIM MHOXeCTBaM IIPHMEHHMO MO-
HSITHe OTOOpa)KeHUs, COXPAaHSIOUero MOpsijioK, H, B YaCTHOCTH, IO-
HsiTHe n3omop¢usmMa. [To3ToMy MOKHO rOBOPHTbL O MOPSAJKOBOM THIIE
VIOPSIIOUEHHOrO0 MHOXecTBa. Psp HatypasbHbIX uyucea 1, 2, 3, ...
C eCTeCTBEHHbIM OTHOILEHHEM MOpSiIKa MeXAY ero 3JieMeHTaMH npej-
craBiseT cob6of npocTeHIHH npuMep 6eCKOHEUHOro ymopsif0YeHHOrO.
MHOKecTBa. Ero MopsiiKOBBIH THM NMPHHATO 0603HaYaTb CHMBOJIOM .

Ecnu ABa 4aCTHYHO YNOPSAJOUYEHHBIX MHOXECTBA H30MOP(DHH Me-
KAy cobofi, TO OHH, KOHEUHO, HMEIOT OJHHAKOBYI0O MOULIHOCTL (H30-
MopdH3M — 3T0 GHeKLHS), MO3TOMY MOXKHO TOBOPHTb O MOLIHOCTI,
OTBeyalolled JaHHOMY MNOPSAAKOBOMY THNY (HanmpHMep, THNY @ OT-
BeyaeT MolHOCTh No). OgHako 06paTHOEe HEBEPHO; MHOXKECTBO AaH-
HOH MOLLHOCTH MOXeT ObITb YNOPSA0UeHO, BOOOLe rOBOPSl, MHOTHMH
pasHbIMH cnoco6amu. JIHIIb NOPSAKOBLIA THI JHHEHHO YMOPSA0YeH-
HOroO KOHEe4YHOT O MHOXeCTBa OJHO3HAUYHO ONpeNe/seTCs] YHCIOM 1
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€70 3J1eMeHTOB (M 0603HauaeTcsl TakXKe uepes 7). YxKe A4 CYETHOro
MHOX€eCTBa HaTypaJbHbIX YHCeJ BO3MOXKEH, HapUMep, HAPSIAY C ero
«@CTeCTBEHHBIM» THIIOM ®, TAKOH THI:

1,35 ..., 2, 4,6, ...,

T. e. TaKOH, Korga Jio6oe YeTHOe YHCJAO cJelyeT 3a JOObBIM Heuer-
HbIM, a HedeTHble W YeTHble YHCJa MeXAY CO60H YMOpsAOYeHbl 1o
BO3pacTaHui0. MOXXHO MOKa3aThb, YTO YHCJO Pa3THYHBIX IOPSAAKOBHIX
“THIIOB, OTBEYAIOIIHX MOUIHOCTH Ny, GECKOHEUHO H JaXKe HeCueTHO.

4. YnopsaoueHHass CyMMa YNOpsiloYeHHbIX MHoOXecTB. IIyctb
M; 1 M;— nBa HenepeceKkaloUUXCs YNOPSNOUECHHBIX MHOXKECTBA ¢
nopsAKOBbIMH THNAMH 0y u 02 B o6benunenunn M; U M; Muoxecrs
‘M; u M2 MOXHO BBECTH NOPSJIOK, CUHTAs, UTO [Ba 3jeMeHTa u3 M,
ynopsfouenbl Kak B M;, nBa sneMenta u3 M, ynopsigouennl Kak
B My ¥ uTO BCSIKHH 3JeMeHT U3 M; npeaumiecTByeT BCAKOMY
aneMmenty u3 M,. (IlpoBepbTe, uTO 3TO HEHCTBHUTENBHO JHHEHHAs!
ynopsifouenHocts!) Takoe ymopsiiloueHHOE MHOXKECTBO Mbl GyneM
Ha3bIBaTh ynopadouenHol cymmol MHoxecTB M; u Mz n o603Hauath
M, + Mg Tlonuepkuem, u4To 31eCh BaKeH MOPSJLOK CJaraeMblX: CyM-
Ma M, + M, He uzomopdHa, BooGue roeops, cymme M; 4+ M,. Ilo-
PANKOBLIE THN CyMMbl M|+ M; Mbl GyaeM Ha3nBaTbhb ynopAaoouex-
HOU cymmoll TIOPSAKOBLIX THIOB 0; M 02 M 0603HauaTh O; - 0.

3to onpeseneHHe Jerko pacnpocTpaHsaeTcs Ha IPOH3BOJbHOE KO-
#1eYHOe YHCJO ciaaraeMbix 0y, 0z, ..., Om.

ITpumep. PaccMorpuM mopsiakoBbie THNmbl o u f. Jlerko Bu-
[AeTb, UTO N+ @ = ®; AEeHCTBUTEJBHO, €CJU Mbl K HATypaJbHOMY
pany 1, 2, 3, ..., k, ... npunuiieM cjeBa KOHEYHOe YHCJ/IO UJIEHOB,
TO Mbl IIOJIyUHM TOT K€ HMOPSIKOBbIH THN ®. B To e BpeMs mopsn-
KOBHIH THI ® - n, T. e. NOPSIKOBBIH THN MHOXKectBa 1, 2, 3, ...

., kB, ..., ai, Gy, ..., Gn, HE PABEH, OUEBHJIHO, ®.

5. Bnoane ynopsjaoyeHnbie MHOXKeCTBA, TpaHCQHHHTHbIE YHcaa.
‘Brile Mbl BBeJqH MOHSTHS UYACTHUYHOH YINOPSLOYEHHOCTH H YNOPSAO-
YyeHHOCTH. BBenem emie GoJsiee y3Koe, HO BeCcbMa BaXXHOe MOHATHE
TOJHOH yNOpPAAOUYEHHOCTH.

Onpenenenune. YNOpsiAOYEeHHOE MHOXECTBO Ha3blBaercs
BNOAHe YnopadoHeHHbiM, eCld KaXK0€e ero HelmycToe NOJMHOXeCTBO
CO/lePKHT HAUMEHbHIHHA (T. €. NpeJIIeCTBYIOLHH BCeM 3JIeMEHTaM
3TOI'0 NOJAMHOXECTBa) 3JEMEHT.

Ecanu ynopsjmouenHoe MHOXECTBO KOHEYHO, TO OHO, OYEBHIHO, H
8100JHe yrnopsgoueHo. I[IpuMepoM ynopsiAoueHHOro, HO He BIIOJHE
VIIOPSI0YEHHOT0 MHOXKECTBa MOXKeT cl1yxuTb orpesok [0, 1]. Camo
5TO MHOKECTBO COMEPKHT HAaHMEHbIIHHA 3neMeHT — uuciao 0, Ho ero
110[JIMHOKECTBO, COCTOALIee H3 MOJOXKHTEJbHBIX YHCe], Hau-
ieHbIIEro 3JIEMEHTA He COAEPKHUT.

SIcHO, 4TO 8cakoe (HenycToe) NOPMHONECTEO BnOAHE Ynopado-
1CHHO20 MHOXNCECTBA CAMO BNOAHE YnopadoUeHo.
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TTopsAiAKOBLIH THI BNOJIHE YNIOPSAAOYEHHOrO MHOXKECTBA Ha3bIBAIOT
nopAdKosbim HUCAOM (TPAHCOHUHUTHOIM NOPAOKOBHIM HUCAOM HJIH,
KOpOue TPAHCHUHUTOM, KOTJa XOTAT NMOAYEPKHYTb, 4TO peub HAeT
0 6eCKOHEUHOM MHOKECTBE).

Harypanbubifi psAi (C eCTeCTBEHHBIM OTHOLIEHHeM MOpsiiKa)
npeicraBasger co60H MHOMXKECTBO He TOJBKO YIOPSIIOYEHHOE, HO H
ploJIHe ynopsifoueHHoe. TakuM 06pasoM, ero MOPSAKOBHIH THI ©
ectb nopsakoBoe uucao (TpaHchurHuT!). [lopsankoBeiM uyuciom 6y-
HeT H © -+ R, T. e. THI MHOCXKeCTBa

1,2, ... n,..., a, G, ..., Q.

HanpoTtus, MHOXeCTBO
ceey —Hy o, —3, —2, — 1 (1)

;yNOPSIIOYEHO, HO He BMOJIHE YNMOPsAOYeHO. 3/ecb B KaXKJAOM Hemy-:
CTOM IOJIMHOXKECTBe eCTb HaHUOOJbUIHA 3JeMeHT (T. e. CJAeAYIOUIHT
“ga BCceMH), HO, BOOOllle TOBOPS, HET HaUMeHbIlIero (HanpuMep, Hau-
MeHbliero sjeMenta Her Bo BceM MHoxectBe (1)). Tlopsiakoserit
Jrun (He SIBJSIIOUIMACS MOPSAAKOBBIM uHciaoM!) muoxecrea (1) mpu-
HATO 0603HAUaTh CHMBOJIOM 0.

JlokazkeM cefyIOUIHI POCTOMH, B0 BAXKHBIH BaKT.

“Jlemma 1. Ynopadouennas cymma KOHEUHO2O HUCAQ BHOAHE
YROPSIOOUECHHBOIX MHONCECTE eCTL BHOARE YnOpAOOUEeHHOe MHONCECT80.

B camom nene, nyctb M — NpOH3BOJIbHOE MOAMHOMXECTBO ynops-
pouennol cymmbl My + My + ...+ M, BRnosHe ynopanoUeHHBIX MHO-
}KeCTB;, pPaccMOTPHUM MepBoe M3 MHOXKecTB M, conaepxailee 3Je-
mentol n3 M. Ilepeceuenue M (1 M, sBasieTcs NOAMHOXKECTBOM
BNIOJIHE YNOPSJOYEHHOTO MHOMecTBa My W, 3HAYHT, UMeeT MNepBhiil
3JieMeHT. STOT 3JeMeHT OYJeT NepBbiM 2J1eMeHTOM H Bcero M.

CnencrBue. ¥YnopadoueHHas cymma nopsodkoBulx Hucenr [6-
A8eTCA NOPAOKOBLIM HUCAOM. '

Mbl MOXeM, TakuM 006pa3oM, OTHPABJIAACE OT HEKOTOPOTO 3a-
‘Haca TOPSIKOBBIX UYHCEJ, CTPOUTb HOBble MOPSAKOBbie uucia. Ha-
NIpUMep, OTIPABJASACh OT HATYypaJbHbIX 4uces (T. €. KOHEUHBIX IO-
PAIKOBLIX YHCeJN) H MOPAAKOBOTO 4HCJIa ), MOXHO IMOJYYHTb MO-
PSIKOBBIE duc/aa :

ot+n oteo otot+n ot+o+o uT A

Ypuraresab JIETKO NOCTPOHT BIOJHE YIOPSAOYEHHbIE MHOMECTBa, OT-
BeualollHe 5TUM TpaHCHHUHUTAM.

, Hapany c ynopsitoueHHoi cyMMOH MODSAKOBBIX THNIOB MOMHO BBECTH ynopS-
dodennoe npouasedenue. Ilycte My 1 My — MHOXKecTBa, ynopsiioueHHbe O THIAM
0; u 0. BosbMeM MHOTrO 3K3eMNJsPOB MHOMecTBa M, — 10 ONHOMY Ha KaXKmplit
aNeMeHT M, — u 3aMeHHM B MHOXKecTBe M; €ro S7eMeHTH 3TUMH 3K3eMINApaMu
M,. TlghyueHnoe MHOMECTBO Ha3HBAETCA YNOPAJOUEHHHM NpoH3BefenueM M, m
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M, n o6osnauaercsi cumBosiom M -M,. ®opmanbHo M,-M, cTpouTcs Kak MmuoxXe-
ctBo map (g, b), rae e E My u b & My, npuueM (@, by) < (az, by), ecaun by << b,
(npn mOGHIX ay, @), H (a;, b) < (ay b), ecan ay << as.

AunanorHuHo ompejensieTcs ynopsjoueHHOe NpPOH3BEAEHHe N06Or0 KOHEeYHOro

uncaa comHoxurenein MM, ... Mp. TlopaaxoBuifi Tun 6 npoussenenus M,.M,
YNOPAMOYCIIHEIX MHOXECTB Ha3LIBAETCA npoussedenuem nOPaoKosoix Tunog 0, u O,
=9|92.

Kak n ynopsjoueHHa1 CyMMa, YMOPfAAOYEHHOE NPOH3BeleHHe HEKOMMYTaTHBHO,

JleMmMa 2 Ynopadouennoe npoussedenue 08yx 8nosne ynopadoUeHubix MHO-
HECTB eCTo BNOAHE YNOPAGOYEHHOE MHONCECT8O.

JlokasatenbcTBo. ITyctb M — HekOTOpOE MOAMHOMKECTBO MPOU3BEJEHHs
M,-Mj,;, muoxectBo M ectb MHOXKecTBO nap (a, b). PaccMoTpuM Bce BTOpHie 3je-
meHnTh b map, Bxoastux B M. Onu 06pasyioT HeKOTUOpOe MNOAMHOKECTBO B M,.
B cuay nonHo# ynopapouenHocTH Mz 9TO MOAMHOXKECTBO HMeEET NEPBLIH 3JEMEHT.
O6o3nauuM ero bp.u paccMOTpuM Bce mapui Buia (@, bo), sxonsimue B M. Hx nep-
Bble 3JeMeHTbl @ 06pasyloT HeKOTOpoe NojiMHoxecTBO B M;. B cusny nosxoit ymo-
psnouyeHHocTH My cpellH HuUX uMeeTcs mepBblii 3MeMent., OGo3uaunm ero ao. Torma
napa (ao, by), Kak Jlerko BHAeTb, H GYAET NePBHIM dJeMeHTOM M.

CnenctBue. ¥YnopadouenHoe npoussedeHue NOPAOKOBLIX ducer ABASLETCH
nopa0KO86IM YUCAOM.

ITpumepn. Jlerko BHAeTh, YTO © + ©® = ®'2, ® + 0 + ® =0-3. Jlerko
TaKKe MOCTPOMTb MHOXKeCTBa, ynopsJoyeHHble NO THOAM ®-#, ®?, o?-n, w?, ...
..., P, ... Bce 3t MHOXKeCTBa 6Y1yT HMETb CUETHYIO MOUIHOCTb.

MoxXHo onpejenuTb u ApyrHe NeACTBHS Hal MNOPANKOBLIMH THNAMH, HaNpH-
Mep, BO3BeleHHE B CTeNeHL, H BBECTH B PACCMOTPEHHE TaKHe NOPSAKOBbiE HMCa,

(]
Kak, ckaxeM, 0% o® u T. I.

6. CpaBHeHHe mNOpAAKOBBIX yucea. Ecau n; U ng— ABa KOHeu-
HBIX NOPSAKOBLIX UMCJA, TO OHH MJH COBNAAAIOT, HJIH OAHO M3 HHX
Gosbure apyroro. PacnpocTpaHuM 3TO OTHOUIEHHe TMOpsiAKa Ha
TpaHchHUHHUTHBIE MOPSIAKOBLIE yHc/aa. BBeseM 1Js 3TOTO Ccaenyollue
MOHATHS. BCAKHHA 3/MeMeHT @ JHHEHHO YNOPSILOYEHHOTO MHOXKECTBA
M onpenensier Hauaabroui 0Tpe3ok P (COBOKYNHOCTb 3JEMEHTOB
<Ca) v ocrarok @ (COBOKYNMHOCTb 3JEMEHTOB =a).

Ilycts @ u B— ABa HOPSAKOBBIX yucaa, a M u N — MHOXKecTBa,
THNA & U P COOTBETCTBEHHO. MbI CKaXKeM, UTO o = B, €C/IH MHOXKe-
ctBa M u N usomopodubl, uto o << B, ecniu M nzomopdHO KakoMy-
Au60 HauaJbHOMY OTpe3Ky MHoXKectBa N, U uyto o > B, ecay,
o6patHo, N u3oMopdHO HAYAJIBHOMY OTPe3Ky MHoxecTBa M.

Teopema 1. Jwboie 08a nopadkoseix ducia o u B c8a3aHbt
mexndy cob0ti 0OHUM U TOALKO OOHUM U3 COOTHOULEHNY:

a=20, a<<puwa>p

Jasi nokasaTtesbCTBa YCTAaHOBHM TpEXJAE BCEro CJAeLYIOMYIo
JIEMMY.

JlemMma 3. Ecau f— uzomopgroe otobpascerue gnoixe ynops-
@ouennozo MHoxmecT8a A Ha kakoe-aubo e2zo nodmuoxecTeo B, 1o
f(a)= a 0aa scex a = A.

JeficTBUTENIbHO, ecd Obl HMeJHCh TaKue 3jaeMenTh a & A, 4to
f(a)<Ca, 10 cpexn Hux O6bl1 Gbl NepBbil (NOJIHAA YMOPSLOYEH-
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goctb!). ITycTh 310 — 3J1eMeHT ap # MyCTb b = f(ap). Torma by'<< ag
H, NOCKOJbKY [ — u3oMopduam, f(bo) << f(as)= by, T. €. ao He Gbln
61l NepBLIM CPelH 3J1EMEHTOB C YKa3aHHLIM CBOHCTBOM.

M3 3Toft JleMMbl Cpa3y Ke BLITEKAeT, YTO BIIOJHE YNOPSAOYEH-
HOe MHOYKECTBO He MoxKeT ObITb H30MOp(HO cBoeMy oTpesky. Ecau
651 A 66110 H30MOPGHHO OTPE3KY, ONpelesasIEMOMY 3JEMEHTOM d, TO
BHUIOJNHANOC, 6Bl cooTHoWeHHe f(a)<< a. [TosToMy COOTHOLIEHHS
a=p 41 a<p He MOTYT HMeTb MeCTa OJHOBPeMeHHO. AHAJIOTHYHO
He MOXeT GbITb OfHOBpeMeHHO @ = B u a > fB. Touno Tak xe He-
COBMECTHBI COOTHOLIeHHS o << P u o > f, Tak Kak HHAYe Mbl MO-
Jyunsad 6bl (TPaH3HTHBHOCTb!), uTo @ < @, a 3TO, KaK Mbl BHJEJH,
HeBO3MOXKHO. MTak, MBI moka3aJiu, 4TO HaJiHyHe OJHOTO H3 COOTHO-
weHn#t o = B HCKIpouaeT ABa ocradbHblX. I[lokaxem Ttenepb, uTO
©OJHO M3 3THX COOTHOLUIEHHH BCerja HMeeT MeCTO, T. €. 4TO JIO-
Gble Ba MOPAAKOBBIX YHC/Ia CPABHHMBI.

CurayaJsia 1151 KaXJA0ro NOpsiAKOBOIO UHCJIA ¢ MOCTPOHM MHOXKe-
<tB0 W(a), cnyxaliee ero «CTaHgapTHLIM NpejcraBHTeneM». MMen-
Ho, npuMeM 3a W (a) MHOXKeCTBO BCeX MOPSIKOBBIX YHCEJ], MeHb-
mwex a. Yucaa, Bxoasimue B W(a), Bce CpaBHHUMBI Mexay coboi,
a camo MHoxecTBo W (o) (ymopsiioueHHOe 1O BeJHUHHE TOPSIIKO-
BHIX 4HCeJ) MMeeT THN . JlelicTBUTE/bHO, €C/IH MHOXECTBO

A={...,a ..., b, ...}

HMeeT THN @, TO, IO CaMOMY OIpene/eHUIO, MOPAJLKOBBIe YHC/a,
‘MeHbllIHe, -YeM o, B3aHMHO OJJHO3HAYHO OTBE€YAIOT HAYaJbHbIM OT-
pe3kaM MHOxKeCTBa A, a cJeaoBaTeJibHO, H 3JIEMEHTaAM 3TOro MHO-
xecrBa. Muaue rTOBOpPS, 3JIEMEHTD! MHOXKeCTBa, HMeIOLIero THIN «,
MOXHO TIepeHyMepoBatb C IOMONIbIO IOPAAKOBBLIX 4YHCEJ, MeIlb-
IUX o

A=(a0, Ay vooy Gy o .).

ITycth Temepb o ¥ B — ABa NOPSIAKOBBIX YHCAA, TOrjga A =
== W(a) u B= W(§) — MHOXKeCTBa THUNOB & H B COOTBETCTBEHHO.
Tlycts, nanee, C = A | B— nepeceuerne muHoxects A4 u B, T. e.
COBOKYIHOCTb MOPSIIKOBBIX YHCEJ, MEHbIUHX o U P OIXHOBPEMEHHO.
Mruoxectso C BnosiHe ynopsijoueHo; o6o3HauuM ero tun y. IToka-
®KeM, uTo y << o JelicTBuTenbho, ecmu C= A4, 10 y = «, eciu xke
C = A, 10 C ecTb 0Tpe30K MHOXKecTBa A ¥ TOrAa

y<<o.

B camom nene, npu Bcex E=C, n= A\ C uucia E u M cpaBHUMBI,
T. e. E=m. Ho cootHoweHune n << § < @ HEeBO3MOXKHO, TaK KakK TO-
raa n < C. HUrak, £ <m, orkyna u BuaHO, 4T0 C eCTb OTPE30K MHO-

xkectBa A u y << a. Kpome Toro, y ectb nepBuifi 3/7€MEeHT MHOXKeE-
ctBa A \\ C. Utax,

Y<X & M aHaJoruyHo y << .
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Ilpu stom cayyaii y << a, y<<f§ HeBO3MOXeH, TaK KaK TOr[a
Mbl uMeaun 6u ye=EANC, y=B\ C, 1. e, ¢ OfHOA CTOPOHHI,
ye& C, ¢ npyroii cropoun, y& A [ B = C. CnenosatenbHo, BO3-
MOXHBI JIHIIb CJAY4aH

y=a, y=§, a=§,
y=uoa, vy<B, a<B,
Y<-(1, Y=ﬂ, (1>B,

T. €. & 1 § cpaBEuMbL. TeopeMa MOMHOCTbIO JOKa3aHa.

KaxqoMy nopsifKoBOMY UYHCJY OTBedaeT ONpejaeJeHHas MOll-
HOCTb, @ U3 CPAaBHUMOCTH NOPSAKOBBIX UHCe] ClelyeT, OUEBHIHO, H
CPaBHHMOCTb COOTBETCTBYIOIHX MolHocTeH. [TosToMy:

Ecau A u B — 08a 8nosne ynopsaoouennslx MHONCECTBA, TO AUGO
OHU 3KBUBANEHTHBL MeXcOy cobol (pasnomowinbt), Aubo e Mouy-
HOCTb 00HO20 U3 Hux Goavuie, 4em MOWHOCTb Opyzoeo (F. e. BNoJHe
ynopsioYeHHble MHOXECTBA He MOTYT HMeTb HECPaBHHMBIX MOLLHO-
cTen). '

PaccMoTpuM COBOKYNMHOCTb BCeX NOPSIAKOBBLIX uyHCeJs, OTBeualo-
IIMX KOHEYHOH HaAH cueTHOHA MomHocTH. OHu 06pasyioT BNOJI-
He yhnopsjaouyeHHoe MHoXxecTBo. Herpyano y6Geautbcs B TOM, uTO
€aMO0 3TO MHOKECTBO yXe HeCue THO. JeicTBuTeNbHO, 0603HaUHM,
B COOTBETCTBHH C OOLIENPHHATOH CHMBOJHKOH, Yepe3 ; NOPSAKO-
BbIfl THN MHOMXeCTBa BCeX CUeTHbIX TpaHchuHHTOB. Ecau Gbl OTBe-
Laoluas eMy MOUHOCTb Oblla CYETHOH, TO ¢UETHBIM GBIJIO Obl U MHO-
;KecTBO, UMelolliee NOPANKOBBIH TUN ®; 4+ 1. BMecTe ¢ TeM uncio o,
C/ie[lyeT, OUeBHAHO, 3a BCEMH TPaHCHHUHHTAMH, OTBEUYAIOIHMH KO-
HEYHO! HJHM CYETHON MOLLHOCTH.

OG6Ge3HauuM MOIIHOCTb, OTBEUAIOILYIO NMOPSAJKOBOMY TPaHC(HHHU-
TY ®;, ciMBosioM N,. Jlerko BHA€Tb, YTO HHKAKHX MOILHOCTEH 1,
yAOBJIETBOPSIOILUX HEPABEHCTBY

No<m< Ny,

Her. JefcTBUTENbHO, ecn Gbi Takas MOILHOCTb #1'CYLLECTBOBaJa,
10 B MHOXectBe W (w;) BCeX MOPSAKOBBHIX TPaHCPHUHHTOB, Tpen-
IECTBYIOIHX ®], HMEJOChb Obl NMOJAMHOXECTBO MOLIHOCTH M. ITO
NOJMHOKECTBO BIOJIHE YMOpsiioueHo W HecuetHo. Ho toraa ero no-
PSAAKOBBIH THN @ NPealecTBOBAsi Gbl ®; ¥ B TO XKe BPeMsi CJief0BaJ
3a BCeMM CUETHbIMH TpaHcduuutTaMu. Mbl Hostyunsu 6wl IpOTHBOpe-
yue ¢ OfnpeleseHHEeM 1.

7. AkcHoma BbiGopa, Teopema llepmeso H apyrHe 3KBHBAJEHT-
Hble UM yTBepxaeHus. CpaBHUMOCTL BIOJHE YIOPSAOYEHHBIX MHO-
JKeCTB TO MOIIHOCTH TIOACKAa3blBaeT CJAEAYIOILYIO MOCTAHOBKY BO-
mpoca: HeJb3s JU BCSAKOE MHOXECTBO BIOJIHE YIOPSA0YHTb KaKHM-
a16o o6pasom? IlosoXuTeabHBIH OTBeT 03Hayad Obl, B YaCTHOCTH,
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yTO HECPaBHHMbIX MOLIHOCTeH BOOGlle He CyliecTByeT. Tako#l oTBer
naa LlepMenio, 1oka3aB, 4TO Kamdoe MHOKECTBO MOKCeT 6biTo 8NOA-
He ynopadoueno. Jloka3aTeqbcTBO 3TOH TeopeMbl (Mbl He Gyaem
BOCNIPOH3BOJHUTb €ro 31ech, CM., HampuMep, [2]) cyluecTBeHHO OMH-
paeTcs Ha TaK Ha3biBaeMyl0 aKCuUoOMmy 86.60pa, COCTOAILYI0 B CJe-
AyoLLEeM. ‘

Ilyctb A — HEKOTOpOE MHOXKECTBO HHAEKCOB o M NMYCTh IJIS1 KaxK-
JOr0 o 3aJ4aHO HEKOTOpOe Npou3BOJbHOe MHoxecTBo M,. Toraa.
KaK YTBepXKIaeT akKCHOMa BpIGOpa, MONMHO ROCTPOUTL (PYHKYUIO ¢
Ha A, oTHOCcAWY Kaudomy a & A HeKOTOpbLL dNeMeHT m, u3 Co-
orgercrayroujeeo muooxcecrsa M,. VIHbIMH cloBaMH, MOXHO cocTa-
BHTb HEKOTOpPOe MHOXeCTBO, BhIOpaB H3 Kaxjaoro M, no oaHomy H
TOJIKO OJTHOMY 3JIEMEHTY.

Teopusi MHOXecTB B TOil ¢opMe, B KOTOPOH Mbl ee H3jaraeM, BOCXOLHT K
Kantopy u LlepMeso W sBJAsieTcsl «HAMBHOMH» TeopHell MHOMXeCTB. AKCHOMa BbI-
6opa, Ha3piBaeMasl TaKxe akcHomoil llepmesio, BO3HHKIAsi B paMKax HaWBHOM
TEOPHH MHOXECTB BMECTE C JPYFHMH BONPOCAMH, TAXHMH, KaK KOHTHHYY M-
runoTesa, T. e BONPOC O COBNAJEHHH MOWUIHOCTH KOHTHHYYMa C TepBO# He-
CHETHOM MOIIHOCTBIO ¥i, NpPHBeJa K MHOFOYHCJEHHBIM CHNOPAM W K IJIHHHOM CEpPHH
Ppa6oT NO MaTEMaTHUYECKOH JIOrMKe H OCHOBAHHAM MaTeMaTHKH. BuiiM noctpoeHs
AKCHOMaTHYECKHe TeopHH MuoxecTB [éxens — Bepnafica u Llepmeno — ®pen-
xeis. B pamkax 3TeXx Teopuf 6blsa ycTaHOBJIEHAa HENPOTHBOPEYHBOCTb M HE3aBH-
CHMOCTb aKCHOMBl Bbi6Opa. Mbl OTCblJlaeM 4YHTaTeNs K CNEeNHaAbHBIM pabortam:
A ®pevkenb u U bap-Xuanen, OcHoBanHA TEOPHH MHOXKeCTB, «MHD»,
1966; I1. Hx. KosH, Teopus MHOXKECTB M KOHTHHYYM-rumoresa, «Mmup», 1969.
3aMeTuM, YTO OTKa3 OT aKCHOMH BblGOpa CyUIeCTBEHHO OGeNHSET TEOPETHKO-MHO-
¥eCcTBeHHbe NMOCTPOEHHS.

BMecTe ¢ TeM KpHTHKA HAHBHOM TEOPHH MHOXECTB H NOMBLITKH OGOHTHCh Oe3
AKCHOMBI BHI6Opa MOBE/JH K CO3/aHHIO TAKHX 3aMeuaTe/bHHX TEOPHH, KaK TeopHs
PEKYPCHBHLIX (DYHKIHMH, H TaKHX NOHATHH, KaK MOHATHE BHIYHCJIHMOrO YHCJa,

CdhopmyaupyeM HeKOTOpble NMPEAJOKEHHS, KaxAoe H3 KOTOPBIX
3KBHBAJIEHTHO aKcHOMe Bhifopa (T. e. KaXKJoe U3 HHX MOXKeT ObITh
AOKa3aHO, eCJIH NPHHATb aKCHOMY BhIGOpA, H 06paTHO, aKCHOMY BbI-
60pa MOXHO J[0Ka3aTb, JOMYCTHB CIpaBelJJHBOCTb KAKOTO-JHGO U3
TUX npepjoxenuil). Ilpexne Bcero sicHO, 4TO TaKHM NpemJoOKe-
HueM siBiisteTcst cama TeopeMa Llepmeno. HeficTBuTenbHo, ecan npen-
IOJIOXKHTh, UTO KaXKJ0€ M3 MHOXeCTB M, BroJiHe yNMOpsiIOYeHo, TO
L1 IOCTPOEHHS PYHKUMH @, CYyLeCTBOBAHHE KOTOPOH YTBepKAaeTcs
aKkCHOMOH BbIGOpA, AOCTATOUHO B KaxaoM M, B3sTb mepBbifi 3Je-
MEHT. ,

Oas  GOopMyJUpOBKH JApPYrHX MNpelJoOXKeHHH, SKBHBaJiEHTHBIX
akcuoMe BhIGopa, BBeleM cienymollne noHaTus. Ilycte M — uactuy-
HO yHopsiloyeHHOe MHOXKeCTBO. Bcskoe ero moagMHOXKecTBO A, B KO-
TOpOM JI0Gble [Ba 3JIeMeHTa CPaBHHMBI MeXAy CoGoH (B cMpicje
BBefleHHOH B M uacCTHYHOM ymopsJOYeHHOCTH), Gy/leM Ha3bIBaTh
yenvro. llenb Ha3bIBAETCA MAKCUMAAbHOU, eClTH OHA HE COIEPKUTCA
B KayecTBe COGCTBEHHOTO MOJAMHOXECTBA HH B KaKOH Apyro#l uemy,
npuHaanexaiteit M. [lanee, Ha3oBeM B YAaCTHYHO YNOPSA0YEHHOM
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MHOXecTBe M aneMeHT a sepxHed epaHbro noaMHOXecTBa M/ < M,
ecau Mo60# anement a’ & M’ nonuuHen a.

Teopema Xaycanopda. B gacruuno ynopsadoueHHOM MHO-
WecTée BCAKAR yenb COOePICUTCA 8 HeKOTOPOU e20 MAKCUMQAAb-
Hotl yenu.

Cunenylomee npeasoxeHue npeacraBasier co6oi, noxaJy#, Hau-
6osee yno6Hyl0 M3 Bcex (QOpPMYJHPOBOK, 3KBHBAJEHTHHIX aKCHOME
BBEIGOpA.

JTemma Uopua. Ecau ecakas yens 8 uactuuno ynopsadoyen-
HOM muoxcecT8e M umeer 8epxrior eparb, TO 8CAKUL dremenT uz M
nod4unen HeKOTOPOMY MAKCUMANLHOMY.

Joxa3aTenbCTBO paBHOCHJIBHOCTH BCEX NPHBEJEHHBIX YTBEpKJe-
Huli (akcuoMa BhiGopa, Teopema Llepmeso, Teopema Xaycmopda,
nemMa llopua) umeercsi, nanpumep, B kuure A. I'. Ky poum, Jlek-
uun no obuweit anreGpe, dusmarrus, 1962; cM. taxxe [8]. Mbl He
OyleM ero 3ieCb BOCIIPOM3BOJIHUTD.

Ecnn MuoxecrtBo BEPXHHX rpaHeﬂ [MOAMEOXeCcTBa A uMeeT HaUMEHLIWHE 3Je-
MEHT @, TO @ Ha3bIBaloT TO4HOU Bepxneu“ 2paHb0 NMOAMHOXECTBA A; aHaJOTrH4YHO
onpenenﬂe'r(ﬂ TOUYHAA HUNCHAA 2PAHb. YacTHuHO ynopsiiouyeHHOe MHOXeCTBO, BCH-

KOe HEMyCcTOe KOHeuHoe TNOAMHOXEeCTBO KOTOpPOro o0G6/iafaeT TOYHOR BepxHeil
FPaHbI0 M TOYHOH HHXXHEH TPaHblo, Ha3LBaeTCs peweTKod, Win CTPYKTYpou.

8. TpanchuuutHaa HHAyKuusa. IIHpoKO pacnpocTpaHeHHBI Me-
TOJ 1OKA3aTeJbCTBA T€X UJH HUHBIX YTBEPXKAEHHH — 3TO METO MaTe-
MaTHueckoil MHAYKuHH. OH, KaK M3BECTHO, COCTOHUT B CJelYIOLIEM.
IMycts umeeTcsi HekoTOpoe yTBepKaeHue P(n), xotopoe dopMmy.nu-
pyercs A/ KaxI0ro HaTypaJbHOrO YHCJa 7, H NYCTb H3BECTHO, UTO:

1) yrBepxaenue P(l) BepHo;

2) us Toro, ytro P(k) BepHO ANnA Bcex k<< n, crenyet, 4yTo
P(n—+ 1) BepHo. 7 :

Torpa ytBepxkaenue P(n) BepHo ana Bcex n=1, 2, ... [ei-
CTBHTEJLHO, B MPOTHBHOM CJydae CpeiH TeX n, ajs KoTopwix P(n)
HEBEpHO, HallJIoch Gbl HAHMeHblllee YHCIO, cKaxeM, n;. OueBHaHO,
uto n; > 1, T. e. 1y — | TOXKe HaTypaJbHOE YHCJO, H MBl NPHXOLUM
K MPOTUBOPEUHIO C YCJOBHEM 2).

AnanoruuHbif mpueM MoxeT ObiTb HCNOJb30BaH C 3aMeHOH Ha-
TypanbHOro psifa N0GHM BMNOJHE YyNOPAAOYEHHHM MHO-
XecTBOM. B 3TOM c/iyuae OH HOCHT Ha3BaHHe TPAHCHUHUTHOUL uUH-
Oyxkyuu. Takum o6pa3oM, MeToL TPAaHCHUHHTHON MHAYKUHH COCTOMT
B ciaenyioiteM. ITycTh [aHO HEKOTOpOe BMOJIHE YIOPALOYEHHOE MHO-
xectBo A (ec/M YrogHo, ero MOXHO CYHTaTh MHOXECTBOM BCeX
NOPAAKOBLIX TPAHCHUHUTOB, MEHBIIUX HEKOTOPOrO TaHHOIO) H NMYCTh
P (a) —nekoropoe yTBepkKieHue, GopMynupyeMoe IS KaXKIOro
a e A u Takoe, yto P(a) BepHO A5 TepBOro 3JaeMenTa H3 A u sep-
HO /s @, €C1H OHO BepHO M1Js BCeX 3JEMEHTOB, NPeAUIeCTBYIO-
mux a. Torna P(a) Bepro nas Bcex a & A. JleficTBHTeNbHO, ecan
6Ll CyLIeCTBOBAaJH 3JeMeHTh B A, Aas Kotopeix P(a) He umeer
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MeCcTa, TO B MHOXKeCTBe TaKHX 3JIeMeHTOB Haulescsl Gbl NepBbil, CKa-
KeM, a*, U Mbl NPULLIH Obl K NPOTHBOPEUHIO, MOCKOJABKY AJf BCEX
a << a* yrBepxaenne P(a) Gblao 6Bl BepHO.

Tak kak B cuny teopeMsl llepMeno Bcsikoe MHOXKECTBO MOXKHO
BIOJHE YNOPSIAOYUTb, TPAHCOUHHTHAS HHIYKUHS MOXKeT ObIiTh, B
NnpHHIHKNE, NpHMeHeHa K ao6oMy MHoxecTBY. OfHAKO NpaKTHYECKH
6biBaeT yno0Hee NOJb30BaTbCA 3aMeHswoulell ee JemMoil LlopHa,
KOTOpasi onupaercs JHLb HAa HaJH4YHe YAaCTHYHO YNOPSIJOYEHHOCTH
B PAacCMaTpUBAaEeMOM MHOXeCTBe. A HEKOTOpasi 4acCTHYHAsi YIopsi-
JIOYEHHOCTb paccMaTpuBaeMblX OOBEKTOB B 3amayax, TpeGywouiux
npuMeHenuss jsemMbl LlopHa, o6bIYHO BO3HHKAeT eCTECTBEHHbIM 00-
pasomM, «cama cobo».

§ 5. CucTeMbl MHOXeCTB ')

1. Koabuo muoxects. Cucremorll MHOXMeCcT8 Ha3blBaeTCs BCAKOe
‘MHOKECTBO, 3JIeMeHTbl KOTOPOTO CaMH INpeACTaBJAT co60il KaKue-
au6o MHoxectBa. Ecau He oroBopeHo NPOTHBHOE, Mbl OyAem pac-
CMATPHUBATb CHCTEMbl TAKHX MHOXECTB, KaxJ0e U3 KOTODHIX sB-
JifleTcsl MOJAMHOXKECTBOM HEKOTOpPOro ¢UKCHPOBAHHOTO MHOXecTBa X.
€CucteMbl MHOXeCTB Mbl GyneM 0003HayaTb IPOMHCHBIMH TrOTHYE-
ckuMH OykBaMu. OCHOBHOA HHTepec AJsi HAac OYAyT NpPeACTaBJATH
CHCTEMBI MHOXECTB, Y/IOBJETBOpSIIOILHE (IO OTHOLUEHHIO K BBEJEH-
#biM B § | onepauusM) HEeKOTOPbIM ONpeJeJeHHBbIM YCJIOBHSAM 3aM-
KHYTOCTH.

Onpeneneunune 1. Henycras cucrema MHoxectB R HasbiBaer-
€Sl KOAbYOM, eCH OHa obJajaer TeM CBOHCTBOM, uto u3 A= R u
Be R crenyer AAB=Ru AN BeR.

Tak Kak aas awo6bix A u B

AUB=(AAB)A(ANB) u ANB=AA(ANB),

To u3 A= R n B= N BoiTeKaer TakxKe NPUHALNEKHOCTD K R MHO-
xectB A U B u AN\ B. Takum 06pa3oM, KOJIbIO MHOXECTB €CTb CH-
€TeMa MHOXECTB, 3aMKHYTasi N0 OTHOLIEHHIO K B3SITHIO CYMMbl H
nepeceyeHHsl, BHIYUTAHHIO H 00pa3oBaHHIO CHMMETPHYECKOH pasHo-
«<TH. OueBHIHO, YTO KOJbLO 3aMKHYTO H IO OTHOLIEHHIO K 06paso-
BaHHIO MIOGLIX KOHEUHBIX CYMM H NepeceueHUd BHJIA

¢= kg.l A D= kDI A

J11060e KOJbIO COAEPKHT NMYCTOE MHOXKECTBO &, TaK KaK Bcerja
AN A = . Cucrema, coCTOSAIIAS TOJbKO M3 IIyCTOrO MHOXECTBa,
THpeacrapisier co60f HaWMeHbllee BO3MOXHOE KOJbLO MHOXKECTB.

) PaccmatpuBaeMbie B 3TOM naparpade NMOHATHA MOHano6ATCA HaM B . V
HIpH H3JI0XKeHHH oOued TeopHu Mepbi. IloaToMy uTenne nannoro naparpada Mo-
XeT ObiTb OT/IOMeHO. UnTaTenb, pewWIMBIIMA OrPaHHYUTLC NPH H3YUYEHHH TEODHH
Mephl Mepoil Ha maockocTH (§ I ra. V), Moxer stor maparpad nponycTHTb COBCEM.
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MuoxectBo E Ha3biBaercs edusuyed CHCTEMbl MHOXecTB &,
ecsiH oHO nmpuHanieXut © u ecau ans Jwboro A & & umeer mecto

PaBeHCTBO
ANE=A.

Takum ob6pasoM, eIMHHIA CHCTeMbl MHOXeCTB & ecTb He uTO
HHOe, KAK MAaKCHMAaJbHOE MHOXXECTBO 3TOH CHCTEMhl, COLepXKalllee
BCe pyrve BXOAsliye B © MHOXeCTBA.

Kosb11o MHOXKECTB ¢ eJHHHLEH Ha3hBaeTcs a42e6poli MHOXKECTB.

ITpumepsn. 1. JIas awoboro mHoxectBa A cucrema M(A) Bcex
€ro MOAMHOXECTB [IPeJCTaBJseT COOOH anreGpy MHOXKECTB C elH-
nunent £ = A.

2. Oas moboro Henyctoro MuHoxectsa A cucrema {&, A}, co-
cTosiliiasi W3 MHOXKecTBa A W mycToro MHoxectBa &, o6pasyer aJ-
re6py MHOXECTB ¢ eqnHuuel E = A.

3. Cucrema BCeX KOHE®HBIX TOIMHOMECTB NPOH3BOJBHOrO MHO-
xectBa A npeacraBiaser co60# KOJbLUO MHOXKeCTB. TO KOJAbUO By-
jnet aareGpolt B TOM H TOJbKO TOM cJjayuyae, Korja MHoXectso A
€caMO KOHEYHO..

4. CrucreMa BCeX OrpaHHYEHHBIX TOAMHOXECTB YHCJIOBOH MPIMOM
SBJSETCS KOJbLOM MHOXECTB, He COAEpIKAlINM eLHHHIIBL.

W3 onpepenenusi KojbHa MHOMXECTB HENOCPENCTBEHHO BBITEKAET

Teopema 1. llepecevenue R= ﬂ R, arwboeo muosectsa Ko-
a

Aey ecTé KoAbYyo.

YcTaHOBHM CJeAYIOLIHA POCTOH, HO BaXXHHWH JJs JaJsbHelluero
akr.

Teopema 2. Jaa amoboid Henycroli cuctemor mHoxcectrs S cy-
wecrsyer 00HO u TOALKO 00HO xoasyo N (D), codepmawee S u
codepacaueecs 6 aobom xoarsye R, codeprcauen ©.

IIlokasaTeabcTBO. Jlerko BugeTb, uTo Koabuo N (S) onpe-
measietc cuctemoit © onHosHauHo. IlJsi IOKa3aTesbCTBa €ro Cy-
LIECTBOBAHUSI pPAacCCMOTPHUM OObelHHEHHe X—AU A Bcex MHo-

€6
xkecTB A, Bxoaswyx B &, u koabuo M (X) Bcex NOAMHONKECTB MHO-
xectBa X. [lycTb £ — COBOKYIHOCTb BCEX KOJEI MHOXECTB, Cofep-

xamuxca B M(X) u conepxaumx ©, lMepeceuenne P= ﬂ N Beex
Rel

3THX KoJsell U 6YleT, O4eBHIHO, HCKOMHM KojbuoM R ().

IeiicTBUTEIbHO, KAKOBO Gbl HU GbL10 Koabuo R*, comepxamee &,
nepeceyenue R =R SD?(X) 6yIeT KOJbIOM H3 X H, CJeI0BaTEbHO,
SR, 1r.e. P eAcCTBHILABHO YIOBJAETBOPSiET TPeGOBaHHIO
MHHHMAJbHOCTH. DTO KOJbLO HA3bIBAETCS MUHUMAALHOIM KOALUOM
Hag © uam KoablloM, nopoxcdennoim ©, u obosuauaercs R (S).

2. Moaykoabuo MHOXKeCTB. B psize BOnpocoB, HampHMep, B Teo-
pUH Mepbl Hapsily C NOHSITHEM KOJbLia BaXKHYIO POJb HUrpaer 6o.nee
obuiee NOHATHE NMOJYKOJbIla MHOXKECTB.
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Onpenenenne 2. CucreMma mMuoxectTs © HasbiBaeTcsl NOAY-
KOAbYOM, €C/IH OHA COJEPXKHT IyCTOe MHOXKecTBO J,, 3aMKHyTa IO
OTHOLIEHHUIO K 006pa3oBaHHI0 mepeceyeHUH u o6GgagaeT TeM CBOM-
CTBOM, UTO H3 MPHHAAJMEXKHOCTH K © MHOxectB A u Ay < A BbiTe-

n
KaeT BO3MOXKHOCTb npescraBienusa A B Buge A = U Ay, rae Ap —
Bl

foNapHO HemepeceKamwyuecss MHOXeCTBa U3 &, mepBoe H3 KOTOPBIX
ecTb 3aJlaHHOe MHOXeCTBO 4.

B nanbpHefiuleM BCAKHI HabOp MONApPHO HelepeceKalomUXcs MHO-
xecTB Ay, Ag, ..., Ap, O6beIHHEHHE KOTOPHIX €CTb 3aJaHHOE MHO-
’kecTBO A, Mbl GyaeM Ha3bIBaTb KOHEUHbIM pPASAONHEHUEeM MHOXKe-
ctBa A.

Bcsikoe KoAbLO MHOXKeCTB R sBJASETCH MONYKOJbUOM, TaK Kak
ecin A u Ay < A Bxoaat B R, To HMeeT MeCTO pa3soKeHHe

A=A1UA2, rne A2=A\AIE?R.

[TpuMepoM MOJYKO/IbLA, HE SIBJSIONErOCHd KOJbLCM MHOXECTB,
MOXKET CJYXHTb COBOKYMNHOCTb BCeX HHTepBaslioB (a, b), OTPe3KOR .
ia, b] u moayunTepBajos [a, b) u (a, b] Ha uncaoBoit npsamoi ). Eme
OJIHHM MIPUMEDPOM CJIYKHT COBOKYITHOCTb BCEX «IOJYOTKPBITHIX® Mps-
MOYTOJNIbHHKOB @ < X <C b, ¢ <<y << d Ha WJIOCKOCTH HJIH COBOKYII-
HOCTb BCEX MOJYOTKPBITHIX MapaJJesienuneloB B MPOCTPAHCTBE.

VeranoBuM caefyolive CBOACTBA MOJAYKOJEN MHOXKECTB.

demma 1. I[Tycre muoxcecrsa Ay, As, ..., An, A npunadaexcar
noayxoaoyy &, npudem mHoOMecTs8a A; NONAPHO He nepecekaroTcs
u sce codepwarca 8 A. Toeda Habop muoxects A; (i=1, 2, ...

., 1) MOXHO AonoaxuTe mHoxMecT8aMu Anty, ..., As= & do Ko-
HEUHO20 PA3A0NCeHUS

. E=I1
MHONCecT8a A. .

JoxkasaTteabcTBO mnpoBeaeM nc uuaykuuu. [lpy n =1
CrpaBelIMBOCTb YTBEDPXKAEHHS JeMMbl BbITEKaeT H3 OIpefeNieHHs
noayxoJsblia. Ilpennmoso:xKum, 4TO 3TO YyTBep:KIeHHe CIpaBelJHBO
Aas n=m u paccMoTpuM m + | MmHOoXecTB Ay, ..., Am, Ams,
YHOBJETBOPSIONIUX YCIOBUsIM JemMbl. [lo chmemannoMy wmpenmoJio-

XKeHHIo,
A=A UAU ... UA,UB,UB.U ... UBp7

roe Bce MHOXKecTBa By (9 =1,2, ..., p) npunagnexar &. [Toxo-
KHM Bg = Apmyy () By, Tlo onpenenieHnio nosykosblia, HMeeTcs pas-
noxenne By = Bg UBga U ... U By, rae Bce By; npunamiexar &.

') Tlpn 5TOM B YMCJIO WHTEPBaJAOB BKJIOYAEeTCH, KOHEUHO, «NYCTON» HHTEpPBaJ
{(a,a), a B uHCNO OTPE3KOB — OTPE3OK, COCTOALIHH H3 OAHOH TOUKH [a, al.
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Jlerko BHAeTh, UTO

p fq
A=AIU sen UAmUAm+lU ql;Jl ]ngq])'

Takum oGpasom, yTBepKIeHHE JIeMMbl A0Ka3aHO IJd n=m + |,
a cJeloBaTeNbHO, H BoOGLLe JJ151 BCeX N.

JlemMma 2. Kakosa 6ot Hu 6biaa KOHEUHAS CUCTEMA MHONCECT8
Ay, ..., An, npunadaemawux noarykosvyy &, 8 & natiderca rakas
KOHEUHAA CUCTeMQ NONAPHO Henepecekarowjuxcs mHoxects B, ...
..., Bi, uto kaxodoe Ap moxcer 6oiTe npedcrasaeno 8 sude cymmol

Ap= U Bg
seMk
HeKkoTopbLx U3 MHONecT8 B,.

Hoxasateabctso. Ilpu n =1 neMMa TpuBHAJIbHA, TAK KaK
JNOCTATOUHO NoNOXHTh ¢ =1, B; = A,. JlonycTum, uTo oHa cmpa-
BeJJIMBA [ N == M, U PACCMOTPUM B © HEKOTOPYIO CHCTEMY MHO-

®KectB Ay, ..., Am, Ams1. Ilyets By, By, ..., B:i— Muoxectsa u3 &,
yIOBJIETBOPSIIOLIHE YCJIOBHAM JEeMMbl 1O OTHOWeHHIO K Ay, Ag ...
vev, Am. Tlonoxum
le = Am+l n BS'
B cuny neMMbl 1 uMeet MecTo pasjioxeHHe
t q
’ 4
Amyr = Ul Ba l U1 B,, B,=8, (D)
§= p= .

a B CHJY CaMOro onpeneyeHHs NnoJayKoJiblla HMeeT MeCTO pa3sJfjo-
KeHHe
Bs= Ba U Bs2lU ... UBsfs, B e,

Jlerko BueTh, UTO ;
s
Ak= U UBS]! k=1a 2a"'a m,

seM, |=1

H 4TO MHOXECTBAa ,
BS]’ Bﬂ

1onapHO He nepecekawoTca. Takum o6pas3oM, muoxectsa B, Bp
VIOBJIETBOPSIOT YCJIOBHSIM JIEMMBbl 1O OTHOWEHHIO K A, ..
Am.H.

3. Koabuo, nOpoXaeHHoe NOAYKOAbUOM. Mbl yxKe BuJeaH B m. |,
uTO ANA KaXJIOH cHCTeMbl MHOXecTB & cyllecTBYeT €IHHCTBEHHOE
MHHHMaJbHOE KoJbllo, copepKauee ©. OnHako AJs NpOH3BOJbHON
cucteMbl @ (daktHueckoe moctpoeHue Koapua R (®) no © n0BoJabHO
caoxHo. OHO CTaHOBHTCS BrioJHE OGO3PHMBIM B TOM BaXHOM CJy-
yae, Korfa © mnpeacrasaser co6oi MOMYKOJAbLO. ITO MOCTPOEHHE
aaetcs CeAyiolled TeopeMoH.

.y my.
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Teopema 3. Ecau @ — noayxoavyo, ro R(S) cosnadaer ¢ cu-
cremoti 8 muoxcects A, donyckaroujux KoHedHbie pa3A0HEHUS

A= 4,

k=1
Ha muooxcectea Ap = ©. :

IloxasaTeabcTBO. IlokaxeM, uto cucrema 3 ofpasyer
koabo. Ecim A u B — Ba npoOH3BOJBHBIX MHOXKeCTBa H3 J, TO
HMEIOT MECTO Pa3yoXKeHHs

n m
A=UA,,B=U]B], Aiee, B_,E@.
i=l j=

Tak Kax & -— NoJYKOJbIO, TO MHOXKECTBA

C”‘ = Ag n B]
Toxe BXoaAaT B ©. B cuay neMMul 1 uMeloT MecTo pasJsioXeHHs
ry si
A=\ cyu UDw Bi=)cyulEp, by

rae Dy, Ej = ®. U3 pasencts (2) BbiTekaer, yto MHOxecTBa A 1 B
H A A B nonyckaioT pasJoxeHHs

AnB:ij”, AAB:;LJkD‘kU]LJ{E”

H, cnejoBaTrelbHO, BxoaaT B J. TakuM o6pa3oM, § HeHACTBHTENBHO
npejcraBasier co60d KOJbLO; €ro MHHHMaJbHOCTb CpellH BCeX KO-
Jen, coaepxauux ©, oueBHaHA.

4, g-aare6pnl. B pasnuuHbix Bompocax, B YaCTHOCTH, B TEOpHH
Mepbl, IPHXOAUTCA PaCCMaTPHBATb CYMMEI H TlepeceueHHs He TOJbKO
KOHEYHOr0, HO H CYETHOro uucaa MHoxectB. [TosToMy nenecoobpas-
HO, MOMHMO TMOHSITHS KOJbIla MHOXECTB, BBECTH ellle CJaeylouine
NOHSITHSA.

Onpenenenue 3. Konbllo MHOXeECTB Ha3biBAETCS §-KOAbYOM,
eCJIH OHO BMecTe C KaxKJoH IIOCJIellOBaTeJIbHOCTbIO MHOXeCTB A,
Ay, ..., Ap, ... CONEPKUT CYyMMY

s=1J 4,.
n

~ Onpenenenue 4. Koibuo MHOXKECTB Ha3biBaeTcs §-K0AbYOM,
€C/IH OHO BMecCTe C KaXXJo#l MNoC/JeN0BaTeNbHOCTHIO MHOMKECTB Aj,
, Apn, ... COLEPKHUT mepeceueHue

D={) A,.

EcTecTBenHo HasBaTh 0-a.42e6poii G-KOMBLO C eNUHHIEH H O-a4-
2e6poti §-Koabuo ¢ eaunHieil. Jlerko, ofHaKo, BHAETb, UTO 3TH ABa
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TMOHSATHS COBMAJAlOT: KaxXaas c-anre6pa siBASETCS B TO Ke BpeMs
§-anre6poil, a Kaxpas 8-aarebpa — g-aare6pod. DTo BLITEKAET H3
COOTHOLUEHHH ABoficTBeHHOCTH (cM. § 1)

Uada,=ENNENA), NA,=ENUENA,).

IlpocTefitium npumepom c-anareGpnl IBAFAETCS COBOKYIHOCTb BCEX
TI0IMHOXEeCTB HEKOTOPOTro MHOKecTBa A

Ecnu umeercs Hekoropasi cucrema MHOXecTB ©, Tp Bceraa cy-
ecTByeT XOTd OB ofHa o-aarebpa, colepxallas 3Ty cucremy. Jei-
CTBHTEJILHO, NMOJIOXKHM

x= 4

AEs

¥ paccMOTPHM cucTeMy B BCex noaMHOKecTB MHOXKecTBa X. fIcHo,

uyro B ectb o-aare6pa, comepkawas S. Ecan %——npouaeonbﬂaﬂ

c-anrebpa; copepxamas & u X — ee emunuua, T0 Kakpoe A=S

coflepxkuTca B X H, ciefoBaTe bHO, X = U Ac X. HasopeMm o-an-
A6

Te6py B nenpusodumor (no oTHolweHHIo K cucteme &), ecam X=

== U A. Vnade ropopsi, HenpuBoauMas g-ajre6pa — 3To o-aare6pa,

ASG.

He cojepKallas ToueK, He BXOAAIMX HU B oaHo H3 A =S, Ecre-
CTBEHHO B KaKJOM CJyuae pDacCMOTPEHHEM TOJIbKO TaKHX O- anreép
M OrpaHHYHBATLCA.

Ons nenpuBofuMBIX 0-anre0p MMeeT MeCTO TeopeMa, aHaJorHu-
Has TeopeMe 2, TOKAa3aHHON Bbllle A5 KoJell.

Teopema 4. [Aaa awbol renyctol cucremvt mHoxecrs & cy-
wecrsyer Henpusooumas (N0 OTHOWLEHUIO K 3TOU cucTeme) o-arzet-
pa B(S), codepaaujas © u codeprawancs e awboil c-arzebpe,
colepacaujeii ©,

JokasaTenbcTBO NPOBOAUTCA B TOUHOCTH TEM XKE METOLOM,
YTO M J0KAa3aTenbCTBO TeopeMbl 2; o¢-aare6pa B(S) HasbiBaercs
MuruMarbHol o-areebpod Had cucremoil ©.

B aHasiu3e Baxiuyio pPOJib HCPAIOT TAK HasbiBaeMble 6opeisesckie
MHONCECT8Q, UM B-MHOMecT8a — MHOXKECTBA HA YHCJIOBOH MPSMOH,
npuHaj/iexallie MHHUMalbHO) 0-ajre6pe Hal COBOKYNMHOCTbIO BCEX
CcerMeHToB [a, b

5. Cacrembl MHOXecTB H oTOGpaxenus. OTMeTHM cJenylolIHe
«hakTh, KOTOpble HaM IMOHANOGATCA INpPH H3YYEHHH H3MEPHMBIX
DyHKUHH.

[yctb y = f(x) — byHKUHA, onpene/eHHas HA MHOXecTBe M u
TIpHHUMaloIas 3HayeHHs H3 MHoxectBa N, u nyctb I — HeKkoTOpas
CHCTEMA TOAMHOXKECTB MHOXecTBa M. Oéosuaqu yepes f(M) cu-
cteMy Bcex oGpa3oB f(A) Muoxkects, npunannexamux M. ITycrs,
KpoMe toro, t —HekoTOpas CHCTEMA MHOXECTB, COJEPKAILUXCSH
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B N, u f1(MN) — cucrema Bcex npoo6pasos f~'(A) MHONKeCTB, BXO-
asuux B M. Cnpaseqsiusbl CJENYIOLINHE YTBEPKIAEHHSA, IPOBEPKa KO-
TOPBIX MPENOCTAB/IAETC YHTATEIO:

1) Ecau N ecThs KoabBLO, TO H f"l(fﬂ) €CTh KOJbLO.

2) Ecan N ecTp anrebpa, T0 H =N () ects anre6pa.

3) Ecau N ecth U-Iam'eépa, 0 # (M) ecTs g-aJréépa.

-1 -

4 RET @) =F" @)

5) B(F™ (M) =1~ (B
OCTaHyTCs JiM 3TH YTBEDPXK/IEHHS CIPaBeJIHBLIMH, €CJIH f~' same-
HHTb Ha [, a M —na M? :



r1TABA II :
METPHUUYECKHE U TOMNOJIOFHYECKHE NPOCTPAHCTBA

§ 1. MMousTne MeTPHYECKOro MPOCTPAHCTBA

1. OnpenenenHe U ocHoBHble npHMepsl. ONHOA H3 BaKHEHIIHX
_omepalluil aHa/u3a sABJfeTCA NMpejlesbHbIA nepexold. B ocHoBe 3To#
onepaluHd JeXHT TOT $akKT, 4TO HA YHCJAOBOH HDPSIMOH OnpeseseHo
paccTosiHHEe OT OJHON TOYKH 10 Apyroii. MHorve ¢yHnaMeHTabHble
¢dakTel aHa/K3a He CBA3aHLI C ajreGpanuyecKol NMpHponoil AeHcTBU-
TeJbHBIX yKcesa (T. e. C T€M, 4TO OHH 06pa3yloT MoJje), a ONUPaAOTCA
JHUlIb Ha moHATHe paccTosHust. O6obuias npeacrasiedie 0 AeHCTBU-
TeJIbHbIX YHCJAX KaK O MHOXeCTBe, B KOTOPOM BBeJeHO PacCCTOsiHHe
MEXY 3JeMeHTaMH, Mbl NMPHXOAHM K IOHATHIO METPHUYECKOTO
OIPOCTPAaHCTBA — OJHOMY M3 BaXKHelIlIHX NMOHATHH COBpeMeHHOH
mateMaTHKH. Huxke MBI H3/I0KUM OCHOBHblE (PAKTHl TEOPHH METPH-
YeCKUX IPOCTPAHCTB H HX 0000LleHHs ~— TONMONOTHYECKHX [pO-
crpancTB. Pe3ynbTaThl 3TOH IaBbl CYHIECTBEHHBI [JIst BCEro flafib--
HelIlero U3/10KeHus. :

Onpenenenune. Merpuseckum npocTpancréom HaspiBaeTcs
napa (X, p), cocToslllas U3 HEKOTOPOTO MHONecTéa (NPOCTPAHCTBA)
X aaemenTos (TOUEK) M PACCTOAHUA, T. €. ONHO3HAYHOH, HEOTpHLA-
TeJIbHOK, AefcTBUTe bHOH QYHKUHH p(X, y), ONpeNeseHHON /s J10-
Obix X 0 y U3 X W NOAYUHHEHHON CJEeAYIOLUM TpeM aKCHOMaM:

1) p(x,y)=0 Toraa H TOJNbKO TOrAa, KOTAA X = Y,

2) p(x,y)=p(y, X) (akcuoma CHMMeTpHH),

3) p(x,2) << p(x,y)+ p(y,2) (akcuoma TpeyroJbHHKA).

CaMo MeTpHUeCKoe MpOCTPaHCTBO, T. €. napy (X, p), Mb 6ynem
0603HayaTh, KaK Npapusio, ogHoll GyKBOH:

R=(X, p).

B cayuasx, xoria HelOPa3yMeHHA HCKJOYeHbl, Mbpl Oylem 3a-
yacTyio 0603Ha4aTh MeTPHYECKOe NPOCTPAHCTBO TeM K€ CHMBOJIOM,
4YTO U CaM «3anac Touek» X.

IlpuBenem mpuMepsl MeTpHYeCKHX NpocTpaHcTB. Hekoropble u3
2THX NPOCTPAHCTB HUrpalOT B aHa/iki3e BeCbMa BaXHYIO POJIb.

1. TTos0XUB A4S 3/1eMeHTOB MPOU3BOJBLHOrO MHOXKECTBA

p(x, y)={

0, eciu x=y,
1, ecin x#y,
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Mbl TIOJIYUHM, OYEBHIHO, METPHUECKOE NPOCTpaHcTBO. Ero MoxHO Ha-
3BaTh IPOCTPAHCTBOM H30NHPOBAHHBIX TOUEK.
2. MHOXeCTBO JAeHCTBHTENBHBIX YHCes C paccTosiHHeM

plx, y)=lx—yl

o6pa3yeT MeTpHuecKkoe mpocTpaHcTso R!.
3. MHOXeCTBO YNOPSOUYEHHBIX TPYNN U3 # JEHCTBHUTENbHBIX YH-
ces X = (X1, X2, ..., Xn) C pacCTOSIHHEM

= «/k; (g5 — %" (1)

Ha3bIBACTCH N-MEPHOIM apuihmeTudecKkum esxaudosoim RpPOCTPAH-
crgom R™. CnpaBeniuBocTb akcHoM 1) u 2) nas R® oueBnpna. Ilo-
KaXeM, uTo B R™ BbIIOJIHEHA H aKCHOMA TpeyroJibHHKA.

Iycts x =(X1, ...\, X¥n), Yy=(Y1, --., Ya) H 2=(21, ..., 2n);
TOrZa aKCHOMAa TPEYyroJibHHKA 3alHCHIBAETCH B BHJE

’\/Z (26 — xi)? ’\/Z (e — xp)* + ’\/Z Ge—u) . (2

ITonarast yr — Xp = Qp, 2r — Yr = bp, MONyUAEM Z2p — X1, == Ak + by,
a HepaBeHCTBO (2) MPHHHMAeT MPH 3TOM BHJ

«/ 3 (@) < \/ 2 i +4/ 28 ®)

Ho 310 HepaBeHcTBO Cpady CNeAyeT H3 M3BECTHOTO HEPABEHCTBA:
Kown — Bynsikosckoro !)

(Fat) <Ea En

k=1

(4)

= .o

JleficTBUTEJILHO, B CHJIy 3TOr0 HEPABEHCTBA HMeeM

;(ak +bk)2=kz=:lai+2 ;Iakbk—i—él b <

n

n n n n 2
<farVEa-Lusfu=(VEar/En):

TEM CaMblM HepaBeHCTBO (3), a cienoBaTenbHo U (2), HOKa3aHO.

1) Hepapenctso Koutn — ByHAKOBCKOro BHITEKaeT H3 TOXKAECTBa

(Z b) T DT L b R

k=1 k=l k=1 i=!j=
KOTOpoe npoBepseTcsa HENOCPEACTBEHHO,
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4. PaccMOTpHM TO XKe cCaMOe MHOXECTBO YNOPSJOYEHHBIX TPy

13 N JeACTBUTENbHBIX YHCed X = (X1, ..., Xn), HO PACCTOSIHHE ONpe-
IenuM B HeM GopMyJIoH
n .
ou (5 9) = X 1 % — g . (6)

CnpaBenauBocTb akcuoM 1)—3) snech oueBuana. OGo3nayuM 3To
MeTpuYecKoe NMPOCTPAHCTBO CUMBOJOM R7T.

5. Bo3bMeM CHOBa TO Xe camMOe MHOXEeCTBO, YTO H B TNpHMe-
nax 3 u 4, ¥ onpeleJHM pacCTOSHHE MeXJY ero snemeHraMu ¢op-
MyJo# :

Po (%, §)= max |y, — x| (6)

CnpasennnBoctb akcuoM 1)—3) oueBugHa. DTo NPOCTPAHCTBO, KO-
T0poe Mb 9603HauuM R, BO MHOrHX BONPOCAaX aHa/AM3a He MeHee
y1106HO, YeM eBKJHA0BO NPOCTPaHCTBO R™.

[Tocnennue Tpu nmpHMepa MOKa3biBalOT, YTO HHOTAA H B CaMOM
Jejle BaXKHO MMeTb pas/HuHble 0003HAUEHHS 1J1s1 CaMOro MeTpHue-
CKO'0 IPOCTPAHCTBA H IJIT MHOXECTBA €ro TOYeK, TaK KaK ONMH H
TOT e 3amac TOYeK MOXeT ObiTb M0-Pa3HOMY METPH30BaH.

6. Muoxectso C[a, b] Bcex HenpepbIBHBIX NeHCTBUTENbHBIX QYHK-
uuii, onpejeneHHbIX Ha cerMenTe [a, b], ¢ paccTosiHneM

p(f, @ = max |g(t) — [(t}] (7)
at<h

TakXke 06pasyeT MeTpHUeCKOoe NpPOCcTpaHCTBO. AKcHoMEl 1)—3) npo-
BepAIOTCS HEMOCPeACTBEHHO. DTO NPOCTPAHCTBO UrPaeT O4YEHb BaX-
'Hyl0 posb B aHanuse. Mbl 6yneM ero o603HauaTb TeM XXe CHMBO-
aom Cla, b], uTo U caMO MHOXKECTBO TOUEK 3TOrO0 MPOCTPAHCTBA.
Bmecto CI0, 1] Mbl 6yaem mucatb npocto C.
7. O6031auuM yepe3 [, MeTpuUeCcKoe NMPOCTPAHCTBO, TOUKAMH KO-
TOPOTO CJIYXKaT BCEBO3MOXHBIE NOC/e0BATEIbHOCTH X = (X, X, ...
vevy Xn, ...) AEHCTBHTENDbHBIX YHCeJ], YIOBJETBOPAIOLUIKE YCIOBHIO

fe o}
> %3 < oo,
k=l

a pacctosiHue onpenesserca GopMynon

o(x, y) = \/ k; (U — %) (8)

U3 snementaproro nepasenctBa (x, = y,) <2(x2 + y2) crenyer,
uTo QYHKUHA P (X, Y) HMeeT CMbICA I BCeX X, Y < by, T. €. pan

> (yr — Xz)? cXomuTCs, eCJH
k=l

oo co
D x2<oo u P, u2<oo.
=k =l
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TlokaxeM Tenepb, 4to GYyHKUHSA (8) YyHOBJETBOpsSeT aKCHOMaM MeT-
PHYECKOTO NPOCTPAHCTBA. Axkcuomnl 1) u 2) oueBHJHBI, a aKCHOMA
TpeyroJbHHKA NPHHUMAET 3[eCb BH[

’\/kz;;l (2p — x3)? </\/kz__‘,l (2r — yu)* + /\/kzz:] (e — %2, (9)

B cuay CKa3aHHOTO Bbllle KaxK/[bl H3 TpeX HANUCaHHBIX 3[eCh ps-
noe cxomurcs. C fapyroil CTOPOHBI, NPH KaKJOM N CIpaBelJUBO
HEepaBeHCTBO

’\/i (2e—xp)* < ’\/i (2 — yp)? + \/ Enl (Yp — %)
= E=l £=

(cM. mpumep 4). Ilepexonsa 3aech K mpefeny npu n-> oo, nojaydaeM
(9), T. e. HEPaBEHCTBO TPEYrobHHKA B lo.

8. Paccmorpum, Kak W B npumepe 6, COBOKYNHOCTb BCeX (PyHK-
uuil, HefipepbiBHLIX HA oTpe3Ke [a, b], HO paccrosiHHe ONpenesuM
HMHaue, a HMEHHO, NOJOXKHM

4 Ya
0, y>=(§ (x (0 — y(0)" dt) . (10)

a

Takoe MeTpHueCKOe NpPOCTPAHCTBO Mbl OyaeM o00603HA4YaTh
Ca[a, b] 1 Ha3BIBATL NPOCTPAHCTEOM HenpepblanbLx PYHKYUL ¢ K2a0-
paruynoid merpuxotl. 3nech akCHOMBl 1) H 2) MeTpHYeCKOro npo-
CTpaHCTBA ONATb-TAKH OYEBHJAHbI, @ AaKCHOMa TpPeyroJbHHKa Hello-
CPelCTBEHHO BLITEKAeT M3 HHTerpajbHOi ¢opmul HepaBenctsa Ko-
my — byusikosckoro !)

b

(Suﬁymdoagfxﬂﬂdbfyﬂﬁdt

a a a

9. PacCcMOTPHUM MHOXKECTBO BCeX OrpaHHUeHHLIX NOCJel0BaTe/b-
HOCTel x == (Xy, X9, ..., Xn, ...) NeHCTBUTeNbHBIX uuces. Ilosoxus

p(x,y)==sgplyk——xkh (11)

Mbl MMOJIyYHM MeTpHUECKOe NPOCTPAHCTBO, KOTOpoe OO03HAUHM M.
CnpasennusocTb akcuoM 1)—3) oueBufHa.

) DTo HepaBeHCTBO MOXeT GLITb NMOJNYYeHO, HANPUMEP, M3 JErKO, mpoBepsie-
MOTO TOX[eCTBa

2 [4 b

b b b
(Sx(t)y(t) dt):- Sx’ (¢) dt S y2 (1) dt—-—;-g S [x(s)y (&) — y (s) x ()] ds dz.
aa

a a a
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10. MHOXKeCTBO YNOPAAOYEHHBIX TPYNN H3 n JEHCTBHTENbHBIX
YHCeJl C PaCCTOSIHHEM

n lip
0y (x, y)=(k§=:llyk—xkl”) ' (12)

rae p — Awb6oe (GHUKCHPOBAHHOE YHCJIO =1, mpeacTaBJsieT €000
MeTpHUYECKOe NPOCTPAHCTBO, KoTopoe Mbl 060o3naunM Rp. Cnpasex-
JIUBOCTb akcHMoM 1) W 2) 34ech onsTb-Taku oueBuaHa. IlpoBepum
akcuomy 3). Ilyetv x=(xi, ..., x%a), y=(W, --., Yn), 2=
=(21, ..., 2n) —Tpu Toukn u3 RS5. Tlonoxum yn— xx = ay,
2y — yr = by, TOrK@ HEpaBEHCTBO

pp (x1 2) <pp (x’ !/) + pp(yv Z),
CIIPaBeJINBOCTb KOTOPOrO Mbl NOJI’KHBI YCTAHOBHTbL, IPHMET BUJ,

(Srater) <(Srar) +(Einr)”. a3

Arto — TaK HasbiBaeMoe HepasencTeo Munkosckoeo. Ilpu p =1 ne-
paBeHCTBO MHHKOBCKOTO OYeBHAHO (MOLYJb CYMMbl He IIPeBOCXO-
JHUT CYMMBl MOAYJ€eH), N0o3TOMy OyfeM cuuTath, uto p > 11).

JokasateabcTBo HepaBeHcTBa (13) mpu p > | ocHOBaHO Ha Tak
HasbiBaeMoM HepasencTae I'éavdepa

n n Yo s n l/q
Siavi<(Ziar) (Eier) ", (19

= =
rie uucaa p > 11 g > 1 cBA3aHbl yCJIOBHEM
1 1 14
—+4—=1, Tt.e. = . 15
;o ="L 9=5-1 (15)
3ameTum, uto HepaBeHcTBO (14) omHopoaHo. DTo 3HA4UT, YTO
ecJii OHO BBLIMOJIHEHO IJI1 KaKuX-in6o IBYX BeKTOpPoB a = (@, ...
eery, Gn) B b=(by, ..., bn), TO OHO BHINOJHEHO W MJs BEKTOPOB

Aa u pb, rme A u p— npousBosabHble yucaa. IToaToMy HepaseHCTBO
(14) mocraTouHo foKasaTb AJAa caydas, KOraa

n n
Yla P =X 1b,f=1. . (16)
k=! k==1
Hrak, nyctb BbinosHeHo ycaoBhe (16); nokaxkem, uto
n
2 labs <1 (17y

1) Tipn p << | sepaBencTBo MunkoEckoro e umeer Mecra. Huaue rosops,
ecin 6bi Mbl 3aXOTeNH paccMaTpuaTh npoctpanctso R’ mpu p <1, To B Taxom
NPOCTPAHCTBE He Obiia Gl BHINOJHEHA aKCHOMa TPeyroJibHHKa.
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PaccMoTpuM Ha maockocTH (&, M) KpHBYIO, Onpele/sieMylo ypas-
penneM m == EP~! (£ > 0), uau, 4T0 TO XKe caMOe, ypaBHEHHEM E =
= 19! (puc. 7). I3 pucyHnka sicHo, yTo npH J1oGoM BriGope IoJoO-
JKHTeJbHBIX 3HaueHuit a u b 6yner S+ Sz > ab. Boluucaum mio-
wann S u Sy

7

a b 2 -
p p—-l . ap . q—l . bq
s=ra=T s=\na=l T

0 0 "

Bl
TaxuMm 06pa3oM, CIpaBeJIHBO YHCJIOBOE He- J S
aBeHCTBO
: gl 4 b ’ .
W< v + q Puc. 7.

3amenus 3nech a Ha |an| n b na |bg| u cymmupya mo k ot 1
-0 n, noayynM, yuuteasi (15) n (16),

,;llakbk I<I.

Hepasencrso (17), a cnenoBaresbHo, u ofliee HepaBeHCTBO (14)
Rokasanbl, Ilpn p = 2 HepaBenctBo 'enibnepa (14) nepexoaut B He-
pasenctso Komn — Bynskosckoro (4).

[Tepefinem Tenepp K HOKa3aTesbCTBY HepaBeHCTBA MHHKOBCKOTO.
Jlast 3TOro paccMOTPHM TOXKAECTBO

(al+10)°=(0al+10)" " al+Qal+10)""" 161

3aMeHsisi B HANIMCAHHOM TOXAECTBE a Ha ar M b Ha br M cymMupys
no k ot 1 po n, nojayynm

2 0ael+16:)"= 2 (axl+15 0" ael+ X (a b+ 0,077 164 1

k=

[Tpumensia Tenepb K KaXIo#l M3 ABYX CyMM, CTOSIHX ClpaBa,
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NONYUHM

(2 0at+160) <(E1ap) " +(S10.7) ",

«OTKyJZa cpasy cjenyeT HepaseHcTBO (13). Tem cambiM yCTaHOBJeHa
AKCHOMA TPEYroJbHHKA B npocTpaHcTBe Rp.

PaccMoTpennast B 3TOM NpHMepe MeTpHKA pp NPEBpPAILAETCS B
-€BKJIMJ0BY MeTpPHKY (mpuMep 3) npu p = 2 u B MeTPHKY npumepa 4
1pu p = l. MoXHO NOKa3aTh, YTO METPHKA

P (%, y)= Max |y, — x;l,

ke

‘BBe/leHHasl B TpHMepe 5, ABJSAETCA NpeleNbHbIM ClyyaeM MeTPHKH
Pp(%, y), HIMeHHO:

I/p
o (%, y)= lim (Z | Yo — xi I”)
P>

V13 nepasencrsa
P bt 1,1 '
<@p¥ (Lyloy,
<T+T (F+7=!

“YCTaHOBJIEHHOI'O Bbille, JIErKO BBIBOAMTCA H UHTE2[AAbHOE HepaseH-
.creo leavodepa
h

b b 1/g
yxmmmm<(yxmwé)(gwmww),

a a a

-cnipaBeAuBoe Aas JOGbIXx OGynkuuit x(f) w y(f), nas KOTOpbIX
cTosillle CIpaBa HHTerpaJjbl umelor cMbica. OTciofa B CBOIO ouepelb
fI0J1y4aeTCs UHTeepasbHoe nepasencTso Munkosckoeo

b l/p b lp b lip
(&x@+y®fﬁ)/§(yxmvw) +(yymww).

11. YkaxeM elle OWH UHTepPeCHHI NpUMep MeTPHYECKOro Mpo-
-cTpanctBa. Ero sjeMeHTaMu fBJAIOTCA BCEBO3MOXKHBIE MOC/EN0BA-
TeJbHOCTH AeHCTBUTENbHBIX uHced X = (X1, X, ..., Xn, ...), TaKHe,
-qTo

2 1%l <o,

rie p = | —HeKoTOpoe (PHKCHPOBAaHHOE YHCJO0, 2 PacCTOsIHUE onpe-
_Aensiercs GopmyJaoH

oo 1/p
pww=(éum—m@ : (18)

.AT0 MeTpHUYECKOe NPOCTPAHCTBO Mbl 0603HAYUM [p.
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B cuany HepaBeHctBa MuukoBckoro (13) nmeem npu Jw6oM n.
n 1/p n 1/p n I/p
(Z lyk—xklp) <(Z | xkl") +(Z | 4 V’) :
k=1 k=1 k=1
Tak Kak, 1o npeinoJioXKeHHIo, psAbl
00 00
Dxel u Xyl
k=1 k=1
CXOJIATCS, TO, TIEPEXOAS K Ipefenay rnpH # —> o, 110JYUHM

(Zin—nt) <(E10r) +(E10r)" <. o

Takum o6pa3oM, 10Ka3aHo, uto ¢opMmyaa (18), onpenensitomas pac--
cTOsiHHE B [p, NEHCTBHUTENBHO HMeeT CMBICA Js JIOGBIX X, Yy = lp..
O1HOBpEMEHHO HEepaBeHCTBO (19) nmokaseiBaet, 4T0 B /p BHINOJIHEHA
akcuoMma tpeyrojbHHKa. OcTtajbpHble aKCHOMBl OU€BHHHL.

HeorpaHuyeHHoe KOJHYeCTBO NaJbHEHIIHX NPUMEPOB JaeT cJje--
aytounii npueMm. Ilyers R = (X, p) — MeTpuueckoe NpoCTPaHCTEO M
M — n1060e moamuoxectBo B X. Torna M c Toit ke ¢yHKuHEH
p(x, y), KOTOpyi0O MBI CYUHTaeM Telepb ONpejleNeHHON AJs X U y-
u3 M, toxe npencraBasier co60i MeTpHUeCKOe NPOCTPAHCTBO; OHO-
Ha3blBaeTCst HOONPOCTPAHCTEOM TIPOCTPAHCTBA R.

2. HenpepbiBHbie 0TOGpaKeHHs MeTPHYECKHX mpoctpaHcTs. H3o-
merpus. Ilycth X u Y — 1Ba MeTpHyeCKHX NPOCTpPaHCTBa H [ — OTO-
6paxenue npoctpancrBa X B Y. Takum o6pa3oM, Kaxaomy x < X
CTaBHTCA B COOTBETCTBHE HEKOTOPHIH 3jeMeHT y = f(X) u3 Y. dro-
oTo6paxeHue Ha3blBAETCs HEenpepoiéHbim B TOuKe X, < X, ecnn s
Kaxjaoro ¢ > 0 cymecrByer Takoe § >> 0, uto s Bcex x < X Ta--

KHX, UTO
p (x, xo) <9,

BBINOJIHEHO HEPABEHCTBO

p1(F(x), f(x)) <e

(3mecp p— paccrosine B X, a p;— paccrosiiie B Y). Ecau oto--
6paxeHue [ HenpepsIBHO BO BCeX TOYKax npocrpancrsa X, To ro--
BopaT, uTo [ nenpepvisno na X. Ecau X u Y —yucnoBele muoxe--
CTBa, T. e. [-—uHcaoBasi (QYHKLUS, ONpelle/leHHAs Ha HEKOTOPOM .
noaMHoxecTBe X UHCJIOBOH OCH, TO MPHUBElEHHOe ONpejeseHHe He--
TPEPHIBHOCTH OTOOPaXkeHMs MpeBpalllaeTCsi B XOPOLIO H3BECTHOE H3.
3JleMeHTapHOro aHaJ/IH3a OnpejleJieHHe HeNpPephIBHOCTH QyHKUHUH.

AHa/OrMYHO MOXHO ONpe/le/IHTh HeNpPEepHBHYI0 QYHKUMIO (OTO--
Gpaxkenue) [ OT HECKOJIBKMX MNepeMeHHbX X Xy, ..., xn < Xn
(rme X, ..., Xn— MeTpUUYECKHEe TIPOCTPAHCTBA) CO 3HAYEHUSIMH B-
MeTPUYeCKOM NpocTpaHcTBe Y.
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3aMeTuM, B 3TOH CBfI3H, YTO CaMO PACCTOSIHHE p(X, Y), eClu pac-
CMaTPHBATb €ro Kak (QyHKUHMIO nmepeMeHHbIX X U y H3 X, Hempephis-
HO. DTO cpa3y Xe cJelyeT U3 HepaBEHCTBA

o (x, y) — p(x0, yo) I<<p (%0, x) + p (Y0, ¥),

JIerKo BbIBOAHMOrO H3 HEpaBEHCTBA TPEYroJbHUKA.

Ecau otoGpaxenue f: XY B3auMHO 0QHO3HAYHO, TO Cylle-
cTByeT o6paTHOoe oTo6paxenue x = f~!(y) npocrpaucta Y ua npo-
crpanctBo X. Ecant oTo6paxkenue f B3aUMHO OZIHO3HAYHO ¥ B3aHMHO
HelpepblBHO (T. €. f u [~! — HenpepbiBHbie 0TOGpaXeHHA), TO OHO
'Ha3bIBAETCS 20MEOMOPPHOLIM OTOOPpAICEHUEM WIIH 20MEOMOPPUIMOM,
a camu npocrparctBa X u Y, MeXay KOTOPHIMH MOXHO YCTAHOBHTB
roMmeoMop(u3M, Ha3bIBAIOTCA 20MeomopPrbimy Mexay cobof. Ipu-
MepoM roMeoMOpPGHBIX MeTPHYECKHX MPOCTPAHCTB MOTYT CJYXHUTb
BCA YHCJ0Bas NpsMas (—oo, 0c0) W MHTEpPBaJ, HaNpPHMep, HHTepBaJ
(—1,1). B astom cayusae romeomopdusM ycraHaBauBaetcsi ¢op-
MYyJ0H

2
y=-— arctg x.

BaxXuyblM yacTHBIM cJayyaeM romMeoMopdbusMa sBJIseTcs TaK Ha3bi-
BaeMoe H30MeTpHYeckoe oTobpaxeHue.

ToBopAT, uTO GHEKLHS [ MeXKAY METPUUECKHMH TPOCTPAHCTBAMH
R =(X,p) n R = (Y, p’) asasierca usomerpued, eciu

p (xy, x5) ==p" (f (x)), f (x2))

Jas Jo6bix %y, X2 & R. TlpoctpanctBa R u R/, MeX1y KOTOPHIMH
MOXXHO YCTaHOBHUTb H30METPHUYECKOe COOTBETCTBHE, HA3BLIBAIOTCH U30-
METPULHBIMU.

WsoMerpuss npoctpancts R u R’ o3Hauaer, yTO MeTpHYeCKHe
CBSI3H MEX[IY HX 3JeMeHTaMH OJHH H Te XKe, PasjJUYHOH MOXeT
ObiTb JHIIb NPHPOJAA HX 3JEMEHTOB, YTO C TOUKH 3PeHHs TeOpuH
METPHUYECKUX INPOCTPAHCTB HecyllecTBeHHOo. B nanbuelieM wuso-
MEeTPHUHbie MeXAy co00fl mpocTpaHcTBa Mbl OyleM paccMaTpHBaTh
IPOCTO KaK TOXIeCTBEHHbIe.

K u3/10XeHHbIM 3/eChb TOHATHAM (HeNpepLBHOCTb, IOMEOMOp-
du3m) Mbl BepHeMcs,, ¢ GoJiee oOllell TOYKH 3peHHs, B KOHHe § 5
3TOH TVIABHI.

§ 2. Cxopumoctb. OTKpoLITBIE W 3aMKHYThie MHOXECTBA

1. Mpenenbhible Toukn. 3aMbiKaHHe. Mbl BBeJeM 3/1eCb HEKOTO-
Phie NOHATUS TEOPHH METPHYECKHX NPOCTPAHCTB. DTH HOHATHUS MBbi
HEOJHOKPATHO HCIOMb3yeM B AaJbHeHIleM.

Orxpoitoim wapom B(xe, r) B METpHUECKOM NPOCTPaHcTBEe R MM
6yneM Ha3biBaTb COBOKYMHOCTb TOYeK X & R, yIOBJETBOPSIOMHX
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JCNIOBHIO
p(x, x)) <r.

Touka Xo Ha3blBaeTCA YeHTPOM 3TOro 1llapa, a YHCJIO I —ero pa-
duyconm.

3amkHyroim uapom Blxe, r] Mbl Ha3oBeM COBOKYNHOCTb TOYEK.
x & R, y10BJIETBOPAIOIIUX YCJIOBHIO

px, X)) <.

OTKpBLITHIH Iap pajauyca € ¢ HEHTPOM Xy Mbl Gy/leM HasbiBaTh
TaKXe €-0KPeCTHOCTbIO TOYKH X9 H 0603Hauath cuMBoJoM Og (Xo).

Ynpaxunenne, llpuBecTH npuMep METPHUECKOrO NPOCTPAHCTRA H TaKUX
AByx wapos B (x, p1), B (y, p2) B HeM, uTO oy > p;, M TeM He MeHee B (x, o)) <
= B(y ).

MHox)ecTBO M < R HasbiBaeTCs 02paHu4eHHbviM, €CJIH OHO CO-
JlepKHUTCS LeJTHKOM B HEKOTOPOM Liape.

Touka x & R HasbiBaeTCs TOUKOU NPUKOCHOBEHUS MHOXKECTBA
M c R, ecnu mobas ee OKPECTHOCTb COAEPKHT XOTS Obl ONHY TOYKY
3 M. CoOBOKyNHOCTb BCEX TOYEK NPHKOCHOBEHHS MHOXecTBa M
o6o3unauaercs [M] n HasbiBaeTCs 3aMbIKAHUEM 3TOTO MHOMKECTBA.
TaxuM 06pa3zoM, Mbl ONIPENENHIN A5 MHOXKECTB METPHUECKOTO IIPO-
CTPaHCTBA ONepayuio 3aMbiKaHus — Nepexoa oT MHOXKectBa M K ero
sambikauuo [M).

Teopema 1. Onepayusa samwikanus obiadaer ciredyroujumu
ceolcTeamu:

1) Mc[M],

2) [(M]] = [M],

3) ecau My < M,, To [M] < [M,),

4) My U M] = [M,]U [M,].

JoxrkasateabcTpo. [Teproe yTBep:KAeHHE OYEBHAHO, TAK KaK
BCsIKasl TOYKa, NpuHamiexawmas M, aeaserca mas M touko#t mpu-
KocHoBeHus. JloKaxeM BTOpoOe.

Iycts x = [[M]]. Torna B /moGo#t okpectHocTH O (x) 3TO# TOuKM
Haiinercs Touka x; =[M]. Tlonoxum e —p(x, x;)=¢, U paccmor-
puM map Oeg,(x1). DTOT Wap HeJUKOM JEXHT BHYTpH mapa O (x).
HedictBurensro, ecau 2 Og (%), 10 p(2,%)<€, ¥ TaK Kak
p(x, x;) = € — €1, TO IO aKCHOMe TPEYTOJIbHUKA

p(2, x) <e + (e —&)=z¢,

T.e.2& 0, (x). Tak Kak x| [M], 10 B O, (x|) HalizeTcs TOUKA X, = M.
Ho rorna x, = 0, (x). Tak Kak O, (¥) — NPOH3BOILHAS OKPECTHOCTD.
TOYKH X, TO.X & [M]. Bropoe yTBepKIeHHE NOKa3aHO.

Tperbe cBoficTBO oueBuaHO. JloKa)keMm, HaKOHel, YeTBEpTO@
CBOMCTBO.



58 - METPUYECKHUE M TOIMOJIOTUYECKHE MPOCTPAHCTBA {rin. u

Ecmn x & [M; U M), To x copepxurcs mo kpailHed Mepe B op-
HOM H3 MHOXecTB {M/] niu [Mg], T. e.

(M, UM,] = [M]UI[M,].

"Tak xak My M, U My u My <=M, U My, 10 06paTrHOoe BKJIIOUeHHe
-caefilyer H3 cpoiicTa 3). TeopeMa JOKa3aHa MOJIHOCTBIO.

Touka xR wuasbiBaercsi npedeabHoll TOUKOU MHOMXKECTBa
.M c R, ecnu n106asi ee OKPECTHOCTb CONEPXKHT GECKOHEUHO MHOro
Touek uz M.

IlpenenbHas Touka MoXeT NpPHHAJJieXaTb, a MOXET H He MpH-
‘gajguexatb M. Hanpumep, ecin M — MHOXKeCTBO pallMOHAJbHBIX YH-
«cesq u3 orpeska [0, 1], To Kaxmasi TOUKa 3TOro OTpPe3Ka — Mpefieb-
Has gis M.

Touka x, npuHanaexau as M, HaspiBaeTcs U30AUPOBAHHOL]
‘TO4KO! 3TOr0 MHOXKECTBa, eCJIM B JOCTAaTOYHO MaJIOH ee OKPECTHO-
«ctH O¢(x) Her Touek u3 M, orsinunblx ot x. [Ipennaraem uurtatenio
JIOKa3aTh B KaueCTBe YNpaXKHEHHs CJeAyiollee YTBepXKAeHHE:

Beakas Touka npukocHosenus muoxcectsa M ectv aubo npe-
-0eabnasn, AUGO U3DAUPOBAHHAR TOYKQ 3TO20 MHONECTSA.

Otciofla MOXKHO 3aKJIIOYHTh, YTO 3aMbikanue {M] cocrtour, Bo-
-061ile rOBOPSi, H3 TOYEK TPeX THIIOB:

1) u30JHpOBaHHBIE TOYKH MHOXecTBa M;

2) npelebHble TOYKH MHOXKecTBa M, mpuHansexaiue M;

3) npemeabHble TOUKH MHOXKecTBa M, He mpuHamsiexamue M.
“Takum o6pa3oM, 3aMbikaHue [M] nonyuaercss npucoenvHeHneM Kk M
_BCeX ero npelesbHbIX TOYeK.

2. Cxomumoctb, IlycTb x|, Xg, ...— NOCAEJOBATENbHOCTh TOUEK
"B MeTpHUYECKOM npocTpaHcTBe R. ['0BOpAT, 4TO 3Ta mocjaeloBaTeNb-
HOCTb CXOOUTCA K TO4Ke X, €CH KaxXjas oKpecTHOCTb O¢(x) Tou-
KH X COMEDKHT BCE TOUKH Xn, HAUMHAS C HEKOTOPOH, T.e, eCaH AJs
BcsiKoro € > 0 Haiijercs takoe uncsao N, uto O, (X) comepXHT Bce
“TOYKH Xn ¢ B > N,. Touka x HasbiBaercs npedesom Mocaea0BaTeNb-
HOCTH {Xn}. ' :

10 onpejpeneHHe MOXKHO, OYeBHJHO, CPODMYJHPOBATL elle H
.cyleJlylolluM 06pa3soM: MOCJAEN0BaTeNbHOCT {Xa} CXOAHTCH K X,
-ec/iH

lim p (x, x,) =0.
n~>» oo

HenocpeAcTBeHHO H3 OnpejllesleHHsi Npejeja BbiTekaeT, uto 1)
"HUKaKad InocaeaoBaTeJbHOCTb HE€ MOXeT HMeTb IIByX Pa3JHYHBIX
npeaeoB, H 4TO 2) eCJH NOCJe0BaTeNIbHOCTh {Xn} CXOMHTCA K TOY-
Ke X, TO H BCAKasg ee NOoANOCAeOBaATENAbHOCTb CXOAUTCA K TOM Ke
€aMoH TOuKe.

Caenymwoulasi TeopeMa YCTaHaBJUBaeT TeCHYIO CBf3b MeXJy IO-
HAATHAMHU TOYKH ﬂpHKOCHOBeHHﬂ H npeuena.
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Teopema 2. [laa Toco 4Tobbt TOUKA X Gbira TOUKOL npuxoc-
ugosenusn muoxcectea M, neobxodumo u OocTaTtouno, 4TOOLL Cyuye-
(TB80BAAA NOCAED08ATEeAbHOCTL {Xn} TO4eK u3 M, cxodawasnca K x.

JokazaTenbcTBO. YcJ0BHE HEOOXOAUMO, TAK KAK €CJH X —

TouKa NIPHKOCHOBEHHS MHOXecTBa M, TO B KaXKJOH ee OKPECTHOCTH
Oy () comepxurca xoTa Gbl OfHA TOYKA X, € M. DTH TOuKH 00—
pasyloT NOC/IE10BATENbHOCTb, CXOASILYIOCs K X. JloCTaTouHOCTh Oue-
BHJHA.
. Ecnmn x—npepenbuas Touka MHOXecTBa M, TO TOURH xn &
e Oyn(x) N1 M, oTBeuaiolllue pa3HbIM 1, MOXKHO BHIGPATh MOMAPHO
pasanunbiMu. Takum oGpasom, 0as. Toeo 4TOObL TO4UKA X ObLin
npedeavHoti dan M, neobxodumo u docrarouHo, 4Tobbr 8 M cyuje-
€T808aAa NOCAEA0BATENLHOCTL NONAPHO PA3AULHbIX TOUEK, CX00a-
WAACA K X.

[ToHsiTHE HENpPepPbIBHOCTH OTOOPaXKEHUA METPHYECKOrO MPOCTPal-
ctBa X B MeTpHYeCKOe MPOCTpaHCTBO Y, BBeleHHoe B § 1, Moxkuo
tenepb chOPMYNHPOBATh B TEPMHHAX CXOAMMOCTH MOCJE10BATENBHO-
creit. UMenHo, oto6paxenue y = f(X) HenpepbiBHO B TOUKe Xo, €CJH
I/ BCAKOH IIOC/EN0BATENbHOCTH {Xn}, cxomsiuelics K Xo, NOCJEN0-
BaTeJbHOCTb {Yn = f(xn)} cxomutca K yo = f(%o). JokasaTenbcTso
PaBHOCUJILHOCTH 3TOrO OfNpefleleHHs: MpuBefleHHOMY B § | HuueM ue-
OTJIMYaeTCsl OT J0Ka3aTe/bCTBA PABHOCHJBHOCTH JBYX OMNpeaese-
HHMA HENpepbIBHOCTH («Ha f13blKe €, 8» M «Ha fI3bIKE MOCJEN0BATENb-
HocTe#») GYHKUHH YHCJIOBOrO apryMmenTa # MoxXeT ObiTb NpPeLOCTaB-
JeHO YHTATeNIO.

3. Naorusie noamuoxecra. [lyctb A u B -— aBa MHOXecTBa
B MeTpuueckoM npoctpanctBe R. MHoxectBo A HasbiBaeTCsi nA0T-
Hom B8 B, ecin [A]> B. B uactHoCcTH, MHOXKecTBO A Ha3biBaerc:
8cto0y naoTHoln (B mpoctpadcTBe R), ecan ero 3ameikanue [A] cos-
najaetr co BceM mpoctpaHcTBoM R. HanpuMep, MHOXecCTBO-pauto-
Ha/bHBIX YHCeJ BCIOAY MJIOTHO HA YHCJOBOH mpsiMoHd. Muoxectso A
HaspiBaeTcsl Huzle He NAOTHGIM, €CNU OHO He ITOTHO HH B OJHOM
mape, T. €. €CJH B KaxaoMm wwape B < R comepmeiTca apyroil wap-
B’, ue umerownii ¢ A uu ogHol obluell Touku.

[Ipumepn NpPOCTPAHCTB, MMEIOWHX . BCIOAY OJOT-
Hoe cueTHOe MHOXecTBO. [IpocTpancTBa, B KOTOPBIX HMeeT-
€Al CYeTHOE BCIO/Y MJOTHOE MHOXKECTBO, HA3bIBAIOT cenapabesbHoistil.
Pacemotpum ¢ 3Toil Touku 3peHus mpuMepbl, KOTOpble IPHBELEHbBL
8§ 1.

l. «[luckpeTHOe» NPOCTpPaHCTBO, OMUCaHHOe B npumepe 1 § 1,
COIEPKHUT CUETHOE BCIOJY MJOTHOE B HEM MHOXKECTBO TOTJA H TOJb-
‘KO TOTJ1a, KOTJla OHO CaMO COCTOHT JIHIIb U3 CYETHOI'O YHUCJA TOYEK.
Heno B Tom, uto 3ambikanue [M] mo6oro muoxectsa M B 3tToM mpo-
‘CTpaHcTBe coBnajnaer ¢ M.
< Bce npocrpaHcTBa, nepeuucieHHble B npuMepax 2—8 § 1, co-
ZAepXKar cueTHble BCIONYy NJIOTHble MHOXKECTBA. YKaXeM B KaxKiom
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¥3 HUX MO TAKOMY MHOXECTBY, HACTOSITENILHO PEKOMEHIYs YHTaTeo
[IPOBECTH MOAPOOHBIE J0KA3aTeJbCTBA.

2. Ha pefictButenbHOH ocH R! — palnoHa/IbHBIE TOUYKH.

3—5. B n-mepHOM eBk/HI0BOM npoctpaHcTBe R™ u B npoctpau-
ctBax R, Re— COBOKYNHOCTb BEKTOPOB C PaLHOHATbHBIMH KOOp-
IWHATaMH.

6. B npocrpanctee Cla, b]— cOBOKYIHOCTh BCEX MHOTOYJIEHOB ¢
pauHOHaNbHBIMH KO3(pdHIHEHTAMH.

7. B npoctpaHcTBe [y — COBOKYMHOCTb MOCJEN0BATENbHOCTEH, B
KaXIoH H3 KOTOpbIX BCE€ UJeHbI pallHOHAJ/bHBI H JHIIb KOHEYHOe
(cBOe M/t KaXNOH MOC/AefOBAaTENbHOCTH) YUCJAO 3THX YJEHOB OT-
JINYHO OT HYJIA.

8. B mpocrpaucree C,la, b] — cCOBOKYNHOCThL BCEX MHOTOYJIECHOB
¢ pauHOHAJNbHBIMH KO3Q UL HEHTAMH.

BmecTe ¢ TeM nNpOCTPAHCTEO O02PAHUHEHHBLX NOCAEB08QATEAbHO-
creil m (npumep 9 § 1) HecenapabenbHO.

[lefiCTBHTENbHO, PAaCCMOTPHUM BCEBO3MOXKHBIE MOCJAEN0BaTEIbHO-
CTH, cocrosiuide U3 HyJsell u enuuuu. OHH 06pasyOT MHOMKECTBO
MOIIHOCTH KOHTHHYYMa (TaK KakK MeXAy HHMH H IOJMHOXKEeCTBamu
HaTYpaJIbHOTO psifia MOXKHO YCTAHOBHTb B3aHMHO OJHO3HauHOE CO-
orBetcTBHe). PaccrosiHue MeXay NByMs TaKHMH TOYKaMH, ONpefie-
asiemoe dopmyasoft (11) § 1, paBHo 1. OKpyKHM KaXKAyi0 M3 3THX
TOYEK OTKPBITHIM INAapoM paauyca 1/2. DTu mapsl He nepecekaoTcs.
Ec/iu HEKOTOPOE MHOXECTBO BCIOAY MJOTHO B /M, TO KaXKAbIH H3
[IOCTPOEHHbBIX IIAPOB [OJKEH CONEpXKaTb XOTs Gbl MO OAHOH TOUKe
H3 TOr0 MHOXECTBa, H, ‘C/NeJOBAaTeNbHO, OHO He MOXeT OnTb
CUETHBIM.

4. OTKpbITHIE H 3aMKHYTble MHOXeCTBA. PaccMOTpHM BaKHel-
Ile THOBl MHOXKECTB B METPHUYECKOM NPOCTPAHCTBE, a MUMEHHO, OT-
KpBITBIE H 3AMKHYThble MHOXeCTBaA.

MuoxectBo M, sexamiee B MeTPHUECKOM INpocTpaHcTBe R, Ha-
3LIBAETCH 3AMKHYTHIM, €CIH OHO COBNAJaeT CO CBOMM 3aMbIKaHHEM:
[M] = M. Vnaue roBopst, MHOKECTBO HA3bIBAETCS 3aMKHYTHIM, e€C/TH
OHO COJIEPKHT BCE CBOU IpeJesbHblE TOYKH.

B cuny teopemsbl | 3aMbikanHe Jito6oro MHoxectBa M ecTh 3aMm-
KHyTOe MHOXKecTBO. M3 Tofi ke TeopeMbl BhiTekaeT, uto [M] ectb
HauMeHblllee 3aMKHYTOE MHOXKeCTBO, cojep:xkauee M. (Hokaxmure
3710!)

[Tpumepsnl. 1. Beakuit orpesok {a, b] uncnoBofi npsamMofi ecTb
3aMKHYTOE MHOXeCTBO.

2. 3aMKHYTbIl WIap npeAcTaBJaseT COO60H 3aMKHYTOe MHOXECTBO.
B uactuoctH, B npoctpanctse Cla, b] MHOXKeCTBO (YHKUHE f, yi0B-
nersopstiomux ycaosuo |f(f) | << K, 3amkayTo.

3. MuoxectBo ¢yukurii B Cla, b], yioB1eTBOPAIOUIHX YCAOBHIO
[f(t)| << K (oTkpwbiTblii wWwap), He 3aMKHYTO; €ro 3aMblKaHHe eCTb
COBOKYNHOCTb (hyHKuHE, yHOBJAeTBOpsionux yciosuio |f(f)|<< K.



$ 2 CXOOHMOCTb. OTKPBHITHE ¥ 3AMKHYTBIE MHOKECTBA 61

4. KakoBo 6bl HH ObLIO MeTpHuYecKoe MpPOCTpaHCTBO R, mycroe
MHOXeCTBO & U BCe R 3aMKHYTHI.

5. Bcsikoe MHOXKECTBO, COCTOSIlEe M3 KOHEUHOrO YHCJIa TOYEK,
3aMKHYTO.

OcHOBHbIE CBOHCTBA 3aMKHYTBIX MHOXECTB MOXKHO copMy/upo-
BaTh B BHJE CJelyIollel TeopeMbl.

TeopeMma 3. [lepeceuenue 1106020 uucaa u cymma 1106020 Ko-
HEUHO20 YUCAQ 3AMKHYTOIX MHONCECT8 CYTb BAMKHYTbIE MHONCECT8q.

HOoxasateabctso. [lycts F =1 F, — nepeceueHue 3aMKHy-
THIX MHOXeCTB F, U nycth X — npeaenpHasi Touka aasa . d1o o3ua-
yaeT, uTo Jo6as ee okpecTHOCTb O¢ (x) comepUT GECKOHEUHO MHO-
ro Touek u3 F. Ho torpa tem Gosmee O¢(x) comepHT GECKOHEUHO
MHOTO TOYeK M3 Kaxaoro [, H, Cie1oBaTeNbHO, TaK Kak Bce Fy
3aMKHYTbI, TOYKAa X OPHHAMJIEKUT KaXKAOMY Fg; Takum ofpasom,
xeF=(F, 1 e F 3aMKuyTO.

Ilyctn Tereps F—cymMMa KOHEYHOro uucia 3aMKHyTbIX MHO-

X)ecrs: = U F;, u nyctb Touka x He npuHaniexut F. ITokaxew,

YTo X He MOXKeT ObITb mpenaenbHol anas F. JledcTBUTENbHO, X He
TIPHHAAJIEXKHT HM ONHOMY M3 3aMKHYTHIX MHOXectB [y cienoBa-
TeJbHO, HE SIBJASETCS NpeNesbHOH HW AJas OAHOro M3 HHUX. [Tlo3tomy
IJIs KaXAO0ro i MOXKHO HaHTH TaKyw OKpecTHOCTb O, (X) TOuKH X,
KOTOpasi COAEPKHUT He Gosee YeM KOHEYHOe UYHCI0 ToueK u3 Fi
Basas u3 okpecriocret O (%), ..., O, (¥) HauMeHbIIYIO, MBI 1IO-
Jyunm okpecTHOCTh Og(X) TOUKH X, conepmamyxo He 0Oosiee yeM
KOHEYHOe YHCJI0 ToueK u3 F.

Urak, ecau Touka x He MpUHALJEXKHUT F, TO OHA He MOXKeT GhiTh
npexenbuoit aasi F, 1. e. F saamxkuyro. Teopema nokasana.

Touka x HasbiBaeTcs SHYTpeHHeld TO4KOL MHOxecTBa M, eciu
cyulecTByer oKpecTHOCTb Og(x) 3TOH TOUKH, LEJHKOM COJIepKa-
wasicss B M.

MHuoXecTBO, BCé TOUKH KOTOPOrO BHYTPEHHHE, HasbiBaercsi OT-
KDOITHIM.

IIpumepsoi. 6. UurepBan (a, b) uucnosoii npsamoit R! ects ot-
KpbiTOE MHOMKECTBO; AEHCTBUTENBHO, ecad a << a << b, 1o Of(a),
rie e = min(ea—a, b —a), HETHUKOM CONEPKUTCA B HHTEpBaJe
(a,b).

7. Otkpuiteiit mwap B(a,r) B j1060M MeTPHYECKOM INPOCTpaH-
ctBe R eCcTb OTKpHITOE MHOXKeCTBO. JlefiCTBUTEJbHO, eCcan X
& B(a,r), 10 pl(a,x)<<r. Ilonoxum e=r—p(a,x). Torna
B(x,e)= B(a,r).

8. MHOXKeCTBO HenmpepbiBHHX GyHKUui Ha [a, b], yaoBaeTBopsiio-
mux yemaosuio f(f) << g(t), rme g(f) — Hekoropass (HKCHPOBaHHAS
HenpeppiBHAs (YHKLHS, NPeACTaB/sieT COO0H OTKPHITOE MOAMHOXKE-
¢TBO npocrpancrsa Cfa, b].
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Teopema 4. [aa rozo 4robor muoxecrso M 6bir0 OTKpbITO,
Heobx00umo u AocTato4ro, uTobel e2o donoinerue R\ M 4o ecezo
npocrpancrea R 66110 3amKHYyTO.

HdoxasateabctBo. Eciu M oTKpeiTO, TO Kaxaas TouKa x
U3 M uMeeT OKpPeCTHOCTb, LEJHKOM NpuHamiexaliyw M, 1. e. ue
UMEIoULYI0 HH oaHOH obuwel touku ¢ R\ M. Takum o6Gpasom, um
OlHa H3 TOYeK, He npHHamIexamux R\ M, e MoxeT GbITb TOUKOW
npukocHoBeHust ansg R\ M, 1. e. R\ M 3amkuyto. O6patHo, ecau
R\ M 3amkHyTO, TO qI06ast Touka U3 M HMeeT OKPECTHOCTb, LeJH-
KOM nexamyio B M, 1. e. M oTkpbiTO.

Tak kak nycToe MHOXKeCTBO u BCe R 3aMKHYTH U B TO XK€ BpeMs
CAYKaT JONOJHEHHAMH APYL APYra, TO AYCTOE MHOXMCECT80 U 8Ce R
OTKpObITOL.

M3 Teopembl 3 ¥ H3 npHHUHNA ABOMCTBEHHOCTH (IepecedeHue
JOTNOJIHEHHH PaBHO JONOJHEHHIO CYMMBbl, CyMMa [OTOJIHEHHH paBHA
JONOJIHEHHIO TI€peceyeHus], CM. CTp. 15) BhiTeKaeT clefylOUIasi BaxK-
Has TeopeMa, ABOHCTBEHHAas TeopeMe 3.

Teopema 3. Cymma awb6oz0 (KoHe4HO20 uiu GeCKOHEUHO20)
qUCAQ 1 nepecedenue 1106020 KOHEUHO20 HUCAQ OTKPLITOLX MHOMCECTE
CYTb OTKPBITHLE MHOMECTBA.

MuoxecTBa, npuHaasexanine o-anare6pe, MOPOXKIEHHOH BCEMH
OTKPBITBIMH H 3aMKHYTBIMH NOJMHOXeCcTBaMU npocTpancrBa R, Ha-
3bIBAIOTCS 6OpeAe8CKUMI MHOMECTBAMU.

5. OTKpbIThle H 3aMKHYTble MHOXecTBa Ha npsamoil. CTpykrypa
OTKDHITHIX H 3aMKHYTbIX MHOXECTB B TOM HJH HHOM METPUYECKOM
TIPOCTPAHCTBE MOMKeT ObITb BeCbMa CJOXKHOHA ITO OTHOCHTCA
K OTKPHITHIM H 3aMKHYTHIM MHOXeCTBaM JaXe €BKJIHJOBAa MpO-
CTpanCTBa IBYX W/Iu Oosbllero yucsaa usMmepenuil. OfHaKo B 0AHO-
MepHOM cayvae, T. €. Ha NpPsAMON, HCUEPIIbIBAIOILee ONHCAHHE BCeX
OTKPHITHIX MHOXKECTB (a CJef0oBaTeNbHO, M BCeX 3aMKHYTHIX) He
npexacrasaser TpyAa. OHo paercst caenymouell TeopeMmol.

Teopema 5. Bcakoe oTkpbiToe MHOMECTBO HQ HUCAOBOU NPs-
Mot npedcraganer co6ol CYymmy KOHEHHO20 UAL CHETHO20 HUCAA
NonapHO HenepeceKaoujuxca UHTepsaros ).

HoxaszatenbcTBo. Ilycth G -—OTKPHITOE MHOXKECTBO HA
npamoii. Beenem nusi Touek u3 G OTHOLIEHHe 3KBHBAJNEHTHOCTH, CYH-
Tas, 4TO0 X ~ Yy, €CJH CyUIecTByeT Takol uuTepBaa (a, B), uto x,
y = (o, )< G. OueBuano, 370 oTHOUIeHHe ped/IEKCUBHO U CHMMeT-
PHYHO, OHO M TPAH3UTHBHO, TAK KaK €CJIH X ~ y H Y ~ 2, TO Cylile-
CTBYIOT Takue HHTepBash (a, B) u (y, d), uto

x, y=(a,pc=G u y, z&(y, 8 =G.

Ho rorma y << B u uHrepBan (o, 8) nexut uenukom B G u cogep-
KHT TouKH x U 2. CuenoBarenbno, G pacnajaercsi Ha HemepeceKaio-

1) MuoxectBa Buma (— 00, o0), (&, o) u (— oo, ) Mbl OpPH 3TOM TaKKe
EKJIO4deM B YHCJIO HHTEPBAJIOB,
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juecs KJaacch /; 5KBHBaJIEHTHHX MeXAy COGOH ToUeK:
G=UI..

JlokaxeM, 4TO Kaxjaoe [, ecTb uHTepBaa (g, b), rme a=inf/,
b=sup /.. Bkuaiouenue [, < (a, b) oueBugHo. C apyroft CTOpPOHBI,
ecad X, y € I, T0 no caMoMy omnpejesaeHuio /; HHTepBana (x,y) co-
nepxutcs B ;. B m060# 6JH30CTH OT @ crnpaBa W B JI060H 6J1H30-
cta oT b caeBa ectb Touku u3 I.. Ilostomy I comepxur JioGoi
uutepBaa (a’, b’), kouus Kotoporo npunamjexar (a,b), orkyna
I.=(a,b). CucreMa Takux Hemepecekawluxci HHTepBaJoOB [, He
GoJee ueM CuUeTHa; NeHCTBHTENbHO, BbIOpaB B KaJOM H3 3THX HH-
TepBaJIOB NPOU3BOJbLHBIM 06pa3oM pauHoHAJbHYIO TOYKY, Mbl yCTa-
HOBHM B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXJYy 3THMH HHTepBa-
JiaMH H HEKOTOPHIM MOAMHOXECTBOM MHOXKECTBA PallHOHAJbHBIX UH-
. cen. Teopema nokasana.’

Tak Kak 3aMKHYTHIE MHOXeCTBA — 3TO JOMOJHEHHS OTKPBITHIX,
TO OTCIOfA CJejyeT, YTO BCSIKOe 3aMKHYTOe MHOXECTBO Ha MpsSMOil
noayvyaercsi BhHGpachiBaHHEM H3 IPSIMOH KOHEYHOTO HJIH CYETHOrO
YuCcJia HHTEPBAJIOB.

IMpocrefimne NpUMeps 3aMKHYTBIX MHOXKECTB — OTPe3KH, OTIeb-
Hble TOYKH H CyMMbl KOHEYHOTO YHCJAa TaKHX MHoxecTB. Paccmot-
puM GoJiee CIOXKHLIA NMPUMep 3aMKHYTOrO MHOXECTBAa Ha NMpPSAMOH —
TaK HAa3bHIBAEMOE KAHTOPOBO MHO- p
2HcecTso. 5

Ilycts Fo— orpesok [0, 1]. Bnu-

6pocum u3 Hero uHtepsana (s, 2/3), a % % 4 A
a ocTraBlleecsi 3aMKHYTOE MHOXe-

ctBo oGosHaumm Fi. 3atem smbpo- Z_ A % _1,
cum u3 F, uutepsanel (Yo, 2/s) u Y0 % Yo % 7
(’/s, 8/s), a ocTaBUIcecs 3aMKHyTOe _ _ _ _ S
MHOXeCTBO (cocTosllee H3 YeThipex d
oTpe3koB) obo3Hauum Fa. B kax- e e £

JOM H3 3THX YeTbIpeX OTPe3KOB BHI-
OpocuM cpejHHI HHTEPBAJ JJIHHDI Puc. 8.
(/3)® u 1. 0. (puc. 8). Ilpononxkasn
3TOT Npouece, NMOJyYHM YOBIBAIOLWYIO NMOCJAEJ0BaTeNbHOCTh 3aMKHY-
ThiX MHOXecCTB Fp. [Tosoxum
o0
F=(]F,
n=0 ’
F — 3aMKHyTOe MHOXeCTBO (KaK nepeceyenve 3aMKHYThiX). OHO mo-
Jiydaercsl u3 orpeska [0, 1] Bbi6pacbiBaHHEM CUETHOrO 4HCJIA HHTEp-
BaJIoB.
PaccMoTpum cTpykTypy MuoxectBa F. Emy mpunamaexar, oue-

BHIHO, TOYKH _
0, L, Yo, *fs, 'fos 2los "los gy + - (n
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— KOHIIbI BbiGpachiBaeMbiX HHTepBasnoB. OaHAKO MHOXKeCTBO F e
HCuepnbIBaeTCs 3THMH TOYKaMH. [leficTBHTeNbHO, Te TOYKH OTpe3ka
[0, 1], KoTOpBlE BXOAST B MHOXKECTBO F, MOXHO OXapaKTepH30BAaTh
CJIeAYIOUIUM o6pa3oM. 3amnullleM Kaxnoe H3 YHCea X, 0<<x<|
B TPOHYHOH CHCTEME: ‘

— G, G2 Bn
x=- —i—32 +)... +3,,—|— Ceey

rjie 4ucjia an, MOryT npHHUMaTh 3Hauenus 0, 1 u 2. Kak u B cayuae
JNEeCATHYHBIX Ap0o0el, HEKOTOpble YHC/a AONYCKAIOT ABOSIKYIO 3aMHCh.
Hanpuwmep, :

1 1 0 0 0 2 2 2

JIerko npoBepHTh, YTO MHOMXKeCTBY F NpHHAAJNEXKAT T€ H TOJBKO
te uicna x, 0<< x << 1, KoTopple MOryT OLITb 3amHCaHbl XOTA Gbl
OIHHM crocoGoM, B BHJe TPOMYHOH ApobH Tak, 4ToGbl B MOCJEL0-
BATEJNbHOCTH ay, dg2, ..., Qn, ... HA PA3y HE BCTPETH/ACh €AHHHIA.
TakuM 06pa3oM, KaxKaol TouKe x € F MOXKHO MOCTaBHTb B COOTBET-
CTBHE MOCJEN0BaTEJNbHOCTh

Ay Ay cvvy Ay oosy 2)

rae an paBuo 0 uan 2. COBOKYNMHOCTb TAKHX NOCJEL0BATENbHOCTEH
o6pa3yeT MHOXECTBO MOIIHOCTH KOHTHHyyMa. B 3ToM MoxHO yGe-
JHTBbCA, TTOCTABHB B COOTBETCTBHE KaXKAOH MNOCAEA0BaTeNbHOCTH (2)
0C/I€A0BATENbHOCTD ’ '

bh b2;"-1bnv-"’ (2/)

rne bp =0, ecain @, = 0, U by = |, ecain a, = 2. [TocaenoBarenn-
HOCTb (2') MOXKHO paccMaTpHBaTb KaK 3aMHCh HEKOTOPOro AEHCTBH-
TesbHOrO uncna y, 0 <<y << 1, B BUAe aABOMUHON Apobu. Takum 06-
pasoM, Mbl IoJyuaeM OTOGpaKeHHe MHOXKecTBa F Ha BeCchb OTPe30K
[0, 1]. OTciona BhiTeKaeT, uto F HMeeT MOWIHOCTh KOHTHHyyMal!).
Tak Kak MHOXecTBO Touek (l) cueTHO, TO 3TH TOYKH HEe MOTYT HUC-
yepnbiBaTh Bce F.

Ynpaxueunna. . JlokazaTh HemocpeACTBeHHO, 4TO TO4Ka 1/4 npuxale-

KHT MHOMXecTBY F, He fABAfASCL KOHUOM HH OLHOTO M3 BbIOpachiBaeMbIX HHTep-
BaJIOB.

Ykasanue. Touka 1/4 meant otpesok [0, 1] B oThowennu 1 :3. Otpesok {0, 1/3],
ocTalollHiica Moc/e MepBOro Bhi6pachiBaHMfA, OHa REJHT TaKKe B.OTHOWeHMH |:3
U T A :

Touku (1) nHasulBaloTCs TOUKaMu nepsozo poda MHoxectBa F, ocTanbHuie ero
TOUKH Ha3blBAlOTCA TOUKAMH 870p020 poda.

1) VYcrauosiennoe cooTBeTcTBHe MeXay F u otpeskom [0, 1] oxnosnauno, Ho
fe B3aMMHO ONHO3HAUHO (K3-32 TOrO, YTO ONHO U TO KE YHCAO HHOrAAa MOMKeT
#306pa}aTLC pasanunbiMH ApoGamu). Otciona ciepyeT, uto F MMeeT MOWHOCTb
He MeHblle, ueM MOMHOCTL KontAnyyma. Ho F —uacts otpeska [0, 1], caenoBa-
TeJbHO, €r0 MOIUHOCTb He MOXeT OulTb GoJblle, ueM MOLLIHOCTH KOHTHHYYMa.
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2. JoxasaTb, uTO TOUKH nepBoro poja obpasyor B F BClOAy NJOTHOe MHO-
IKECTBO.

3. MoxasaTe, uto uncaa Buja & + Iy, rae i), {2 € F, 3anoaHA0OT BeCh OTpe-
sox [0, 2.

. Mb nokasaJag, 4ToO MHOXKecTBO F HMeeT MOUIHOCTb KOHTHHYYMa,
7. €. COLEPXKHT CTOJNBKO XKe TOoueK, CKOJbKO H Becb oTpe3ok [0, 1].
" C 3TuM ($aKTOM HHTEPECHO CONOCTAaBHTb CJAEHXYIOLIHH pe3yJbTaT:

1 2 4
cymma MivH 3 +g 57+ ... Bcex BHODOLIEHHHX HHTEpBa-
JIOB COCTaBJIsieT B TOYHOCTH eAuHHLY!

JononHuTenbHHE 3aMedaHHS.
(1) Tlycts M — HekOoTOpOE MHOXKECTBO B METPHYECKOM IIPOCTPaHCTBE R H
X — TOUKa 3TOro e NMpocTpaHcTBa. Paccrosnuem OT Touku x 00 MHOMecT8a M
HasHBAaeTCs YHCIO
p (x, M)= inf p(x, a).
a=sM

Ecar x = M, 10 p(x, M) = 0, oaHako H3 TOrO, uTO P (X, M) = 0, He caenyer,
qr0 x & M. U3 onpefeneHHsi TOYKH NPHKOCHOBEHHsI HENOCPENCTBEHHO MNOJYyYaeM,
q10 p(x,M) = 0 B TOM H TOJLKO TOM CJyuae, KOTAa X — TOYKAa NPHKOCHOBEHHA
mHoxectBa M. Takum 06pasoM, OmnepanHi0 3aMHIKAHHSi MOXKHO OIpPeNeNHTb Kak
NPHCOCAHHEHHE K MHOXECTBY BCEX TeX TOYEK, pPacCTOsHHEe KOTOPhiX A0 MHOMeCTBa
PaBHO HYJIO.

(2) AHanOrHYHO ONpefensieTCsl PAacCTOsHHEe MeXAY HABYMS  MHOXXeCTBaMH.
Ecaun A, B — nBa MHOXeCTBa B MeTPHYeCKOM NpPOCTPaHCTBe R, ToO

p (4, B)y= inf p(q, b).
as A
beB

Ecan ANB = &, 10 p(A,B) = 0; ob6paTHoe, Boo6luie TroBOpsl, HEBEPHO.
(3) Mycte Mg;— mHOXKecTBO Beex ¢ynkuni [ u3 C|a, b], ynopaersopsiomux
ycnoBuio JIMNWuLar 1as Beex 1, &y € [a, b]

) —F @) ISKI =4

rae K — HekoTopoe ¢HKcHpOBaHHOe uucao. MHoxectBo Mg 3amkHyTo. OHO COB-
najaer ¢ 3aMblKaHHeM MHOXeCTBa Bcex AHbdepeHnHpyeMblx Ha [a, b] dyHkuui
Takux, uro |f(f)| < K.
(4) MHoxecTBO M = U MK BceX (YHKIHA, Kaxjgasi H3 KOTOPHIX Y[ OBJETBO-
K

pser ycnoBuio JIunwuna npr kKakoM-aH6o K, He 3aMkHyTo. Ero 3aMmmuxkanune ectb
Bee C [a, b].

(5) OTKprTOe MHOXeCTBO G B n-MEPHOM €BKJHIOBOM IDPOCTPAHCTBE Ha3bl-
BAeTCH CBA3HLIM, €CJH JIOGhe NBe TOYKH X, y € G MOryT GLITb COCIHHEHH JOMa-
HOR, uenukoM Jexaumedi B G. Hanpumep, BHyTpeHHOCTb Kpyra x4 y? <1 —
CBsI3HOE MHOXecTBO. Hao60poT, cyMMa ABYX KpPYyroB

4+yP<1l 71 (x—2)2+4°<1

— He CBSI3HOE MHOXXECTBO (XOTSl Yy STHX KPYIOB ecTb 06llasi TOYKAa NPHKOCHOBE-
#ual). OTKpuITOE NOAMHOXKeCTBO H OTKPBITOro MHOXecTBa G Ha3HBaeTCsa KOMNO-
Hentoli MHOXKecTBa G, eC/IH OHO CBSI3aHO H HE COMEPXKHTCHA HH B K4KOM GosblueMm
CBA3HOM OTKPHTOM noaMHoxecTBe G. BBemeM B G OTHOIIEHHE 3KBHBAJEHTHOCTH:
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X ~ Y, eCJH CyLIeCTBYeT OTKPHITOEe CBSA3HOe NoaMHOMXKecTso H u3 (G, HaKphiBalo-
mee x U y:
x,ys Hca.

Kak # B ciyyae NpsAMOM, JIerko IpoBepseTcs TPAH3HTHBHOCTb H TMO3TOMY G pacs
TajzaeTcd Ha HemepeceKalollHecs Kiaacchl: G == FJI. OTH KJacchl — OTKPHITHIE KOM-
tnoHeHTH G. UHcao ux He Gosiee ueM CHETHO.

B cayyae n=1, T. e. Ha TpsAMOH, BCSIKOE CBA3HOE OTKPHITOE MHOIKECTBO
€CTb HHTEpBaJ (B YHCJIO HHTEPBAJOB BKJIOYAlOTC M OGecKOHeyvble HHTEPBAJH
(—o0,a), (b, 0) u (—o0, 00)). TakuM 06pa3oM, TeopeMa 5 0 CTPOEHHH OTKPHITHIX
MHOXKeCTB Ha NpPAMOH COCTOHT H3 ABYX YTBEDPXKIEHHH): a) BCSIKOE OTKPHITOE MHO-
XKeCcTBO Ha INpPAMOH ecTb CyMMa KOHEUHOrO MJH CUETHOrO YHCJA KOMIOHEHT H
©6) CBA3HOE OTKPHITOE MHOXECTBO Ha NpAMoOH ecTb HHTepBas. IlepBoe H3 3THX
YTBEDKJeHUH BepHO H I MHOXECTB B N-MePHBIX €BKJMIOBBIX NMPOCTpPaHCTBaX (M
JOnycKaeT AaJjbHefilllHe OGOOIUEHHS), a BTOPOe OTHOCHTCH HMEHHO K NpAMOM.

§ 3. IoaHble MeTpUUYECKHE TPOCTPAHCTBA

1. Onpenenenne u NPUMeEPH! MOJHBIX METPHUYECKHX MPOCTPAHCTB.
C nepBBIX HIAroB H3yYeHHS MaTeMaTHYeCKOrO aHaJu3a Mbl BHIHM,
CKOJIb BaXXHYIO POJIb HTPAeT B aHAJH3e CBOHCTBO MOJHOTHI UHCJIOBOM
upsiMoii, T. e. ToT GakT, YTo BcsiKasg GyHIaMeHTaJbHAS TIOCAEN0BA-
TEJbHOCTb JAEeHCTBHTENbHBIX YHCEJH CXOJUTCS K HEKOTOPOMY IMpefeny.
YucsioBast npsMasi CAYXKUT NPOCTEANIMM IPHMEPOM TaK Ha3bIBaeMbIX
IO JIHB X METPHYECKHX NPOCTPAHCTB, OCHOBHbIE CBOHCTBA KOTOPBIX
MBI PaCCMOTPHM B 3TOM maparpade.

[TocnenoBatenbHOCTb {Xn) TOUEK MeTPHUECKOrO mpoCTpaHcTBa R
Mb GyneM Ha3biBaTb (pyroamenTasbHOL, eCAH OHA YIOBJIETBOpPSET
xpurtepuio Kowy, T. e. ecyn pasi Jo6Goro e > 0 cymecTByer Takoe
qucio N, uto p(x,, X,») <e piasa Bcex n’ > N,, n” > N,.

M3 akcnoMbl TpeyroJbHHKa HENOCPEACTBEHHO CJeldyeT, YTO BCH-
Kasl CXOAsdllasics mocJaenoBaTeJbHOCTb GynxaMeHTaabHa. [leficTBH-
TeJIbHO, eClH {xn} CXOAUTCH K X, TO IS AaHEOTrOo & > 0 MOXHO Hall-
TH TakKoe UHcio N, 4TO p(x,, X) <e/2 nas Bcex n> N,. Torma
P (X, Xp) <P (%n7, X) + 0 (X7, X) < & mast m06bX ' > N un” > N,.

Onpenenenue . Eciu B npoctpancree R no6as GpyHaameH-
‘TaJibHas MOCJIEI0BATENbHOCTD CXOXHTCS, TO 3TO NPOCTPAHCTBO HA3bi-
BACTCS NOAHbLIM.

I[Mpumepn. Bece npoctpancTa, paccMoTpeHHble B § 1, 3a mck-
JIOYeHHEeM YKa3aHHOro B npumepe 8, mounbie. JleACTBUTENbHO:

1. B npocTpaHCTBe H30/MHpPOBaHHBIX ToueK (mpumep 1 § 1) ¢yH-
JAaMeHTaJbHBl TOJbKO CTallUOHAPHBIE OCJAENOBATEIbHOCTH, T. €. Ta-
KMe, B KOTOPbIX, HauMHAasi C HEKOTOPOTO HOMepa, MOBTOPAETCH BCe
BpeMs OJHA W Ta Xe TOouKa. Bcsikas Ttakasi moc/ef0BaTeNbHOCTb,
KOHRUYHO, CXOJUTCS, T. €. 3TO NPOCTPAHCTBO NOJIHO.

2. Tlonnora eBkjaugoBa npocrpancrsa R! — coBokynmHocTH gefi-
CTBHTEJbHBIX UHCEJ] — H3BECTHA M3 aHAaJH3a.

3. TonHoTa eBKaugoBa npocrpancrBa R™ HemocpeaCTBeHHO Bbl-
TexaeT u3 noanotsl R!. B camom pene, myctp {x(P} — dynnamen-

/



§ 3] TIOJITHBIE METPHUECKHE TNMPOCTPAHCTBA 67

‘raJibHask NOCJHE0BAaTeNbHOCTb TOueK W3 R™; 370 o3Hauaer, uto 149
‘kaxjoro ¢ = 0 Halinercsi takoe N = N, uto

n
2 2
> (xg’)~x§f)) <g
k=1 ‘
npu Beex p, ¢ 66abuiux, yem N. 3pech xP = {9, ..., x'(,f)}. Torna

JUIsSL KaXAoro R==1, 2, ..., n moJayyaeM COOTBETCTBYIOlLllee Hepa-
BEHCTBO /151 KOOPAHHATH X{P):

|x) — x| <e

aas Beex p, ¢ > N, 1. e. {x{’} — QyunamedtanbHas yucaO0Basi 10-
cJ1eJ10BATeNbHOCTh. T10J10XKuM
x,=limx® u x=(x, %, ..., ).
R AT, (*1 %, » %)
Torpa, oueBHAHO,
lim xP) = x.
proo

. 4—5. Tloanora npoctpancts R% 1 R nokaswiBaercs coseplueH-
HO aHaJIOIHYHO.

6. loxaxem nonsory npocrtpanctBa Cla, b]. Tlyers {x,(f)}—
HekoTopasi (yHIaMeHTaJbHas nocaenoBateabHocts B Cla, b]. D10
O3HauaeT, YTO 15 Kaxjoro & > 0 cymectByer Takoe N, uTo

lxn(t)_xm(t)|<8

npu n, m > N nas Bcex ¢, a << t<Cb. Orclona BHITEKaer, 4TO MO-
cae10BaTeNbHOCTh {Xa ()} paBHOMepHO cxoautcsi. Kak m3BectHo, B
3TOM cayuae ee npefen x () 6yler HenpeprBHOHA QyHKUUel. YcrpeM-
Afis B NpeAblAyllleM HeDaBeHCTBe M K 6eCKOHEYHOCTH, NMOJYYHM

2, () —x (D) |<Ce

Jas Becex ¢ U mas Bcex n > N, a 310 u o3Hauaet, uto {xn(f)} cxo-
zutes K x(f) B cMbicie MeTpukH npoctpancrea Cla, b].

7. IlpocrpauctBo lo. Ilycth {x(»} — ¢dynnaMenTanabHasi nocaeno-
BaTeJbHOCTh B . DTO o3Hayaer, uTo A1 moboro & > 0 Halimercs
Takoe N, uto

pZ (xm), x(m) =kZI (¥ —xm™)?P <e mpu n, m>N. (1)

3necn x‘")=(x§">, R .).HIa (1) caenyer, uto npu Jio-
Gom k (¢ — x{™)* <e, T. e. npu KaXIOM k I0C/]eI0BATENbHOCTD
IeficruTenbHuIX uncesa {x{"} dyHnaMeHTaNbHA H NOTOMY CXONHTCS.
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Tlonoxum x, = lim x{?, OGosnauum yepes x Moc/eI0BaTeNbHOCTh

n—»oo
(%1, X2, +.., Xg, ...). Hy}KHO nokasarb, 4TO:
o0 .
2 3
a) ;lxk<oo, T. e. x &1,
6) lim p (x*, x) =0.

n-»oo

Crnenaem aro. U3 nepaBencrea (1) caenyer, uro aas mo6oro GpuKcH-

poBanHoro M
M

k; (P — 2"y <e.

B 310/t cyMMe Tenepb TOJIbKO KOHEUHOE YHCJIO CJAaraeMbiX, 4 Mbl MO-
KeM, 3aHKCHPOBAB 1, NepelTH K mpenenay npu m — oo. [lonyuum

M
kz=:1 (¥ — %)’ <e.

3t10 paBeHCTBO BepHO mpH Jo6om M. BoccTaHoBHM GecKoHeUHbIM
psii, Nepexoas K npejenay npu M —» oo; nonaydaem

00
Z (P —xy<e (2)
oo =]

W3 cxoauMocT# psiioB k2=:1 (x)? u kz=:l (x{ — x,)? cnenyer cxomu-

oo
MOCTh psja ;;Z[ x2 (B cmay 3JieMeHTapHOro HepaBeHcTBa (a4 b)2<C

<< 2(a%4- b?)), T. e. yTBepKIAeHUHe a) AoKa3aHo. [lasee, Tak Kak e
MPOM3BOJILHO MaJsl, TO HepaBeHCTBO (2) o3Hauaer, uTo

fim p (x™, x) = lim ’\/ xn — x. )2 =0,
n—»oo P ( ) n—»oo k=1 ( k k)

T. €. (") —> x B MerpuKe l;. YTBepkaeHue 6) N0Ka3aHo.

8. Jlerko yGenutbcsi B ToMm, uto npocrpaHcrso Cqla, b] He moswo.
Paccmorpum, HampuMmep, NMOC/aeJ0BATENILHOCTL HENPEPHIBHBIX (yHK-
uuu

—1 mpup — 1<t — 1/n,
9, =4 nt npu —In<t<n,
1 npu In<<t< 1.

Ona d¢ynnamentaabHa B Cof—1, 1], Tak Kak
. .

{ @0 — om0 ar < ey

-1
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OnHaKO OHA HEe CXOAMTCA HH K KaKOH (YHKUHH H3 625—-1’ 1].
JleficTBUTENIBHO, NyCThb [ — HeKoTopas &yHKUHA u3 Cof{—1, 1] n $ —
paspuiBHasi Gynkuus, pasHass —I1 npu £ << Cu +1 mpu £ = 0.

B cuay uHTerpajbpHOro HepaBeHCTBAa MHHKOBCKOTo (CrpaBelJIH-
BOTO, OYEBH/IHO, H [JIf1 KYCOUHO-HENpephIBHHX GYHKUMUHA) HMeeM

1 s
( X (t)—xp(t))2dt) <
-1

Y

1 Yy 1
<( V() — o ) dt) + ( | 0.0 — v ) dt) :
-1 -1

B cuay HenpepsiBHOCTH GYHKUMM [ HHTerpaJ B JIeBOH YacTH OTJHYEH
ot nyas. Ilanee, scHO, 4TO

1
lim {0 () — 9 (P dt =0.
1

n-»oo _
!

IMostomy S(f () — 9, (1)) dt He MOXKeT CTPEMHTBCA K HYJIO NPH

- -1

= 00,
Yn pPaXHeEeHHE. I[oxaaa'rb, YTO NPOCTPAHCTBO BCE€X OrpPaHHYEHHBIX mnocJe-

nosaresbHOCTed (npumep 9 § 1) nosHo.

2. TeopeMa 0 BJOXeHHbIX Wapax. B aHanuse IWHPOKO HCHOJb-
ayeTcs TaK Ha3blBaeMasi JIeMMa O BJIOXXEHHBIX OTpe3Kax. B teopuwu
MeTpHYeCKHX IPOCTPAHCTB AHAJOTHYHYIO POJb Hrpaer cjeiylolias
TeopeMa, Ha3hBaeMas TeOopeMOH O BJOXEHHHX Wlapax.

Teopema 1. [aa roeo 4r06bl merpuueckoe npocTpancreo R
66110 noaxbim, Heobxo0umo u GocTarouHo, 4TobbL 8 Hem BCAKAR NO-
€2e008aTEALHOCTL BAONCEHHbIX Opye 8 Opyea 3aMKHYTbILX WApOs, pa-
Quycol KOTOPbIX CTPEMATCA K HYAIO, UMEAQ HEnycroe nepecedenue.

NoxaszarteabcTtBo. Heo6xoaumocts. Ilycts npocrpan-
c¢tBo R mosno u nyctb By, Bs, Bs, ...— nmocienoBaTeJbHOCTb BJO-
¥eHHBIX Jpyr B fApyra 3aMKHyThix wapos. Ilycts rn— panmyc,
a x, — ueHtp wapa By. [TocaengoBatensHocTh HEHTPOB {xn} dyHma-
MEHTaJbHA, NOCKOJIBbKY ((Xn,Xm)<<Tn IpH M >n, a r, - 0 mpu

n—> oo. Tak kak R nmoaso, to lim x, cymectsyer. [Tonoxum x =
n-»o

= lim x,; Torma x Eﬂ B, HdeiictBuTensHo, wap B, cogepxutr Bee
n-»oo n

TOYKH NOCJeAoBaTeNbHOCTH {Xz}, 3a HCK/IOYeHHeM, OLITL MOXKET, TO-
Y€K X, Xa, ..., Xn—1. TaKHM O6DPa30M, X SIBJSIETCS TOUKOH NMPHUKOCHO--
BeHHd 1715 Kaxjoro mwapa Bj,. Ho Tak kak B, — 3aMKHYTOe MHOXKe-
CTBO, TO X € B, 171 Bcex n.
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Hocratounocts. Ilyers {xn} — dpyHnnamenranpuas mocaeno-
BaTeJbHOCTb. JlOKaxkeM, 4TO OHa uMeeT npexena. B cuny ¢pyunamen-
TaJbHOCTH Mbl MOXKeM BbIOpaTh TaKylO TOUKY X, HaIlel 1ocJaenoBa-
TEJBHOCTH, 4TO P (Xn, Xn,) < 1/2 npu Bcex n == ny. IlpuMeM Touky x,
3a LEHTP 3aMKHyToro mapa paauyca l. O6osHayum 3TOT 1uap B;.
BriGepeM 3aTeM X,, u3 {X»} Tak, 4TO6BI ObIIO Ng => Ny U P (X, Xn,) <
<< 1/2%2 npu Bcex n = n,. HpuMeM TOUKY X,, 32 LEHTpP llapa pa-
nuyca 1/2 u o6o3nauum s3toT wmwap Bs. BooGuie, ecin TOYKH Xn,,
Xpyy +ovy Xn, YHE BHIGpaHbl (7 << fig < ... << 1), TO BHIOEPEM TOY-
Ky Xn,,, TakK, 4TOOBl GBUIO Mp+1 => N HP (Xn, Xn,, ) < 1/28+! mpn
BCEX N == Npi1, U OKPYXHM ee 3aMKHYTBIM IapoM Bpyy panuyca
1/2k. TlpomoJaxasi 3TO NOCTPOEHHE, MOJAYYHM IIOCAEI0BATEIbHOCTD
3aMKHYTHIX I1apoB B, BIOXEHHBIX APYT B Xpyra, npuHueM map Bp
uMeer paauyc 1/2*-1. dTa nocnenoBaTeNbHOCTb LIAPOB HMEET, TIO
NPEeANOJOXKeHHIO, 00LYI0 TOUKY; o6o3HauuM ee x. SIcHO, 4TO 3Ta
TOUKA X CJYXKHT TPeJieIoM TONNOCeI0BaTebHOCTH {¥,,}. Ho ecan
(¢yH1aMeHTaNbHAS IIOCJE0BATENbHOCTb CONEPKHUT CXOAAMIYIOCH K X
NOJNIOC/EI0BATEIbHOCTb, TO OHA caMa CXOMHTCS K TOMY JKe Npelesy.

Taxkum o6pasom, x = lim x,.
n-»ow
y NIpaXHEeHHu 4, 1. ﬂOKaaaTb, 4YTO TIepeceyeHHe 3aMKHYTBLIX BJIOXEHHBIX

1MapoB B NpeAbIAYIUel TeopeMe CBOAUTCS K OLHON TOUYKE.
2. Juamerpom MHOMKECTBA M B METPHYECKOM IPOCTPAHCTBE HA3BIBAETCsE
4HCIIOo

d(M)=_ SUP P (%, 9).

JokasaTtb, 4TO B NMOJHOM METDHYECKOM IIPOCTPAHCTBE BCSKAs NOC/IELOBATENbHOCTH
BNIOXKEHHBIX ADPYT B APYra HENMYCTHIX 3aMKHYTHIX MHOXECTB, LHaMeTPhl KOTODPHIX
CTPEMSITCH K HYJIO, HMEET HeNycTOe MepeceueHHe.

3. IlpuBecTn npuUMep MOJHOrO METPHYECKOTO NMPOCTPAHCTBA H NOC/EL0BATENb-
HOCTH BJIOXKEHHBIX ADYT B ApYra 3aMKHYTHIX 11apoB B HeM, HMeWlleli mMycToe
nepeceueHue.

4. IloxasaTb, 4TO NOANPOCTPAHCTBO NOJHOFO METPHYECKOrO npOCTpchma R
MO/IHO TOTZl@ H TONBLKO TOFAd, KOFAa OHO 3aMKHYTO B R.

3. Teopema Bbapa. B Teopun NONHBIX MeTPHYECKHX NPOCTPAHCTB
(GyHIaMeHTaNbHYIO POJb HTpaeT CJjelylollas TeopeMa.

Teopema 2 (bsp). lloanoe merpuneckoe npocrpancrso R ne
Moxcer 6biTo nPedcTasAeHo 8 8ude 00DeOUHEHUA CHETHO20 HUCAA HU~-
20e He NAOTHbLLX MHOXECTS.

II. okasaTteabctBo. IIpegnonoxnM nporusHoe. Ilycts R =

= U M,, rie Kaxpoe u3 MHoXecTB M, nurge He maotHo. Ilycte
n—_

8o — HEeKOTOpH 3aMKHYTHH wwap paanyca l. ITockoibKy MHOXKe-

¢TBO M;, 6YAyuH HuMrjie He IJOTHBIM, HE IVIOTHO B Sy, CYIIECTBYET

3aMKHYTBIl wap S; paauyca Menblne-1/2, Tako#t, uT0 S; < Sy H
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S, N M, = &. Tlockosnbky MHOXecTBo M He ma0THO B S|, 10 TO# Ke
ppHuHHe B WIape Sy COAEpkKHUTCA 3aMKHYThI 1ap S, pajauyca MeHb-
we 1/3, nast kKoroporo Sy (\ Mo =& u 1. x. Mbl nosyyaem mocie-
JI0BATEBbHOCTb BJIOXKEHHBIX APYr B Jpyra 3aMKHYTbIX WapoB {Sn},
pajiMyChl KOTOPbIX CTpeMsATCs K HyJIo, Npuuem Sp NM,=d.

e o]
B CHJIYy TeOpeMbl 1 nepecedeHune ﬂ Sn COoEP2KHUT HeKOTOpy}O TOU-
n=1

Ky x. OTa TOYKa M0 NOCTPOEHHIO He NMPHHAJJIEXHT HH ONHOMY H3
MHOXecTB M, cieoBaTeNbHO, X & U M, 1.e. R+~ U M,, B mpo-
n n

THBOPEYHH C MpPEANON0OXKeHHeM.,

B uacTHOCTH, 8CAKGe NOAHOE MeTpu4eckoe NPOCTPaHcT8o Gea
UBOAUPOBAHHBLX TOYEK HecueTHO. JleACTBHTENbHO, B TAKOM MpoO-
CTPAHCTBe KaXKJI0e MHOXECTBO, COAepxKalllee JHIIL OAHY TOYKY, HH-
riae He MJIOTHO.

4. Nonoaxuenue npoctpancrsa. Eciu mpocTpancTBo R He MOJHO,
TO €ro BCerja MOXKHO BKJIOYHTb HEKOTOPHIM (H, MO CYLLECTBY, €IHH-
CTBEHHBIM) CNocOoGOM B IOJIHOE NPOCTPaHCTBO.

Onpenenenune 2. Ilyctb R — MeTpuuecKoe NpPOCTPAHCTBO.
ITonHoe Merpuueckoe MPOCTPAHCTBO R* Ha3blBAGTCH NONOAHEHUEM
npoctpaHcTBa R, eciH:

1) R sBasiercsi NOANPOCTPAHCTBOM MPOCTpaHCcTBa R*;

2) R sciony miotHo B R*, 1. e. [R] = R*.

(3mech [R] o3Hauaer, ecTeCTBEHHO, 3aMblKaHHe NPOCTPaHCTBA R
B R*)

Hanpumep, npocTpaHCTBO BCceX AEHCTBHTENbHBIX YHCEN SIBJISETCS
TONOJIHEHHEM [IPOCTPAHCTBA PALHOHAJIBHBIX YHCEJ.

Teopewma 3. Kaxdoe merpuseckoe npocrpancréo R umeer no-
noaxexue, U 3TO NONOAHeHUe eOUHCTBEHHO ¢ TOYHOCTbIO 00 130MeT-
puu, octasasoueti HenodeuNCHoIMU TOUKY u3 R.

JokasartenbctBo. HauneM ¢ enumugcTBennocTu. Ham
HYXXHO [0Ka3aTb, 4YTO ecIH R* u R** — 1Ba NOMOJIHeHHS NPOCTpaH-
<¢TBa R, TO CyllecTByeT TaKoe B3aHMHO OJHO3HAuHOe OTOGpaXKeHH®
@ npoctpaHcTBa R* Ha R**, uro

1) @(x)= x nas Bcex x = R;

2) ecnu x* <> x* u y* <> y**, 10 p1(x* y*) = p2(x**, y**), r18
1 — paccrosHue B R*, a po— paccTtosiiue B R**.

OTtobpaxeHnne @ omnpefensieTcss ciaenyoomum o6pasom. Ilycts
X* — npousBoJbHasA Touka M3 R* Toraa, mo omnpenesneHuio MOmosHe-
HHUS CyLIeCTBYeT MOCJeA0BATENbHOCTb {Xn} TOUEK U3 R, cxopsmiasics
K x* Touku {x,} Bxomsar u B R**. Tak kak R** mosHo, To {¥n} cXo-
aurcs B R** K HekoTOpoH Touke x**. flcHo, uto x** He 3aBHCHUT OT
BHGOpa Moc/aefA0BaTEJbHOCTH {Xn}, cxomsmieiics B Touke x*. IToso-
KuM @ (x*) = x**. OTo6paKeHHe @ H eCTb HCKOMOE H30METpPHYECKOs
oTo6paxKeHue.
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JleHCTBHTEIBHO, NI0 MOCTPOEHHIO @ (X) = x AJs BCcex x & R. [la-
Jee, MycThb

{x.}—>x* B R* u {x,}—>x" B R™,
{vi}—y" 8 R* n {y}—>y™ B R™
TOrga B Cuay HereprBHOCTH paCCTQHHHH,
Py (%, 4= lim p; (x,, y,) = lim p (x,, y,)
n-»oo n-»o
H, aHAJOrH4yHo,

P2 (x**, ¥*™) = lim py (x,, ya) = lim o (x,, ya).
n-»oo n-»oo

ChrenoBaTesbHO, . -
pl(x ’ y)=p2(x Y )-

JlokaxeM Temepp CylleCTBOB aHHe nonoanenusi. Maes storo
JIOKa3aTeJbCTBA Ta Xe, YTO H B KaHTOPOBOH TEOPHH NEACTBHTE/b-
HbX yuces. [TosoxeHHe 3nech naxe Mpolle, YeM B TEOPHH JeHCTBH-
TeJbHBIX 4YHCeJ, TaK KaK TaM IJisi BHOBb BBOJHMBIX OGBEKTOB — M-
palHOHAJNbHBIX YHCes — TpebyeTcsl ellle ONpefednTh Bce apudmeru-
yecKue onepalHu.

ITycts R — npoH3BosibHOe MeTpHYecKOe mpocTpancrBo. Haszosem
IBe GyHIaMeHTaJbHbIE [10CTeA0BATENbHOCTH &n} u {x;} u3 R sksu-
BaseHTHbiMH (oGosnauenue {r }~{x;1), ecuu lrouop (% x,)=0.

HasBaHHe «3KBHBaJEHTHOCTb» ONPaBAaHO, MOCKOJbKY 3TO OTHOLIe-
Hue pedJieKcHuBHO, CUMMeTpHUHO H TpaH3uTuBHO. Orciofa cienyer,
4T0 BCe ¢yHAaMeHTaJbHble MOCTEeJ0BATENBHOCTH, KOTOpPble MOXHO
COCTaBHUTb M3 TOUEK MPOCTPaHCTBA R, pacnafaloTcs Ha KJIacChl 3KBH-
BaJIEHTHBIX MeX1y co6oi mocienoBaTeabHocTell. Onpenenum teneps
npoctpaHcTBo R*. 3a ero TOYKH MBI IPHMEM BCEBO3MOXKHbIE KJ1aCChl
3KBHBAJIEHTHBIX MeXAy co00# QyHAaMeHTaJbHBIX MOC/AeL0BaTeabHO-
CcTelf, a pacCTOsIHHe MeXAy HHMH 3aaiuM caelyiolliuM obGpasom.
ITycts x* w y* — mBa Takux Kjacca. BoiGepeM B KaXXAOM H3 3THX
KJ1acCOB IO OAHOMY MpeACTaBUTENIO, T. €. N0 HEKOTOPOH ¢yHAaMeH-
TaJbHOM MOC/EN0BATENbHOCTH {Xn) H {yn}. [TonmoxuM )

e (", y)= lim o (x,, ya). (3)

JloKaxeM KOpPpPeKTHOCTb 3TOTO OnpejeseHUsl PACCTOSIHHS, T. €.
NOKaxeM, 4yro npezen (3) CylleCTByeT H He 3aBHCHT OT BhiGopa
npejcrasuTeneil {xn} & x* u {y»} = y*.

B cuay HepaBeHCTBa

10 En ) — 0 Ky Yu) | <0 (Ks %) 4 0 Yo Yrm) (4)

1) Yro6m He YCAOKHATH 3alHChb Mbl 0603HayaeM pacctosuHe, B R* TeM ke
CHMBOJIOM P, YTO M PAacCTOSIHHE B HCXOJHOM mpocTpaHcTse R.
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fnoJiyuaeM, 4To A5 BCeX NOCTATOYHO 6osibIux n 1 m

10 (Xns Yn) — 0 (Xms Ym) [ <0e,

TaK Kak MocielloBaTeabHOCTH {Xn} U {yn} ¢>yHuameH'ra.anue
Takum 06pa3oM, NOCNENOBAaTeNbHOCTb AEACTBHTENbHBIX HHCEN
Sn = p(¥n, Yn) yHoBIeTBOpsieT KpuTepuio Kolu H, cjefoBaTeabHO,
HMeeT TIpejedt.
AToT mpefen He 3aBUCHT OT BhiGopa {xn} & x* u {y»} = y*. Hei-
CTBHUTENbHO, MYCTh

A R A R L VA R VAL
"BrlK/iajKa, B TOYHOCTH aHaJoruyHas (4), paert
|0 (5 9a) =0 (0 9) | S 0 (% %) 0 (90 81)-
Tockoneky {x,}~{x;} u {y,}~{y,}, orciona crenyer, uro
Jim o (x,, y,)= lim p (. y).

JlokaxeM Tenepb, 4TO B R* BbiIOJHEHBl aKCHOMBI METPHYECKOrO
IpOCTPAHCTBA.

Axcuoma 1) HenmocpeiCTBEHHO BBITEKAeT W3 ONpefleJeHHs] 3KBH-
BaJeHTHOCTH QyHJaMeHTaJbHBIX NIOC/Ie0BaTe/bHOCTEH.

Axcuoma 2) ouyeBHaHA.

ITpoBepuM Temepb aKCHOMY TpPeyroJbHHKa. Tak Kak B UCXOLHOM
npoctpaHctBe R akcHoMa TPeyroJbHHKAa BBHINOJHEHa, TO

P (Xns 20) < (Xn, Yn) + 0 (Yns 20)-
Ilepexoas x mpeneny npu n—>» 0o, MoJy4yaeM
lim p (x,, 2,) << lim p (x4, y,) + lim p (y,, 2,),
n->»oo n-»oo

n-»e
T. €,

p(x*, 2)<p (X", ¥°) + 0 (4", 2°).

IokamxeMm Tenepb, yTo R MOXHO paccMaTpuBaTh Kak IOAINpO-
CTPaHCTBO NpocTpaHcTBa R*.

Kaxno#l Touke x & R oTBeuaeT HEKOTOPHIH KJaCC 3KBHBaJEHT-
HBIX (yHIaMeHTaJbHHIX IOCJeJ0BaTeNbHOCTEH, HMEHHO, COBOKYII-
HOCTb BCEX IIOCJAEJIOBATENbHOCTEH, CXOAAIIMXCH K TOYyKe X. ITOT
KJIacC HENyCT, MOCKOJBbKY OH CONEPXKHT CTalHOHAapHYIO NOCJel0Ba-
TeJbHOCTh, BCE UJeHbl KOTOpO# paBHH x. IIpu atom, ecan x= lim x,
H y==lim y,, TO n>co

n->o .
P(x, y) = lim p(xm yn)
n->c

CuenoBaTteabHO, COOTHECS KaxXJo# Touke X & R knacc x* cxonusi-
wuxcs K Hell pyHIaMeHTaAbHBIX OCJAEN0BATEIbHOCTEH, ME H30MET-
pHueckH oro6pasum R B npoctpaHcTBo R*. B nanbHefimeM MEbl
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MCXKEM He pasjHyaTb caMO NpocTpaHCTBO R u ero o6pas B R* y
paccMaTtpHBaTh R KakK MOANPOCTPAHCTBO B R*,

[loxaxem Tenepsb, yto R BCclogy MJIOTHO B R*. [JleficTBHUTeMbHO,
nycTb x* — HekoTOpasa Touka u3 R* u e > 0 mpousBoasHO. BriGe-
peM B x* nmpeJcTaBuTess, T. €. HEKOTOPYIO PyHAAMEHTaNbHYIO NOC/e-
J0BaTeNBHOCTD {x,}. [IycTb N TakoBo, 4TO p(Xp, Xm) << & 45 BCeX
n,m> N. Torna umeem

p(xm x*)= lim p(xm xm)<8
m-—>»oo

npu n > N, T. e. IPOH3BONbHAS OKPECTHOCTb TOUKH X* COAEPKHT He-
Kotopyio Touky u3 R. Takum o6pasoM, 3ambikanve R B R* ectb
BCce R*.

Ocraerca mokasaTp moOJHOTY R*. 3aMerum, mpexje BCero, 4to
no noctpoenuio R* mobGas dyHmameHTasbHas MOCAEA0BATENbHOCTD
X1, X2, ..., Xn, ... TOYEK M3 R cxomuTca B R* K HeKOTOpO#d ToOUKe,
a MMeHHO, K TOYKe x* & R* onpenensemofi camMoii 3Toil mocaenoBa-
TenbHOCTbIO. flasee, Tak Kak R njoTHo B R*, To aas jo6ol dyuaa-
MeHTa/bHOMN MOC/IeI0BATeJNbHOCTH Xj, X5, ..., X, ... TOueK H3 R*
MOKHO IIOCTPOHTb 3KBHBAJEHTHYIO edl I0CJAe10BaTENbHOCTD X1, X, . . .
...y Xn, ... TOueK u3 R. 1151 3TOro 10CTaTOYHO B KaueCTBE X, B3ATb
mo6yio Touky M3 R, Takylo, uto o (x,, x,) < 1/n. TocTpoennas mo-
caegoBaTenbHoOCTh {X»} dyHnaMentanpHa B R H, mo onpepeneHuio,
CXOOUTCS K HeKoTopoii Touke x* & R* Ho Torpa x x* cxogurcs u
noc/e0BaTeNbHOCTb {X,}. :

§ 4. NpuHuUN CXKHMAIOIMHX OTOOPaXKeHHH
H ero NnPHMeHEeHHs

1. NMpuHuMn cxumawomux oto6paxennii. Psaa Bonpocos, cBsizaH-
HBIX C CYIIeCTBOBAHHEM H eJHHCTBEHHOCTHIO pelleHMHA YypaBHeHHIH
TOrO MJM HHOrO THHa (Hanpumep, AuddepeHIUaNbHBIX ypaBHEHH),
MOKHO ¢()OPMYHpOBAThL B BHJE BONpOCa O CYLIECTBOBAHHH H €HH-
CTBEHHOCTH HETOABMKHOH TOUKH IIPH HEKOTOPOM OTOOpPaXKEeHHH CO-.
OTBETCTBYIOLIETO METPHUECKOro IpocTpaHcTBa B cebs. Cpenm pas-
JIMYHBIX KPUTEPHEB CYLECTBOBAHHA H eAMHCTBEHHOCTH HEMOABHKHON
TOUKH IPH TAKOro pofia OoToOpaxKeHHAX OAUH H3 NPOCTEeHIIHX H B
TO K€ BpeMs HauboJsee BaXKHHX — TakK Ha3BIBaeMBIH npuHyun cocu-
marouyux orobpaxcerud.

ITycte R — meTpuueckoe mpocrpadcrso. OroGpaxkenue A mnpo-
cTpaHcTBa R B ceGa Ha3bIBaeTCS CoCuUMaroujum 0TOOpajNternuem, uiu
KOopoue, CHQaTuem, eClH CYILeCTBYeT TakKoe 4ucao « << 1, 4To anas
JIOGBIX IBYX TOYeK X, Y & R BHIIOJHSETCS HEPaBeHCTBO

p(Ax, Ay) < ap (x, ). )
Besikoe cxkHMalomee oto6paxenue HenpepbiBHO. [leficTBuTeNbHO,
€€IH Xn —>X, T0 B cuaty (1) u Axn—> Ax.
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Touka x Ha3biBaeTcs HenoOBuxHoU TO4KOl oToGpaxeHus A,
ecai Ax = x. Haue roBops, HENMOABHXKHblE TOUKH — 3TO pPeIUEHHS
ypaBHeHHa Ax = x.

Teopema | (IIpuHumun cXHMaloOIMHX oTo6Gpaxe-
u i), Beakoe cocumaroujee orobpasicenue, onpedesentoe 8 NOAHOM
MeTpuvecKom npocrpaxcrae R, umeer 00HYy u TOALKO OOHYy Heno-
OBUINCHYIO TOUKY.

HdokasarteabctBo. IlyeTh xo— npousBosibHasi Toyka B R.
TlonoxuM x; = Axy, X3 = Ax;=A%xy u 1. 4., BOOOLE, Xp,=—
= Axn_l = A"xo.

IlokaxkeM, YTO TOC/IEJOBATENBHOCTL {Xn} GdyHAaMeHTa bHASA.
JeficTBUTENBHO, CYHTAST [JIs ONPENeNeHHOCTH M == n, HMeeM

0 (X4, Xm) = p (A9, A™x0) < @"p (Xg, Xm—p) <<
<o {p(xo, x)F o, )+ oo 0 EKmenmts Xm—n)} <
n _ 1
<ap(xo, x){l +at o+ ... Foem <ot (xo, X)) 75 -

Tak kax o < |, To Ipu AOCTAaTOYHO GOJBIIOM 7 3Ta BeJIHYHHA CKOJb
yroaHo Mana. B cuiy nosnoTel R nociefoBaTebHOCTb {Xn}, Gyxyun
<¢yHraMeHTanbHOH, uMeeT npeaen. Ilomoxum

x= lim x,.
n-»oo

Torna B cuay HenpepriBHOCTH oTOGpaxKenus A

Ax=A lim x,= lim Ax,= lim x,;;=1x.
n=» oo n-» oo n-» oo

Urak, cylmecTBOBAaHHe HENOABUKHON TOUKH Aokasauo. [o-
KaxXeM ee e JHHCTBEeHHOCTbh. Ecn

Ax=x, Ay=y,
TO HepaBeHCTBO (1) mpHHHMMaeT BHJ
p(x, y)<Sap(x, y);
TaK Kak a << 1, oTCloia ciaemyer, yto
p(x, y)=0, T.e. x=y.
Ynpaxuenune IlokasaTe Ha npuMepe, uTo oTo6paxeHHe A, yHOBIETBO-
patomee yeaoBuio p(Ax, Ay) << p(x, y) nas Bcex X 5% y, MOXKET He HMETb HH Of-

HOH HEMOABHXXHOH TOYKH.

2. TpocTediline NPUMEHEHHS NPHHUMNA CKHUMAIOMHX OTOGpaKe-
Hui. [IpHHIHD CKHMAIOUIMX OTOGpaXKEeHHH MOXKHO TPHMEHSTh K J0-
Ka3aTe/bCTBY TEOPEM CYyLIEeCTBOBAHHS H €IHHCTBEHHOCTH peIleHHiH
AJsi ypaBHeHHH pasiuyHbiX THHOB. [loMuMo noKasaTenbcTBa cylile-
CTBOBaHHS H €IHHCTBEHHOCTH pelleHHs ypaBHeHus] AX = X, IPHHIHI
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CXHMAIOILHX OTOGpaxeHHH faeT H GaKTHUECKHH MeTOH MPHOJIHKeH-
HOTO HAaxXOXJEHHS 3TOro pellleHUs (MeTOJQ NMOCJAEfOBAaTEJb-
Hb X NpHOJHXeHHH). PaccMOTpHM ciefylOluHe TPOCThlE MpPH-
Mephl.

1. ITycrs f — Qyukuus, KoTopas onpefeiieHa Ha cerMenTe [a, b],
YAOBJIETBOPSieT yCJa0BHIO JInnumnia

[ fxe) — F NS K] xg— x|,

¢ koucrautoii K << 1 u otoGpaxaer cerMenr {a, b] B ce6a. Torna f
€CThb CKHMamouee oToOpaXeHHe H, COrJIaCHO /0Ka3aHHOH TeopeMe,
NOCJIelOBATeJAbHOCTD Xo, X1 = f(%0), %= f(xy), ... cxomurcs K
eIHHCTBEHHOMY KODHIO ypaBHeHHs X = [(X).

B 4acTHOCTH, yC/IOBHE CXHMaeMOCTH BHINIOJIHEHO, eC/IH QYHKUHS
uMeer Ha cerMente [a, b] mpoussoanywo f'(x), npuuem |f'(x)|<<
<K<l

Ha puc. 9 u 10 uso6paxen xoA mocjaeaoBaTeJbHHX NMpHOJHKE-
uui B cayuae 0 < f/(x) << 1 u B caiyvae —1 < f'(x) < 0.

r4 5 14 /,"c'
5 ¥ 3 y
fla)
£
&
I ’ 1) Lt %
I I / H': i
f(d 1] | | ||'| |
=0 a i
PLp o | (N :
Py 1t Il
0 ezzmz,z oz b ox o ez, zzETz, O 2
Puc. 9 Puc. 10

Ilycts Temepps MBI HMMeeM feJio ¢ ypasHeHHeM Buaa F(x)=0,
npuyeM F(a) <0, F(b)>0u 0 < K, < F'(x) < K; ua [a, b]. Bse-
neM ¢yHKUH©O f(x) == x — AF(x) u GyleM HCKaTh pelieHHE ypaBHe-
Hua x = f(x), paBHOCHJIbHOrO YypaBHeHHIO F(x)==0 npu A5=0.
Tak kKaKk f'(x)=1—AF'(x), T0 | =AM < (x) <1 —AK, H He-
TPYAHO TMoA0GpaTh YHCJIO A TaK, 4TOOB MOXHO OblJIO AeficTBOBATHL
MeTOJO0M MOCJeJOBaTeNbHBIX NPUOIHKEeHHHA. DTO — pacnpocTpaHeH-
HBIA MeTOJ OTBICKAHHSl KODHS.

2. Paccmorpum oto6paxenne A n-mepHoro npocTpaHcTaa B ce6d,
3ajlaBaeMoe CHCTeMOH JIMHEeHHKX ypaBHEHHH

n
y¢=]2la”x,+b, (i=1, 2, ooy n).
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Ecan A ecTb cxKaTHe, TO MBI MOXeM NPHMEHHTh METOX NOCJIENO-
‘BaTeJbHBIX NPHOJMIKEHHA K pellieHHI0 YpaBHeHus: X = AxX.

IIpn Kakux xKe ycaoBusax otobpaxenne A Gymer cxkatuem? Or-
BET Ha 3TOT BONPOC 3aBHCHT OT BHI6OpAa METPHKH B NpPOCTPAHCTBE.
PaccMoTpuM TpH BapHaHTa.

a) Mpocrpancrso Rw, T. €. p(x, y)= max |x; —y; };

\l\n
P, ¥y =max|y; —yf |=max| X a, (xj— )| <

max2|a””x --x] maxZ‘a”[max‘x,—x |=

= (max 2 lay 1) 0", %)
1
.OTClOIIa YCJI0BHE CXKHMAaeMOCTH
c n

i;|aul<a<l, i=1,..., n 2

6) Ilpoctpancteo RY, T. e. p(x, ’y)=i§i:,llxi—yi H
Py =24~ y£’|=Z|Z a,, (x;— x
' ZZI“;H" —xf (maxZIa”])p(x x")

OTciona yCJ0BHE CXKHMAaeMOCTH

Llayl<a<l, j=1,..., n 3)

n )
B) IIpocTpancteo R”, T.e. p(x, y)= Y. (x; — y.)%. Ha ocuo-
i=l
Banuyn HepapeHcTBa Kourn — ByHAKOBCKOTO nMeem

02 (', y")—Z(Z a,(x]—x )) <(Zzaf,)p (x", x").

Orciona YyCJA0BHE C2)KHMAE€MOCTH

2
xYaysae<l (4)
i ]
Takum o6pa3oM, ecsin BHINOJHEHO XOTSi Obl OJHO H3 YCJOBHI !)
(2)—(4), To cyuIeCTBYeT OJiHA H TOJbKO OfHA TOUYKA (X1, X2,..., Xn)
1) B uactHOCTH, H3 J1060TO H3 YCJaOBHA (2)—(4) BHTEKaET, 4TO
an—] aja veoe Qin

a; azg'-"l ves Qop =+ 0,

an apa ves Qga—1
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n
TaKas, 4To X;= ) a;;%; -+ b;, npuyeM noc/enoBaTeNbHble MPUG/IH-
i=l

KEHHA K 3TOMY pEHIEHHIO HMEIOT BH]I

X0 = (0, x, ..., @),
D=, 2, .., xD),
o0 — (x(lk)., x®, .X‘n’;’)»'
e S
X = ,.—-Zn a“x;k—l) +b,
a B kauectBe x@ = (x{, .., xﬁ?)) MOXKHO B3ATb JI06YI0 TOUKYy U3 R™.

Kaxnoe u3 ycaoBuit (2)—(4) R0CTaTOUYHO AJA TOrO, YTOGH
oroGpaxenne y = Ax 6bl10 cKaTHeM. OTHOCHTENbHO YCaOBHE (2)
" (3) MOXHO 6blI0 Obl J0Ka3aTb, YTO OHH U HEeO G XO UM bl 1175
TOro, YyToOBl oTOGpaxenune y = Ax GblJ0 cXKaTHeM (B CMHCJE MeT-
PHK a) HJAH 6) COOTBETCTBEHHO).

Hu onno u3 ycnosuil (2)—(4) He HEOGXOAHMO AJS HPHUMEHHMO-
CTH MeTOJa MOCJAeN0BATEIbHEIX MPUOIMKEHH.

Ecnu |a;;| << 1/n, 10 BCEe TpH yca0BHA (2)—(4) BHINOJHEHBI H
MeTOJ NOCAEJ0BATENbHBIX NPUOJIHKEHHH 3aBeJOMO IIPHMEHHM.

Ecnu |ai;| = 1/n, To uu omHo u3 ycaosuil (2)—(4) He BbIIOJ-
HeHo.

3. Teopembl Cyl1€CTBOBAHHA H €AHHCTBEHHOCTH AJds Auddepen-
LHAJbHBIX YpaBHeHHH. B npenpiaymeM nyHKTe OblIH JaHbl JBa Npo-
cTeflUMX NpuMepa NPUMEHEHHA NPHHUHIA CXUMAOWHX OTO6Gpaxe-
HHI B OTHOMEPHOM H B n-MepHOM mpocTpaHcTBax. OfHako Haubosee
CylleCTBEHHBl /51 aHaju3a NPUMeHeHHs 3TOro NpHHUMNA B 6ecKo-
HeYyHOMepHbIX (YHKIHOHAJABHBIX NpocTpaHcTBaX. Ceffyac Mbl moKa-
JKeM, KaK C ero NoMollbl0 MOXKHO NOJYYHTb TeOpeMbl CYLIEeCTBOBa-
HHUSl ¥ €IHHCTBEHHOCTH pelleHHs AJNS HEKOTOPBIX THNOB AH(pdepeH-
LHAJbHBIX U UHTErPaJbHBIX YpaBHEHHH.

1. 3anaua Kowwu. Ilycts naHo auddepeHunasbHoe ypaBHe-
HUe

dy _
it AN N (5)
C HayaJbHbIM YCJIOBHEM
Y (x0) = Yo, ()]

npudyeM OYHKIHA [ onpeneneHa ¥ HempepblBHA B HEKOTOPOH ILIO-
ckofl obsnactu G, comepKallefl TOYKy (Xo, Yo), U YAOBJETBOPSieT B
aTON 06/1aCTH YCa0BHIO JIMNuLa no y:

If(x:yl)—f(xr !/2)[<M|y1_y2|-
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JlokaxkeM, uTo TOrga Ha HEKOTOPOM cerMeHTe |x — xo|<<d cy-
IECTBYET, H NPHTOM TOJBKO OJHO, pelleHHe y = @(x) ypaBHEHHA
(5), ynoBieTBopsioliee HayajbHOMY YyciaoBHio (6) (teopema ITu-
Kapa).

YpaBHeHue (D) BMecCTe ¢ Haya/bHbBIM yciaoBHeM (6) 3KBHBaJeHT-

HO HHTErpaJbHOMY ypaBHEHHIO :
x

oW =g+ {F(t o®)at. 7)

Xn

B cuay HenpepuiBHOCTH GyHKUHH [ uMeeM |f(x, y)|<< K B Hekoro-
poi o6nactn G’ < G, colepxalielt TOUKy (xo, Yo). [lonGepem d > 0
TaK, YTOGB! BBINOJIHSIUCh YCAOBUS:

1) (x,9)e G, ecnu |x— x| < d, |y — yo| < Kd;

9) Md < 1.

OGo3nauuM uepe3 C* NMpOCTPAHCTBO HENpPEpHIBHBIX (GYHKIUH @,
onpeleseHHBIX Ha cerMeHTe |x—x|<<d u Ttakux, uto |@(X)—
— Yol < Kd, ¢ metpuxoit ¢ (@1, @) =max| g, (x) — ¢, (x) |

TIpocrpanctBo C* mosHO, Tak KaK OHO SIBJISIETCS] 3aMKHYTHIM 110J1-
IPOCTPAHCTBOM IIOJHOTO MPOCTPAHCTBA BCEX HENMPEPHLIBHBIX QYHKIHIH
Ha [xo — d, %o+ d}). Paccmorpum orobpaxeunne P = A, onpeneinse-
Moe GopMyJIoH

x
W)=+ | Ft, o),
*o
rae |x—xo| << d. 3to oro6paxkKeHHe NEePEeBOAHT MOJHOE NPOCTPaHs
crBo C* B ceGa W siBasieTcst B HeM cxKatueM. JleHCTBUTENBHO, NYCTh
peC* |x—x| < d. Torna
x

{F e o@at

X

[H () — gol= <Kd

H, creposareabo, A (C*) < C*. Kpome Toro,
x

o () — 0 1< §17 6 @0 0) = F (8, ) 1t <

< Md max| g, () — @2 (%) |.

Tak kak Md << 1, to A — cxkarue.

Orciona BHITEKaeT, uTo ypaBHeHHe ¢ = A (r. e. ypaBHeuue (7))
WMeeT OJIHO W TOJBKO ONHO pellleHHe B mpocTpaHcTBe C*,

2. 3anauva Kowu gaa cucrembl ypaBueunufi. Ilycrs
naHa cucrema auddepeHlHANbHEIX YpaBHEHUH

oW=fFe®, ..., 0,®) i=12...,n (8)
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C Ha4YaJbHbIMH YCJOBHAMH

q)i(xﬁ)=y0i» i=l, 2’ saey, T, (9)
npudeM QYHKUHH f; onpefieserbl  HENPEPLIBHBI B HEKOTOPOH 06.ia-
cti G npocrpanctsa R»t:, comepkamed TOuky (Xo, Yo, --.» Yon),
H yIOBJETBOPAIOT YCJAOBHIO JIUNuuKLa

1 Y —— F. ( 1
[FoCe g, o 0 = FCe o2, -y ) [ <SM max [ — g2,

IlokaxeM, 4TO TOr1a Ha HEKOTOPOM cermeHte |Xx — xo|<<d cy-
ILeCTBYET OJIHO H TOJIbKO OJIHO pelileHHe HayaJbHOH 3aiaun (8), (9),
T. € OlHAa U TOJIbKO OJHA cHCTeMa QYHKUHHA @;, YAOBIETBOPAIOILHX
ypaBueHusaM (8) u HavanbHBIM ycaoBuaMm (9).

Cucrema (8) BMecTe ¢ HauaJbHBLIMH YCJIOBHAMH (9) 3KBHBaJsIeHT-
Ha CHCTeMe HHTerpaJjbHbIX ypaBHEHHH

X

P; (x)=y0i+ Sft(t, U] (t)’ reey (pn(t))dt, i= l, ceey I (10)
Xn

B cuay HenpepbIBHOCTH GYHKUHH f; OrpaHHYEHH B HEKOTOPOH 06-
nactu G’ < G, comepxaiued TOUKY (Xo, Yoi, - .., Yon), T. €. Cyllie-
cTByeT Takoe nocrosiuHoe uucao K, uto |fi(x, yi, ..., yn) | < K.

[TonGepem d > 0 TakK, uTOGH! BBINOJHAIHCH YCAOBHSA:
X l{ (x, /JOREER y")E le eCJyId Ix—x0|\<~ d; Iy‘l_y01|< Kd;
i=1,...,n

2) Md < 1.

Paccmorpum npocrpancrso Cr, aeMeHTaMH KOTOPOTO SIBJASIOTCS
Habopbl @ = (P, ..., Pn) H3 n OYHKUHH, ONpelleseHHBX H Hempe-
PBIBHBIX NPH ‘x— xo| < d, u Takux, uto |pi(x¥)—yo:) << Kd. Onpe-

IeJiuM MeTpHKy dopmysof
P (P, ¥) =max| g (x) — : (x) |

BsenenHoe mpoctpanctBo moano. OroGparcenne P = Ag, 3ana-
BaeMoe CHCTEMOH paBeHCTB
X

Y=g+ (Tt @0 .., (O at,

%o

eCcTb CKHMarollee oTo6paKeHHe NoaHOro npocrpanctsa Cp B cebs.
HeficTBuTeNbHO,

¥ () — 9 () =

= ([ o @, s @)= F (8 0RO, -, oD ()]t

Xy
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H, Ce10BATEJAbHO,

max | iV (x) — P (x) | < Md max | ¢f" (x) — o (x) |-
X, i x i

Oto6paxenne A — cxxumaioutee, nockovieky Md << 1. |

OTciofia BbITEKaeT, YTO ONepaTOpPHOe ypaBHeHHe ¢ = A HMeeT
OJIHO M TOJIbKO OJHO pellieHHe B mpoctpaHnctee Cr.

4. MpAMeHeHHe NPHHUHNA CHHMAKOIKUX O0TOGpa)KeHUl K HHTe-
rpajibHbIM ypaBHEHHAM.

l. YpaBHenusa ®pearoaoma, IlpumeHuM temeph Meron
CXMUMAWUIHX OTOGpaXKeHHH O/ 10Ka3aTelbCTBA CYLLeCTBOBAHHS H
eIUHCTBEHHOCTH PelIeHHs HEOJHOPOAHOrO JIMHEHHOTo HHTErpasjbHO-
roypasHeHuss PpearosbMa BTOPoro poaa, T. €. ypaBHEHHS

b
F=2{K @ )@ dy+ow, (11)

rae K (Tak HaspiBaeMoe 20p0) u @ CyTb AaHHble QYHKIHH, [ — HCKO-
Masi GyHKIHA, a A — POH3BOJIbHBIA MapaMeTp.

Mbl yBHAHM, YTO Hall MeTOJ NPUMEHHM JIHLIb NMPH AOCTATOYHO
MaJsIblX 3HAaYeHHAX napameTpa A.

IMpennonoxuM, uto K(x, y) v @(x) HenpepbiBHBI NpH @ << ¥ << b,
a<<y<<b u, caenosartenso, |K(x, y) | << M. Paccmorpum oTtoGpa-
xkenwe g = Af noauoro npocrpancra Cla, b] B ce6s, 3anaBaemoe
dopmyJon

b
g@=2{K(x 9l @dy+ow.

a

Vimeem

P (g1, &) =max| g (x) — & *) | <IA| M (b— a)max | f; (x) — f, (x) I.

1
CaenoBatesibHo, npu A < ME=2a) otobpaxenue A — cxXuMmalonlee,
U3 npunupna cxuMarmomux oroOpaxkeHHil 3ak/aouaeM, YTO s
1
BcsKoro A ¢ | A| <m ypaBHeHue PpenrosbMa HMeeT euH-

CTBeHHOE HempepbiBHOE pewenne. [TocaenoBaTesbHble NPHOAHKEHHS
K 9TOMY peluieHHo fo, 1, ..., fn, . .. HMEIOT BHA

b
Fo =2 { K (5, 9) foms () dy + 0 (1),

a

rie B Kauectse fo(X) MOMKHO B35Thb /IOGYI0 HENPepPHBHYIO QYHKIHIO.



82 METPHYECKHE M TOTIOJIOTUYECKHUE NMPOCTPAHCTBA [TJL 11

2. HennHellHple HHTerpaJdbHble YPaBHeHHU A IlpuH-
IUT CXKUMAWILUHUX OTOOpaKeHHH MOXKHO NMPHMEHUTb H K HeJHHe f-
HOMYHHTEerpaJdbHOMY ypaBHEeHHIO BULA

b

FO =2\ K 45 F@)dy+ o), (12)

a

riae K u @ HenpepbiBHbLL H, KpoMe TOro, A1p0 K yIOB/JIETBOPSET YCIO~
Buio JIumumunna mo ceoeMy «QYHKIHOHATBHOMY» apryMeHTY:

[K(x, y; 2) — K (x, y; 2) IS M| 2, — 2.

B sToM cayuae masi oroGpaxenus g = Af nosHoro mpocTpaHcTBa
Cla, b] B ce6s, sagannoro dopmynoi
b

g() =2 K 45 F)dy+ o, (13)

a
HMeeT MeCTO HepaBeHCTBO
max| g (x) — g (x) || A M (b — a) max| f; (x) — fa(x) |,

1
rae g1 = Af1, g2 = Af.. CnenoBatesnbHo, npu | A | <-M—(b~_——a—)- 0TO~
6paxenne A GyeT C:KUMAIOUIHM.
3. YpaBuenus Bouabreppa. PaccMmorpum, HakoHel, HHTe-

rpanpHoe ypaBHeHHe Tuna BoanTeppa

Fo =2 K 9 f@dy+ow. (14)

a

3nech, B OTAHuHe OT ypaBHeHuil Ppeiaronbma, BepxHHUE mnipeje B
HHTerpaJje -— nepeMenHas BeJHuHHa X. PopMaJabHO 3TO ypaBHeHHE
MOXHO PacCMaTpHBaTh KaK yacTHbIH cayuall ypaBHeHus:t Ppenrosib-
Mma, noonpenenus byukuuio K paBencrBoM: K(x, y)= 0 npu y > x.

Onuako B cayuae HHTerpajJbHOro vpaBHeHuss ®penrosbma MHl
6bla11 BHIHYXK/IeHbl OTPAHHYHMTLCS MaJbIMH 3HAUEHHAMH NapaMerpa A,
a K ypaBHeHUsM BoJbTeppa NpPHHUHI CXHMAIOWIHX OTOGDaXKeHHI
(1 Merox moc/eOBaTebHBIX NMPUOMHMKEHUH) NPUMEHHM INpH BCeX
3HayeHuax A. TouHee, peub uaer o ciaenymolieM 0606IIEHHH TIPHHIH=
na CXKUMawILUX 0TOGpaxKeHU .

ITycre A — rakoe HenpepvisrHoe 0TOOpAdCEHle NOAHO2O METPUYE-
cko20 npocrpancTea R 8 ceba, 4To HekoTopas e2o creneny B = An
ABARETCA CHQATUEM; T020a YypasHeHue

Ax=x

umeer 00HO U TOABKO 00HO peuleHue.
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JleficTBHTE/NIbHO, NYCTh ¥ — HEMOJABHXHAs TOYKa oToGpaxenus B,
1. . Bx = x. MmeeMm:

Ax = AB*x = B*Ax = B*xy—>x (k—> o),

n60 oro6paxeHue B — cxXumaiouiee, a MOTOMY IMOCJAel0BATEIbHOCTD

Bxo, B2xo, B3xy, ... BAf M06Oro xp & R CXOAMTCH K HEMOABHKHOMN
TouKe x oToOpaxeHus B. CnenosarenbHoO,
Ax=1x.

Sra HeMmOABHMXHAS TOUKA eAHHCTBEHHA, NMOCKOJBKY BCSIKAasl TOY-
Ka, HENOJBHMIKHAS OTHOCHTEJNbHO A, HelOABHXHA ¥ OTHOCHTEJbHO
cxuMalouiero oro6paxenuss A”, pJs KOTOPOro HEMOABHMKHAS TOYKA
MOXeT ObITh TOJBKO OJHA.

[Tokaxem Tenepb, UTO HEKOTOpasi CTeleHb OTOOPaXKEeHHS

X
A =2{K@x @ ay+o®

a

apasiercs: cxkaruem. Ilycts f; u f, — ABe HempepbiBHBIE QYHKIHMH HA
otpeske [a, b]. Torna

X
LAf () — Ay () =1 21| { K (5, ) (i (9) — Fa () dy | <

a

<A M (x — a) max| f; (x) — fo(x) |
3necy M==max| K (x, y)|. Orclona
| A%, (1) — A%, 00) [ <[ 2 e M2 B2 max [ £ () — () |

H, BooOlie,
—al? —
|4 (1) — A () < AP M B < v L2
rae m=max|f (x) —f>(x)!.
[Ipn smoGoM 3HAUEeHHH A YHCJIO £ MOXKHO BHIOPAaTb HACTONbLKO

G0JbIUIUM, UTO
[AI" M™ (b — )"

n!

<l

Torna oroGpaxenne An Gyner cxkartueM. Mrak, ypaBHeHue Boub-
Teppa (14) nmpu J060M A uMeeT pelleHHe, U MPUTOM €IHHCTBEHHOE,

§ 5. Tonosoruyeckne mpocTpaHCTBa

1. Onpenesenne ¥ NpUMepPbl TOMOJOTHIECKUX MPOCTPAHCTB.
OcHOBHbIE OHSATHS TEOPUH METPUYECKUX NPOCTPaHCTB (IpenesbHas
TOYKAa, TOYKAa NPHKOCHOBEHHS, 3aMbIKAHHE MHOXKECTBA M T. A.) MH
BBOJIMJ/H, ONMMPASCh HA MOHSTHE OKPECTHOCTH HJIH, YTO, IO CYUIeCTBY,
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TO XKe caMoOe, HA NOHATHE OTKPHTOIO MHOXeCTBa. JTH TNOCIEIHHe
MOHATHA (OKPECTHOCTb, OTKPHITOE MHOXECTBO) B CBOIO OUepelb omn-
pelesisaHCh C TIOMOILIbIO MeTpPHKH, 3aJaHHOH B pPacCMaTpHBAaeMOM
npocrpancTBe. MoXHO, OAHAKO, cTaTh Ha APYrofl MyTb H, He BBOAA
B laHHOM MHOXecTBe R MeTpHKY, HEeNOCPeACTBEHHO ONpeNeNHTh B R’
CHCTeMY OTKPBHITHIX MHOXECTB TNOCPEACTBOM aKCHOM. IJTOT NYTh,
ofecneynBas 3HaYHTeNbHO GOJAbUIYI0 CBOGOAY REACTBHMA, NPHBOAUT
HAC K TONOAO2UHECKUM NpPOCTPAHCTEAM, TIO OTHOUIEHHIO K KOTOPBIM
MeTpPHYeCKHe NPOCTPAHCTBA MpPEACTABJISAOT CO60OH XOTd M BecbMa
BaXXHbIH, HO HECKOJIbKO CNelMaJIbHhIA Caydai.

Onpenenenue. Ilyctb X -— HekoTopoe MHOXKECTBO — MpO-
CTPaHCTBO-HOCHTeNb. Tonoaoeuedi B X HaspiBaeTcs n06as cucreMa v
ero noaMHoxecTB G, yaoBJeTBopsoOLlasd ABYM TpeGOBaHHAM:

1°. Camo MHOXecTBO X H 1ycTOe MHOXeCTBO & NpHHAAJIEXaT T.

2. Cymma |JG, no6oro (komewnoro mim GeCKOHEUHOro) H.
[+3
n

nepeceuennte || Gy JMI060r0 KOHEYHOro YHCIA MHOXKECTB H3 T npH-
k=1

HajJaexar T. :

MHoxecTBo X ¢ 3anaHHOH B HEM TOmoJorued T, T. e. napa (X, 1),
Ha3bIBAeTCS TONOAO2UHECKUM NPOCTPAHCTEOM.

MuoxecTBa, NMpHHajJJexallie CHCTEMe T, Ha3blBalOTCS OTKPbI-
TolMU. :

Tak Ke KaK MeTpHYeCKOe NPOCTPAHCTBO €CTh COBOKYNTHOCTL MHO-
JKeCTBAa TOUEK — «HOCHUTEJSi» M BBEAEHHOH B 3TOM MHOXECTBE MeT-
PHKH, TOTIOJOrH4eCKOe NPOCTPAHCTBO €CTh COBOKYIHOCTh MHOXKeECTBA
TOYEK H BBEJEHHOH B HeM TonoJorun. TakuM o6pa3oM, 3ajath TONO-
JIOTHYECKOe MPOCTPAHCTBO — 3TO 3HAYHT 3aJaThb HEKOTOPOE MHOXKe-
ctBo X M 3ajaTb B HEM TONOJIOTHIO T, T. €. YKa3aTbh Te NOAMHOXKE-
CTBa, KOTOpble CuHTaloTCsA B X OTKPHITHIMH.

SICHO, 4TO BOXHOM H TOM X e MHOXecTBe X MOXHO BBOLHTD
pasHbie TOMOJIOTHH, NpeBpalllas ero TeM CaMblM B pa3JHYHBE TOMO-
JIOTHYeCKHe npocTpaHcTBa. Y Bce e TonoJornueckoe MpocTpaucTso,
T. . mapy (X, t), Mbl 6ynem o603HauaTh 0 1 HO i 6YKBOH, CKaxeM, T.
DJieMeHTHl TOTIOJOTHYECKOro NpoCTPaHCTBa Mbl GyieM Ha3blBaTh TOH-
Kamu.

Muoxectsa T\ G, NONOJHHTEJbHEIE K OTKPHITHIM, Ha3bIB4IOTCS
BQMKHYTbHIMU MHOXECTBaMH TONOJOrHYecKoro npocrpancrsa 7. Uz
akcuoMm 1° u 2° B cuny cootHoweHnii aso#cteenHoct (§ 1| ra. I)
BHITEKAET, YTO:

1. Iycroe MHOXecTBO & H Bce T 3aMKHYTHL.

2. Ilepeceuenue J1060ro (KOHEYHOTO HJIH GECKOHEYHOro) HHCIa
M CyMMa KOHEYHOro YHCJa 3aMKHYThIX MHOXECTB 3aMKHYTHI.

Ha ocHoBe 3THX onpegnesenHii ecTeCTBEHHO BBOAATCHA BO BCAKOM
TONOJIOTHYECKOM MPOCTPAHCTBE NOHATHA OKPECTHOCTH, TOYKH IpH-~
KOCHOBEHNS!, 3aMbIKaHHsi MHOXeCTBa U T. I. ViMeHHo:
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OxpecTrocToro ToukH x & T Ha3biBaeTCsi BCSIKOE OTKPHLITOE MHO-
xkectBo G < T, conepxauiee TOUKY X; Touka ¥ € T Ha3bIBAeTCA TO4-
Kol npuxocrosenus MuoxectBa M T, ecnn Kaxaas OKpPeCTHOCTb
TOYKH X CONEPKHT XOTsl Gbl ONHY TOUKy H3 M; x HasbiBaerca npe-
Oeavroli To4koi MHOXecTBa M, ecin KaXaas OKPECTHOCTb TOYKH X
COMEPXKHUT XOTs Obl ONHY TOUKY U3 M, oTanunyio oT x. COBOQKYIHOCTDb-
BCEX TOUEK NMPHUKOCHOBEHHS] MHOXecTBa M Ha3biBaeTCs 3aMbIKAHUECM
mHoxectBa M u o6o3Hauaercs cumBoJioM [M]. Jlerko nokasath (npo-
BeJJHTe 3TO [OKa3aTeJbCTBO), UTO 3AMKHYTble MHONCecTéa (ompene-
JIeHHble HaMH BHIle KaK JONOJHEHHS OTKPHITBIX), 4 TOAbLKO OHU,
ydosaersoparor ycaosuro [M] = M. Kax u 8 cayuae merpuuveckozo
npocTpancrea, [M] ecto Haumenowee 3amkHYyTOC MHOXCECTBO, cOdep-
acaujee M.

Ynpaxuenue. [Jokaxure, uTo onepauusa 3amuikanus [M], onpenenennas

¢ NOMOILIbIO TOMOJIOFHH, 06JajaeT cBOHCTBaMH 1)—4), chopMyaHpOBaHHHMH B-
Teopeme 1 § 2.

[TpuMeps. 1. B cuny teopeMsl 3’ § 2 OTKpEITEIE MHOXKECTEA BO:

BCKOM MeTpPHYeCKOM NMPOCTPaHCTBE YAOBJETBOPAIOT akcHoMam 1° u
2° onpenesieHHs TOMOJOrHYECKOTO NpPOCTPaHCTBa. TakHM o6pasom,
BCSIKOE METPHUEeCKOe MpPOCTPAHCTBO SABJAAETCH H TOIMOJOrHYECKHM
NPOCTPAHCTBOM.
"~ 2. Ilycre T — npou3Bo/IbHOE MHOXeCTBO. ByJieM cuuTaTh OTKpHI-
TBIMH BCE €ro noAMHoXecTBa. AKcuombl 1° 1 2° npu 3TOM, O4eBHIHO,
BBITIOJIHEHBI, T. €. Mbl J€ICTBHTE/ILHO NOJyYyaeM TONOJOrHYecKoe Mpo-
CTpaHCcTBO. B HeM Bce MHOXKecTBa ONHOBPEMEHHO M OTKPBITHl H 3aMK--
HYTHI, H, 3HaYHT, KaXJ0e H3 HUX COBMAjaeT CO CBOMM 3aMbIKaHHEM.
Takoli fucKpeTHOH TomoJsioruell o6sajfaer, HanpuMep, MeTpuye-
CKOe NPOCTPaHCTBO, YKa3aHHoe B npuMepe 1 § 1.

3. B kauectBe ppyroro Kpa#Hero cjyuass pacCMOTPUM B NPOH3-
BOJIbHOM MHOXecTBe X TPHBHAaJbHYIO TOMNOJNOTHIO, COCTOSLIYIO-
TOJIbKO H3 JIBYX MHOXKeCTB: Bcero X M nmycroro MHOXecTBa &. 31ech.
3aMblKaHHe KaXJO0ro Helycrtoro MHoxXectBa ectb Bce X. Takos TO-
TIOJIOTHYECKOE MPOCTPAHCTBO MOXHO HAa3BaTh «APOCTPAHCTBOM CAUN-
WUXCA TOYeK>.

4. Ilyctb T COCTOHT M3 JABYX TOYeK a H b, MpHYeM OTKPHITHIMH
MHOXECTBAMH Mbl CYHTaeM Bce T, MyCTOe MHOMXKECTBO H MHOXECTBO,.
cocTosiliee M3 ONHOH TOYKH b. AkcHOMBl 1° u 2° 31eCh BBINOJNHEHH.
B 3ToM mpocrpaHcTBe (KOTOpOE YacTO HA3LIBAIOT (8A3HbIM (80eTO-
Yuem) 3aMKHYTH TakHe NMOJAMHOXecTBa: Bce T, MyCTOe MHOXECTBO H
Touka a. 3aMbIKaHHe ONHOTOYeuYHOro MHoxkectBa {b} ectb Bce T.

VYnpaxuenne. [locTtpofiTe Bce TOMOJOrHY B NPOCTPAHCTBE X, COCTOSILEM.
M3 IBYX, TPeX, YeThIPEX H NMATH TOUYEK.

2. CpasHenne tomoJgoruit. [TycTb Ha OTHOM H TOM Ke HOCHTese
X 3amaHbl IBe TOMONOTHH T H Tz (TeM caMblM oONpeAesieHb [ B a
Tonosiornyeckux npocrpaHcetBa: Ty = (X,7)) B Ty = (X, 13). Mm
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CKazkeM, YTO TOIIOJIOTHSA T; CUAbHEE, UIH TOHbULEe TOIOJOTHH Tg, €C/IH
-CHCTEMA MHOKECTB T2 COAEPKHUTCS B Tt. [IPO TONOJMOrHIO T2 NPH 3TOM
roBOPSAT, UTO OHA caabee, U epybee, ueM 1.

B COBOKYNMHOCTH BCeX BO3MOXKHBIX TONMOJIOTHI MHOMKecTBa X ecTe-
-CTBeHHBIM 06pa30M BBOJHUTCA YaCTHYHAS YHOPSAAOUEHHOCTb (TOMOJIO-
THS Tz NPeUIECTBYeT T;, €CJAH OHA caalbee, ueM Ty). B sToH coBOKym-
HOCTH TOINOJIOTHH eCTb MaKCHMAJbHBIH 3J1eMeHT — TONOJIOTHS, B KO-
“TOPOH BCe MHOXECTBA OTKPBITHl (mpuUMep 2), — U MHHHMAaJbHBIH —
“TONOJIOTHS, B KOTOPOH OTKPBITH ToJMbKO Bce X u & (mpumep 3).

Teopewma 1. [lepeceuenue npoussoabHO20 MHONCECTBA TONOAO-

euti T= ﬂ T, 8 X ecTe TOnoaoeus 8 X. 3ra ronoaozusn t caabee awo-

a
601 uz ronosoeutl t,.
JdokasarteabcTBo. fcHo, uto ﬂ T, comepxur X u . a-
o

Jiee, U3 TOTO, 4TO KaXKI0€ T, 3aMKHYTO OTHOCHTEJIbHO B3ATHA JIOGBIX
CyMM H KOHEUHBIX NepeceueHHi, CJeAyeT, 4TO 3THM CBOHACTBOM 06-

nagaern t=|) Ty

a

CaenmcrBue. [lycte B— npoussosbrsii 3anac nOOMHONECTS
MmHoocecT8a X, T020a cyujecTsyer muHumasbhas tonoroeus 8 X, co-
Jdepxcauwjan B.

JleficTBHTEe/IbHO, TOMOJIOTHMH, comepxalle B, CyllecTBYIOT (Ha-
npuMep, Ta, B KOTopod Bce A < X orkphithl). [Tepeceyenne Bcex To-
‘TIOJIOTHH, COJepXKallux B, H eCTb HCKOMas. DTa MHHUMAaJbHasg TONO-
NOTHS HA3bIBAETCA TOIOJIOTHEH, nopoxOenHol cucrtemod B, u. 0H0-
Briauaerca t(9).

ITyctb X — npou3BOJIbHOE MHOXKECTBO U A — ero MoAMHOXKECTBO.
Caredom CHCTEMBl MHOXKECTB P Ha NMOAMHOXKecTBe A Ha3blBaeTCd CH-
cTeMa B,, cocrosinas u3 noamHoxects Buga A (1 B, B 9. Jlerko
BHJeTb, uTo cief (Ha A) Tomoaoruu T (3agaHnoll B X) asasercs
-Tonosioriedl T4 B A. Takum o6pa3oM, BCIKOe NMOJMHOXKeCTBO A J0-
60ro TOMOJIOTHYECKOTO IMPOCTPAHCTBA CAMO OKAa3BIBAETCS TOMOJOCH-
4eCKHM NPOCTPAHCTBOM. TOMOMOrHueckoe nMpoctpaHcTBo (A4, ta) Ha-
3BIBAETCSH NOONPOCTPAHCTEOM UCXOLHOTO TOMOJOTHYECKOTO NPOCTpaH-
crBa (X, t). SIcHO, uTO ABe pasyiHuHble TONOJOIHH, T1 H Tz, B X MOTYT
TopoxaaTh OfHY H Ty Xe Tonosoruio B A < X. TomoJorust ta Ha-
3bIBAETCH OTHOCUTEAbHOU Tonoaoeued 8 A.

3. Onpeneasioiine cHcTeMbl OKpecTHocTed. bBasa. AkcHombl
cvweTHoctH. Kak Mbl BHAeRH, 3ajaTh B NOPOCTPAHCTBe I TOMOJO-
THIO — 3TO 3HAYHUT 3a/aTh B HEM CHCTEMY OTKPBITHIX MHOXecTs. Of-
HAKO B KOHKPETHBIX 3agauax GbiBaeT yao6HO 3a1aBaTh He BCIO TOMO-
JIOTHIO, 4 JIHIIb HEKOTOPYIO €€ 4acTh, T. €. HEKOTOPbIH 3amac OTKphi-
“TBIX MHOXECTB, 10 KOTOPOMY OJHO3HAUHO OIpefes]sieTcss COBOKYI-
HOCTb BC€X OTKPLITBIX IOJAMHOXKeCTB. Tak, Hampumep, B MeTpHdYe-
.CKOM NpOCTPAaHCTBE Mbl BBEJH CHauya/ja IMOHSATHE OTKPBITOrO WIapa
{€-OKpPeCTHOCTH), a 3aTeM OMNpeNeJHJH OTKPbIThle MHOXKECTBa Kak
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TaKHe, B KOTODbIX KaXJlasi TOYKa CONEPKHUTCS BMECTe € HEKOTOPOH
cBOell IapOBOH OKPeCTHOCTbIO. MHEIMH C/IOBaMH, B MeTpHUYECKOM
NpPOCTPAHCTBE OTKPHITH T€ H TOJILKO T€ MHOXECTBAa, KOTOPble MOXKHO-
npeJCTaBHTh KAaK CYMMbl OTKDBITBIX IIapoB (B KOHEUHOM HJH GecKo-
HeuHOM uHucae). B uacTHOCTH, Ha NpSIMOH OTKPHITHI MHOXECTBA,.
npejcTaBUMble B BHJle CYMM HHTEpPBaJOB, H TOJbKO OHH. DTH c006-
paXKeHHs NPUBOASAT HAC K BAXKHOMY MOHATHIO 6 a3 bl TOMNOJOTHYE-
CKOTO TIPOCTPAHCTBA.

. Onpenenenue CoBOKYNHOCTb & OTKPBITHIX NIOJMHOXKECTB Ha-
‘3HBaeTc Ha30i TONOAO2UL TIPOCTPAHCTBa T, eclM BCAKOE OTKPHI~
TO€ MHOXeCTBO B T MOKeT GbIThb NpPEACTABJIEHO KaK CyMMa HEXKOTO-
‘poro uyucja (KOHEYHOro uIu GeCKOHEYHOTr0) MHOXKECTB M3 ¥,

Tak, HarpuMep, COBOKYNHOCTb BCE€X OTKDPBITHIX IIapOB (C NPOHU3-
BOJIbHBIM ILIEHTPOM H pajauycoM) obpasyerT 6a3y B MeTPHUYECKOM
npocTpaHcTBe. B uwacTHOCTH, cHCTeMa BceX MHTepBaJoOB — 6asa Ha
npsiMmoii. DBasy Ha npamoil o6pa3yioT M OXHH TOJbKO HHTEPBAaJHI
C palHOHAJbHBIMH KOHIIAMH, HOCKOJNbKY B BHAE CYMMbl TaKHX HH-
TEpPBaJIOB MOXHO NPEJACTAaBHTb J0GOH HHTEpPBaJ, a 3HAYHT, H JIO-
60€ OTKpPLITOE MHOXEeCTBO Ha NpPSAMOH.

Hrak, TONOJOrHIO T NpPOCTPaHCTBa T MOXKHO 3ajfaTh, yKa3aB B.
5TOM TPOCTPAHCTBE HEKOTOPYIO ee 6a3y &; 5Ta TONOJIOTHs T COBMa-
JaeT ¢ COBOKYNHOCTbIO MHOMECTB, NPEJACTABUMBIX KaK CyMMbl MHO-
XKecTB u3 .

Besikag 6aza & B romosoruueckom mpoctpanctBe T = (X, 1) 06~
Jajiaer caeyIOUIMMH ABYMS CBOHCTBaMH:

1) awbas Touka x = X colepacurca xoTa 6oL 8 00Homn G = G,

2) ecau x codepxwcurca e nepecevenuu 0syx muoxcecrs Gy u Go
u3z 9, ro cywecreyer rakoe Gy = %, 4r0

x e G;< G, NG,.

IeficTBUTENbHO, CBOCTBO 1) mpocTo o3Hauaer, uto Bce X, Oy-
JIy49H OTKPHITHIM, JOJKHO NPEACTABISATLCA KaK CyMMa KaKHX-TO MHO-
xecTB 13 9, a 2) BbiTekaer u3 toro, uto G, (1 Gy OTKpBITO H, cie-
JIOBATEJbHO, €CTh CYMMa KaKHX-TO 3JIeMeHTOB 6asbl.

O6patHo, nycTb X — MpoH3BOJILHOE MHOXECTBO H & — cucrema:
noamuoxects B X, o6najgaiouas cBoficteamu 1) u 2). Torna coso-
KyIHOCTb MHOXECTB, MpPEJACTAaBUMBIX KaK CYMMbI MHOXeECTB H3 F,
o6pasyer B X TomoJoruio (T. e. yAoBIeTBopsieT akcuomam 1° u 2%
onpeJeseHHs] TONOJOTHYECKOro IPOCTPAHCTBA).

IleficTBUTENbHO, NYCTh T(%)— COBOKYNHOCTb BCEX MHOXKECTB U3
X, npeacTaBUMBLIX KaK cyMMbl MuexecTB W3 &. Torma mycroe MHO-
®ecTBo ') u Bce X mpunamnexar v(¥) u cyMMa 106010 4yucJaa MHO-
xectB U3 1(¥9) rakxke npuHaminexur v(¥%). Ilokaxem, uro mepece-
YeHHe JI060r0 KOHEYHOTO UHCJAa MHOXeCTB M3 T(¥) NpHHAANeRHT

') OHo moayuaeTcss Kak CyMMa DYCTOTO MHOXECTBa 3JIEMEHTOB cHCTeMbl ¥
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v(9). JdocTaTouHO NPOBEPUTb 3TO IJs ABYX MHoxecTB. Ilycth A=
>—UG " B—lBJGﬂ, TOrAa AnB.——~ U G NG ) H3 ycaosus 2)
[+

c.neﬂ.yeT yto Kaxnoe G, N Gg comepxurcs B 1(%). Ho Torma u
ANB=1(9).

Hrak, Mbl moiyuaem cJAeAYIOIUHH pe3yJbTar.

Teopema 2. Jaa roeo 4robe. cuctema § nodmnoxecréa G
#HoxcecTea X Goira 6a30l HekoTopol Tonoaozuu 8 X Heo6xo0umo u
docrarouro, uto6et § o6aadara ceolicteamu 1) u 2).

Ilycte Teneps B mpocTpancTBe I 3ajaHa HekoTopas (GHKCHPO-
BaHHas TomoJsiorus T. B3sAB B T HeKOTOpyio cucTeMy & OTKpPBITBIX
MHOXecTB, ob/nanawmyio cBofictBaMu 1) u 2), u npuHaB ee 3a Gasy,
Mbi OueBHAHO noAyuuan B T tomosoruwo t(¥), HJan COBNAaLanILYIO C
HCXOAHON TONOJIOTHEH T, HJIH GoJee caabyl. YCTaHOBHM YCJIOBHSA,
NpH KOTOPHIX & MOPOK/AaeT HMEHHO NAHHYIO TOIOJOTHIO T.

Teopema 3. aa roeo 4tobei cucresa § — 1 6oiaa 6a3ol Oax-
-HOU Tonosao2uu T, Heo6xodumo u OOCTATO4HO caedyroujee ycaosue:

3) dan kamdozo oTkpbiTo20 MHOMecT8a G u Kawdoli TOHUKU
x & G cywecrayer Takoe Gy F, uto x = G, < G.

HoxasateabcrtBo. Ecau yciaoBue 3) BRINOJIHEHO, TO BCSIKOE
OTKpbITOE MHOXeCTBO U MpeacTaBUMO B BHJE

G— U va

xEC

T. e. ¥ ectb 6a3a TonoJorud 1. O6paTHo, ectd § ecth 6a3a TOROJO-
THH T, TO BCAKOE G €& T [IpeACTaBUMO B BHJAE€ CYMMbl MHO2KECTB H3 ?,
.a Torga Ass Bcsakoro x = G Hafinerca Takoe G.=%, uro x=G,.<G.

VYuopaxuenune, ITycts §, u G, — npe Ga3nt B X (T. e. AB€ CHCTEMH MHO-
KECTB, YLOBJAETBOpsIowMX ycaosusaM 1) u 2) erp. 87), a T, H T, — OnpelessieMble
"MMH TONOJIOTHH. JIOKaXKHTEe, YyTO T; < T, B TOM H TOJbKO TOM CJlyuyae, eCaH AJis

Joboro Gy % u mo6ofi ToukH x € (G cyuecrtsyeT TakKoe G, =%, uto
xe 0, c Gy

C nomolbio TeopeMbl 3 Jerko yCTaHOBHUTb, HaMpHMeEp, YTO BO
BCSIKOM METPHYECKOM IPOCTPAHCTBE COBOKYNHOCTb BCeX OTKPHITHIX
-mapoB o6pasyer 6a3y ero tonoJoridH. CoBOKYIHOCTb BCeX LIAPOB C
pallHOHAJIbHBIMU pajHycaMH TaKiKe NpeacTaBJser cobod 6asy. Ha
npsamoli 6230 MoXeT CIOYXKHUTb, HANpPHMep, COBOKYNHOCThL BCeX pa-
HHOHAJbHBIX HHTEPBAJOB (T. €. HHTEPBAJIOB C PALHOHAJbHLIMH KOH-
IlaMH).

BaKHBI K1aCC TONOMOTHYECKHX npocTpancTs o6pasyioT mp o-
.CTPaHCTBA CO cueTHOH 6a30M, T. e. TakHe NPOCTPAHCTBA,
B KOTOpPHIX CylIeCTBYeT XOTd Obl oiHa 6a3sa, cocrosilas He GoJee
4eM M3 CYeTHOro yucsia MHoxectB. IIpocTpaHcTBa co cueTHo# Gasoit
HA3BIBAIOT TaKkKe NPOCTPAHCTBAMU CO 8TOPOL AKCUOMOU CHETHOCTU.

Ecau 8 Tonosocuueckom npocrpancree T umeerca cuernas 6asa,
TO 8 Hesm 06A3ATEAbHO UMEETCA CHeTHOe 8CI00Y NAOTHOE MHOXECT8O,
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T. €. TaKoe CYeTHOe MHOXECTBO, 3aMhIKaHHEe KOTOporo ecthb Bce T.
JHedictButennHno, nyctb {Gn} — Takas Gasza. BuGepem B Kaxaom us
9JIEMEHTOB 3TOH 0a3bl MPOH3BOJBLHYIO TOUKY X». CYyeTHOoe MHOXKECTBO
( = {x,} Bclogy msioTHo B T, TaKk Kak B NPOTHBHOM CJyyae HCIY-
cToe OTKpbiToe MHOXKecTBO G = T\ [X] He colepKano Gbl HH ONHOMK
TouKH H3 X, 4YTO HEBO3MOKHO, MOCKOJbKY G ecTb cymma HEKOTOpBIX
MHOXecTB H3 cHCTeMbl {Gr}, a xn = Gy

Tonosnoruueckne MPOCTPAHCTBA CO CYETHBIM BCIOAY TJIOTHBbIM
MHOJXECTBOM, KaK H MeTpHUECKHe, Ha3HIBAIOTCA cenapabenbrbimu.

I MeTpHUecKHX KpPOCTPAHCTB BEepHO YTBepXkieHMe, oGpaTHOE:
TOJIbKO UTO IO0Ka3aHHOMY:

Ecau merpuueckoe npoctpancréo R cenapabeavro, To 8 R ecto u.
cueTnaa 6asa. JleficTBuTeNIbHO, TaKyio 6a3y o6pasyloT, HanpHmep,
OTKpHITHE maphl B(xs, 1/m), rme {xs} — cueTHOe Bcioay NJIOTHOE
MHOXKECTBO, a 1 U M He3aBHCHMO NpoGeraioT BCe HATYPAaJbHbIE UHC-
aa. Takum o6pa3oM, cipaBeJiiBa CJeaylollasi TeopeMa:

Teopema 4. Merpuueckoe npocrpancTéo R umeer c4eTHyro-
6a3y T020a u T0ALKO TO20a, K020a OHO cenapabebHo.

B cuay sTofi TeopeMbl Bce mpHMephl cenapalesabHBIX MeTpHUE--
CKHX NMPOCTPAHCTB MOTYT CJYXHTb H MPHUMepaMH MEeTPHYECKHX MPO--
CTPAHCTB CO BTOPOH akcHoMO¥ cuetTHocTH. HecenapaGenbHoe mpo-
CTPaHCTBO OrpaHHUYEHHBIX NMoc/aefoBaTeJbHOCTel (¢M. npumep 9 § 1)
He MMeeT U CueTHOH 6asbl.

3ameuanue. Teopema 4, BooGile rosopsi, HeBepHA AJsA Npo--
H3BOJIbHBIX (HE METPHUECKHX) TOMOJOTHYECKHX NPOCTPAHCTB: MOXKHO
vKasaTb npHMepbl cenapaleJbHbIX NMPOCTPAHCTB 6e3 cyeTHOH Gasml.
TlosckuM nmpoucxoasiue 3aech siBjaeHus. [Insa KaXaoH TOUKH X MeT-
pHUYECKOro npoctpaHcTBa R cylllecTByeT cueTHas cHcrteMa U ee:
oxpecTHOCTel (HampuMep, CHCTeMa OTKPHITHIX wmapoB B(x, l1/n)),
o6nafaomas CJeAYIOIHM CBOHCTBOM: KaKoBO Obl HU OBLIO OTKPBI-
Toe MHOXKecTBO U, colepiKalllee TOUKY X, HalieTCd OKPECTHOCTb H3-
cdacreMbl U, neankoM Jexamas B . Takas cucreMa okpecTHoCTeH
Ha3blBaeTcs onpedeanrouieli cucTemol OKPeCTHOCTed TOUKH X.

Ecan Touka x Tomojoruyeckoro npoctpanctsa T uMeer cuetHyio:
OnpefessONyl0 CHCTEMY OKPEeCTHOCTeH, TO TOBOPAT, YTO B 3TOM
TOUKEe BLIMOJIHEHA nepsas aKcuoma CHeTHOCTU. ECIU 3To BepHO A
Kaxjaofi TOukH mHpocTpaHcTBa T, TO npocTpanctso T HasbiBaercs:
npoCTPARCTBOM € nepsoli aKcuomol C4eTHOCTU.

Bcsikoe MeTpHueckoe NMPOCTPaHCTBO, AaXe H HecernapaGesbHOe,.
aBTOMAaTHYECKH YAOBJETBOpSieT NepBoH aKcHoMe cueTHOCTH. Oxnako
B MPOH3BOJBHOM TONOJIOTHYECKOM IPOCTPAHCTBE ([axe eclad OHO-
COCTOHMT JIHIIb H3 CYETHOTO HUCJA TOYEK) MepBas aKCHOMAa CYETHO--
CTH MOXeT He HMeTb mecTa. [loaToMy Te paccyXaeHus, ¢ MOMOMULbIO-
KOTOPBIX MKl [J1s1 METPHYECKOrOo MPOCTPAHCTBA BHIBEJH M3 HAJHUHA.
CYETHOTO BCIOAY NMJOTHOTO MHOXECTBA CYLLECTBOBaHHE B TaKOM IpO-
CTPAHCTBe CUeTHOH 6a3bl, He MEPEHOCATCS Ha Cayuall NPOU3BOJIBHOIO-
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“ronoJiorHyeckoro npocrpanctBa. Ho naxe u B cemapalenbHOM TO-
TIOJIOTHYECKOM IIDOCTPAHCTBE C NepBOH aKCHOMOH CUETHOCTH CUETHOH -
$a3pl MOXeT He OBITb.

Cucrema mHoxecTB {M,} HasbIBaeTCsa NOKpbITUEM MHOXKeCTBa X,

€CJH U M, o X. TokpbiTHe TomosioruyeckKoro npocrpanctsa I, co-
a

-CTOSIlIlee M3 OTKPBITBIX (3aMKHYTBIX) MHOXeCTB, Ha3blBaeTcs OT-
KpoiToim (3aMKHYToIM) TOKpbITHEM. Ecau HekoTopas uacTb {M“i}

mokphitus {Ma} cama o6pasyer nokpuitae npocrpanctsa T, to {Mq }
HaspIBaeTcss OONOKpoITUeM TIOKPBITHS {M,). ’

Teopema 5. Ecau T — ronosoeuueckoe npocTpancTso co cHer-
HOU 6a30U, TO U3 8CAK020 €20 OTKPLITO20 NOKPLITUSL MONCHO 8616pATY
KOHeuHOe UL CHETHOe NOONnOKpbITUe.

HokasarteabctBo. Ilycts {O,} —HekoTOpoe OTKpHITOE TO-
‘gpoiTHe npoctpaHctBa I. Torpa kaxknas touka x = T comepKurcs
B HekotopoM O,. Ilycts {Gn} —cuernas Gasza B T. [laa xaxmoro
xe T cymectByer Takoél 3jeMeHT Gn(x) 3Toi 6aspl, uTo ¥ &
e Gn(x) = O0,. CoBOKYNHOCTb BBIGPAHHBIX TaKHM 06pPa3oM MHO-
)ecTB Un(X) KOHEUHa UJIKM CUeTHA M NOKpbiBaer Bce T. BuiGpas g
kaxaoro Gn(x) omHo u3 comepxaunux ero MHoxects O, MBI H MO-
JYYUM KOHEYHOe WJIM cueTHoe MOAMOKpBITHe MoKpwITHs {O,}. Teo-
pema J0KasaHa.

ITo onpedeneHuio TOMOJOrHUECKOr® MPOCTPAHCTBA NYCTOE MHO-
JKeCTBO U BCe MPOCTPaHCTBO T OXHOBPEMEHHO OTKPBITH H 3aMKHYTHI.
IlpocTpaHcTBO, B KOTOPOM HET HUKAKHX JPYTHX MHOMKECTB, OJHOBpe-
MEHHO OTKPBITHIX U 3aMKHYTBIX, Has3biBaeTcsi cgsasuoim. Ilpsimas su-
pust R! mpenacraBasier co6ofl OJUH M3 MPOCTEHIIHX NPHMEPOB CBA3-
abix npocrpaHcTs. Ecau ke u3 R! ynanuTth ofHy WIH HECKOJBKO TO-
yeK, TO OCTaBlleecsl IPOCTPAHCTBO yKe He GyJeT CBA3HLIM.

4. Cxopsawuecs nocaeposateabHocts B T. Ha tomosornueckue
{IpOCTPAHCTBA JIETKO IIEPEHOCHTCS 3HAKOMOe HaM B CiAydyae MeTpH-
YeCKHX NPOCTPAHCTB NMOHSATHE CXOASA W eHCA MOCaAen0BaATEb-
#HocTH. VIMeHHO, mnocienoBaTeJBHOCTb Xj, Xz, ..., Xn, ... TOYEK
u3 T HaseiBaeTcs cxodauwjelics K TO4Ke X, €CaIH Jilo6asi OKPeCTHOCTh
TOYKH X COJAEPXKHT BCe TOUKH 3TOH MNOC/IeJ0BATENbHOCTH, HauUHAsA
¢ nekoropoi. OaHaKo B TOMOJOTHYECKHX IPOCTPAHCTBAX 3TO MOHS-
THE CXOAHMMOCTH He HrpaeT TOH (yHIaMeHTaJbHOH pOJH, KoTopas
eMy NpuHaJJeXKHT B METPHUECKHX NpocrpaHcTBax. Jleso B ToM, uTo
B METPHYECKOM IIPOCTpPAHCTBe R TOUKA X eCTb TOYKA NMPHKOCHOBEHHS
MHOoxecTBa M C R B TOM H TONBKO TOM cJayuae, Koria B M cyuie-
CTBYET MOCJEI0BATENbHOCTb, CXOISIMAsCA K X, TOrJa Kak B TOIO-
JIOTHYECKOM IIPOCTPaHCTBe 3TO, BooGUle rosops, He Tak. M3 roro,
YTO X eCThb TOYKA NPHKOCHOBeHHs aass M (r. e. npuHanaexut [M])
B TOIOJIOTHYECKOM MNPOCTpaHcTBe T, He BBITEKaeT CYLIECTBOBAHHE
B M mnocnenoBaTesIbHOCTH, CXOAsitleiics K x. Bo3bMeM B KadecTse
spumepa otpe3ok [0, 1] U Ha30BeM OTKPLITHIMH Te €ro NOJAMHOXKe-
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cTBa (Hapsily ¢ NYCTbIM MHOXECTBOM), KOTOpDBIE MOJYYalOTCS H3.
Hero BbI6pacbiBaHHEM J11060ro0 KOHEYHOrO HJIH CUETHOro YHCJa TOYEK.
Jlerko npoBepHuTb, 4TO TpeGoBanus 1° u 2° (ctp. 84) npu stom Gy~
AYT BHINOJIHEHBL, T. €. Mbl NOJYYHM TOMOJIOTHYECKOE MPOCTPAHCTBO.
B 3TOM mpocTpaHCTBe CXOAAWIMMHCA 6YAYT TOJbBKO CTalHOHApPHbIE:
[OCJIEN0OBATENBHOCTH, T. €. TaKHe, JIeMEHTHl KOTOpbIX, HAauyHHasl C
HEKOTOPOTO HOMEpa, COBNAAAIOT: Xn == Xn4| = ... (JOKaXure 310!).
C npyrofi CTOpOHbI, eCH Mbl BO3bMEM, Hamnpumep, B KauectBe M
noayuntepBaa (0, 1], To Touka 0 GyneT AAsi Hero TOYKOH IPHKOCHO-
peHusi (mpoBepbTe!), HO HHKaKas MOCTeNOBAaTENbHOCTb TOUeK d3 M
He cxonurcs K 0 B HallleM NPOCTPaHCTBeE.

CxoJsilllHecs NOC/Ae0BaTebHOCTH «BOCCTAHABJIHBAIOTCS B CBOHX
npaBax», eCJIH Mbl pacCMaTpHBaeM He IPOU3BOJIbHBIE TOMNOJOTHYE--
CKHe OPOCTPAHCTBA, a MPOCTPAHCTBA C NEPBOA aKCHOMOI CYETHOCTH,
T. €. eCJIM Y KaXXJ0OH TOYKH X MpOCTpaHcTBa T CyLeCTBYeT CYETHAs
onpefleJsiollas CHCTeMa OKpeCTHOCTeH. B sTom cayuae Kaxpnas
TOYKa IIPUKOCHOBEHHS X NPOU3BOJbHOro MuoxectBa M < T Moxer
6bITb TNpeicTaBJeHa KaK IpelesJ HEKOTOPOH IOC/Iel0BaTeJbHOCTH
touek u3 M. [lefictBurenbHo, nyctb {On} — cueTHas onpexpesnsomas
CHCTeMa OKPeCTHOCTeH TOuKH X. MoxHo cuntath, 4T0 Ony < Oy

n
(unaue Mbl 3aMeHusid 66 Oy Ha ﬂ Ok) . Ilyctb xr — npousBosb-
k=l

Hasa Toyka u3 M, comepxauwasica B Op (=1, 2, ...). fcHo, uro
TaKoe Xp CYUIEeCTBYET, HHAue X He GblI0 6Bl TOYKOM NMPHUKOCHOBEHHS
nas M. TlocienoBaTeNbHOCTDL {Xr}, OYEBHAHO, CXOAUTCA K X.

IlepBoit akCHOME CYETHOCTH YIOBJNETBOPSIOT, KAK Mbl OTMeuaJiy,
BCe METpHYeCKHe NMPOCTPpaHCcTBa. VIMEHHO NO3TOMY MBI U CMOLJIH Bee:
TakKde IOHATHSA, KaK 3aMblKaHHe, TOYKA MPHKOCHOBEHHS H T. 1.,
choOpMyNIHPOBATh IJIA METPUYECKHX NPOCTPAHCTB B TEPMHHAX CXO-
JHMOCTH NOCJIE10BATEJbHOCTEH.

5. HenpepuiBHbie oToGpaxkenns. Iomeomopduam. Iloustue ne-
TpepLIBHOTO 0TOGpaXKeHUs, BBeleHHOe HaMH ]ISl METPHYECKHX HPO-
crpaHceTB B § 1, ecrecTBeHHO 060061laeTcsl Ha NPOHU3BOJLHLIE TONO-
JIOTHUECKHE TPOCTPAHCTBA.

Onpenenenue. Ilyctb X u Y— nBa Tomosoruueckux mnpo-
crpanctsa. Oro6paxenue f npocTpanctBa X B mpocTpanHcTBo Y Ha-
3bIBAETCSE HENpPepoléHbIM 8 TOYKE X, €CJH AJisl JT1060H OKPECTHOCTH
U,, Touku yo = f(Xo) HalimeTcss Takasi OKPeCTHOCTb Vy, TOYKH Xo,
yto [ (V)<= Uy,. OTo6paxenue. f: X > Y HaswiBaeTcs Henpepoig-
HblM, €CJIH OHO HeNnpepbiBHO B KaXJo#l Touke x & X. B wacthocTy,
HenpepsiBHOE OTOOpaXKeHHe TOMOJOrHYeCKOro mnpocTpanctsa X B
YHCJOBYIO NMPAMYIO HAa3bIBAETCS HEnpepuléHOl (yHkyuel HA 3TOM
TPOCTPaAHCTBE.

Jlerko y6enutbcsi, 4TO AJisl METPUUECKUX NMPOCTPAHCTB 3TO ONpe-
IejleHue AEHCTBHTENbHO TpPEBpallaeTcsi B TO ONpeleJeHHe Hempe-
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PBIBHOCTH OTOGPa¥KeHHsl OJHOTO METPHYECKOTO NMPOCTPAHCTBA B APY-
roe, Kkotopoe 610 naHo B § 1.

JlaHHOe HaMH ompelle/IeHHe HOCHT <«JOKaJlbHbH» xapakrtep. He-
TIPEPBIBHOCTb OTOGparkeHusi [ Ha BceM X onpeaensieTcsi yepes He-
TNpepuiBHOCTb [ B KaxXaoA Touke. OkasnBaercs, YTo NOHSTHe He-
NpPEepPHIBHOCTH OTOOPaXKEHHA OLHOTO TONOJIOTHYECKOTO0 NPOCTPAHCTBA
B JIPyroe MoxHo chOPMYJHPOBATh B TEPMUHAX OTKPHITBIX MHOXECTB,
T. €. B TEDMHHAX TOIOJIOTHH 3THX NMPOCTPAHCTB.

Teopema 6. aa Toeo 4robur oTobpaxcenue [ Tonorozuteckozo
npocrpancrsa X 8 Tonoaozudeckoe npocTpancréo Y 6uiao Henpe-
poisroim, Heobxodumo u doctarouro, 4Tobet npoobpa3 I' = [-1(G)
8CaK020 OTKPbITO20 mHoxcecTaa G < Y 6bir otkpar (8 X).

HokxasarteabctBo. Heob6xoaumocts. Ilycts orobpa-
JKeHue [ HenpepuliBHO u MycTb G — OTKpHITOe MHOXecTBO B Y. Jloka-
xkeMm, uto I' = f-1(G) orkpbito. IlycTh X — nmpousBosbHAast TOUYKa
mHoxectBa I' u y = f(x). Torza G CAyXHT OKPECTHOCTBIO TOYKH Y.
Tlo ompeneneHHio HempepbIBHOCTH HAHAETCA TaKasi OKPECTHOCTh Vi
tToukd X, uto f(Vi) = G, 1. e. Vo= T. HUHaue rosops, eciu x T,
‘TO CYLLECTBYeT OKpecTHOCTb Vi 3TOH TOuKH, comepxkainascsa B I'. Ho
3TO M 3HAYHUT, YTo [’ OTKpHITO.

Hoctatounoctb. Ilycte I' = f-'(G) orkpwiTo, eciu G Y
OTKPBITO. PaccMOTpHM NpPOH3BOJIBHYI0 TOYKY X & X H NPOH3BOJb-
Hylo oKpecTtHOCTh U, TOukH y = f(x). ITockonbky y & U,, Touka x
npHHANAEXKHT MHOXeECTBY [~ (Uy). 3TO OTKPBITOE MHOXECTBO H CJy-
JKHT TOH OKPECTHOCTbIO TOYKH X, o6pa3 Kotopo# comepxurcs B U,

Sameuanune. Ilyctb X u Y — npousBosbHBIE MHOXECTBAa H
f—oro6paxenne X B Y. Ecniu B Y 3anana HeKoTOpas TOMOJOTHA T
(T. e. cHCTeMa MHOXecCTB, cofepxainas & u Y u 3aMKHyTas OTHO-
-CHTeJIbHO B3SITUS JIOOBIX CYMM H KOHEYHbIX IlepeceuyeHH#), TO mpo-
:06pa3 TOMOJIOTHH T (T. €. COBOKYIHOCTb BceX MHOXecTB [~!(G), rue
G = ) 6yner tonosorued B X. .

[na nokaszaTenbCTBAa AOCTATOYHO BCNOMHHTb TEOPEMBl O IIPO-
-o6pase CyMMbl u mepeceueHHsn MHoxecTB (cM. § 2 ra. I). Mur oGo-
3HayuM 3Ty TomoJsoruio f!(v). Ecau tenepp X u Y -— Tomosornve-
CKHe MPOCTPAHCTBA C TOMOJOTHSIMH Tx H Ty, TO TeopeMy 6 MOXHO
copMyaHpoBaTh Tak: orobpaxcerue f: X —>Y HenpepvigHo 8 Tom u
TOALKO TOM CAY4Qe, eCAU TONOAO2USL Tx CUAbHee Tonoro2uu f~1(vy).

U3 toro, uto mpoo6pa3 NOMOJIHEHHS €CTb [ONOJHEHHe INpool-
pasa, clelyeT TeopeMa, ABOHCTBeHHas K TeopeMe 6.

Teopema 6. Jan 1020 410661 OTOGpAserue f Tonorozuueckoeo
npoctparctea X 8 Tonoaoeudeckoe npocTpanctéo Y Obiro wenpe-
pbLBHO, HE06X00uMO u GOCTATO4HO, 4TOObL npoobpas 8CAK020 3am-
KHyTo2o muoncecrsa u3 Y 6o 3amxuyr (8 X).

Jlerko y6enutbcsi, yT0 06pas OTKPHITOrO (3aMKHYTOTO) MHOXe-
CTBa IIPH HeNpepbiBHOM OTOGpa*KeHHH He 00d3aTeNbHO OTKPHIT
{3amkuyT). PaccMorpum, HanpuMep, oToGpaKeHHe NOJyHHTepBaJa
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= [0, 1) na oxkpyxuoctb. Muoxectso [!/y, 1), samkuyroe B [0, 1),
nepexonm NpH 3TOM B HE3aMKHYTOE MHOXECTBO Ha OKpPYXHOCTH
(puc. 11).

OtobpaxeHHe HA3LIBAETCH OTKPbLITHLM, €CJIH OHO NEPEBOJMT Ka-
#J0€ OTKPHITOE MHOXECTBO CHOBa B OTKphitoe. OTOGpaxenue, mne-
peBoslllee Kaxji0e 3aMKHYTOE MHO- .
MEeCTBO B 3dMKHYTOe, HAa3biBaeTcs 70)
BAMKHYTOLA.

i RenpepblBHRIX OTOGpaMeHUH
CcnpaBe/UTHBA  CIEAYIOWas —TeopeMa, , Y /
aHaJIOTHUHASs XOpOINO H3BECTHOH M3
aHaJH3a TeOpeMe O HeNpepbIBHOCTH #(%%)
CJAO0KHOH (YHKIHH.

Teopewma 7. llycto X, Y uZ —ro0- Puc. 11.
nosozuteckue NPOCTPAHCTEA U NYCTH
[ & @ — Henpepoisroie oTrobpascenus X 8 Y u Y 8 Z coorsercraenno.
Toeda orobpascenue x—= @(f(x)) npoctpancrea X 8 Z Henpe-
PoL6HO.

JlokasaTenbcTBO 3TOA TeOpeMbl Cpa3y MOJydYaeTcd M3 Teo-
peMnl 6.

Ha Ttonosorudeckue npocTpaHCTBa pacnpOCTPAHAETCH MOHATHE
roMmeomop¢u3ma, BBeleHHOe HaMH B § | nia MeTpHueCcKHX Ipo-
CTPAHCTB, a HUMEHHO, OTOGpaKeHHe [ TOMOJOrHYECKOro MpPOCTPaH-
ctBa X Ha TOMNOJOrHYECKOE NMPOCTPAHCTBO Y HA3LIBAETCH 20MEOMOp-
¢usamom, eciu OHO B3aUMHO OJHO3HAUHO M B3aHMHO HEIPEPHIBHO;
npocrpanctBa X u ¥ npu 3TOM Ha3bIBAIOT 20MeOMOpPHbLMU. ToMeo-
MopdHble NpOCTPaHCTBA 06/1a8a10T ONHHMH U TEMH e TONOJIOruye-
CKHMH CBOMCTBaMH, H C TONOJIOTHYECKOH TOYKH 3PEHHS HX MOXHO
paccMaTpHBaTh MPOCTO KAaK [Ba 3K3eMILIsIpa OLHOrO H TOTO Xe Mpo-
CTpaHcTBa. TONMONOTHH B JBYX FOMeOMOpP(HEBIX MPOCTPAHCTBAX CAY-
Xat obpasaMu # npoobpaszaMu apyr apyra. OTHOlleHHe roMeoMop-
HOCTH pedIeKCHBHO, CHMMETPHYHO H TPAH3HTHBHO; MO3TOMY Jiobas
COBOKYMHOCTh TONOJIOFHYECKHX IIPOCTPAHCTB pacnajgaercs Ha He-
nepecekaioulecss KJjaccel TroMeoMopbHbIX MexAay cobo# mpo-
CTpaHCTB.

3ameuyanue. Ciegyer HMeTb B BHIY, YTO MeTPHUYECKHE
CBOMCTBAa JBYX TrOMeOMOP(HBLIX MeXAy COGOH MeTPHUECKHX Npo-
CTPaHCTB MOTYT GHITb pasnuuHbl!). Tak, ONHO M3 HHX MOXeET GLITh
noJiHo, a Apyroe — HetT. Hanpumep, unrtepsan (—n/2, n/2) romeo-
MopdeH YHCIOBOH NMpAMOH (COOTBETCTBYIOLIHH rOMEOMOP(HH3IM MOK-
HO 3ajmaTth GyHkuued x-—>tgx), HO npH 5TOM MNpSAIMas — NOJHOE
NPOCTPAHCTBO, 3 HHTEPBAJ — HET. )

') Metpuka npoctpaHcTBa R 0fHO3HAyHO ONpeNESSeT €ro TOMOJOTHIO, HO He
Hao6opoT: ORHY M Ty Xe TORoJOrH0 B R = (X, p) MoXHO noayunth, 3ajaBas B
X pasnuuHBle METPHKH.
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6. AKCHOMBI OTAEJHMOCTH. XOTSl MHOrHE€ H3 OCHOBHBIX TOHSITHIX
TEOPHH METPHUYECKHX IPOCTPAHCTB JIETKO IMEPeHOCSATCS Ha ILPOH3-
BOJIbHBlE TOIOJIOTHYECKHEe IIPOCTPAHCTBA, BCE XK€ TaKue MPOCTpaH-
CTBA NpeNCTaBJSIOT COO0H 06BEKT, CAUIIKOM OOGLIUHA C TOYKH 3PEHHS
3ajay aHasiu3a. 31ech BO3HMKAIOT CHTYAllMH, CYL1ECTBEHHO OTJIH-
YalolUHecss OT TOrO, YTO MOXKET HMMeTb MEeCTO B MeTPHUECKHX IMpo-
crpaHcTBax. Tax, Mbl BHIENTH, YTO KOHEUHOE MHOMKECTBO TOUEK B
TOIOJOTHUYECKOM IPOCTPAHCTBe MOXeT ObITb He 3aMKHYTHIM (mpH-
Mep 4, cTp. 85) M T. IL

Cpenn TONOJNOrMYECKHX YIPOCTPAHCTB MOXHO BBHIAENHTb TPO-
cTpaHcTBa, GoJiee OJH3KHE NO CBOMM CBOHCTBAM K NPOCTPaHCTBAM
meTpuueckuM. s 3TOrO cienyetr K akcuomam 1° u 2° tomosaoruye-
ckoro npocrpaHcTBa (cTp. 84) NMPHCOEAMHUTb elle Te€ HJAH HHbIE
JOTIOJHUTENbHEE YCIOBHSA. TaKUMH YCJIOBHSIMH CJYXKAaT, Halnpumep,
aKCHOMbl CUETHOCTH; OHH MO3BOJISIIOT H3y4aTh TOMOJIOTHIO MPOCTPaH-
CTBa HA OCHOBE MOHATHS CXOAHUMOCTH. [[pyrofl Ba*KHbI THI NOTOJ-
HHUTEJNbHBIX YCJAOBHH COCTABJAIOT TPeOOBAHHSI HHOM NPHUPOABLI — TakK
Ha3bIBaeMble aKCUOMbL OTOeaumocTU. MBI NEpeuHcIUM 3Ty CepHIO
4KCHOM B TIOPSIAKE UX TOCTENEHHOTO YCHJEHHUS.

Axcuoma T, (nepsas axkcuoma ordesumocTu): AJst JIOOBIX OBYX
pa3JHYHBIX TOYEK X W Y MPOCTPAHCTBA 1 CYILECTBYIOT OKPECTHOCTb
O, TOuKH X, He colepKallasi TOUKY y, U OKpecTHOCTb Oy TOUKH y,
He cojlepIKallasi TOUKH X.

ITpocTpaHcTBa, yNOBAETBOPSIIOIINE 3TOH aKCHOMe, HA3BIBAIOTCH

Ti-npocrpancreanu. IIpuMepoM TOMOJOTHYECKOrO NMPOCTPAHCTBA, HE
asasioierocss 7T;-OpOCTPAHCTBOM, MOXKET CJYXKHTh CBSI3HOE JBOE-
TOYHe.
" B T,-mpoctrpaHcTBe Ji06asi TOUKa €CTb 3aMKHYTOe MHOXECTBO.
JleficTBUTEIBHO, €CIH X 7= Y, TO CyLlecTBYeT OKpecTHOCTb Oy Tou-
KH y, He comepxkawmas x, T. e. y e [x]. ITostomy [x] = x. Caenosa-
TeJIbHO, B T1-IPOCTpaHCTBE 3aMKHYTO U Ji000e KOHEYHOe MHOXECTBO
touek. BoJiee Toro, Kak Jierko MpoBepuTh, akcuoMa I; B TOYHOCTH
paBHOCHJIbHA TPeGOBAHHIO 3aMKHYTOCTH BCEX TAKHX MHOXECTB.

Brime (cM. ctp. 85) MBI onpelleNMJH TNpPeleNbHYI0 TOUKY X
MHOXecTBa M B TONmoJOrHYecKOM NpocTpaHcTBe T Kak TaKylo TOUKY,
nas kotopoi nepeceuenne U (1 M\ {x} nemycro. 3necs U—npo-
H3BOJbHASl OKPECTHOCTh TOYKH X.

B npocTpaHcTBax, He YIOBJETBODSIIOUIHX aKcHOMe T, TMpelenn-
Hble TOYKH MOTYT HMETb faxe MHOXecTBa M, cocTosiliye TOJNBKO H3
KoHeuHoro umcja touek. Ilycts T — cBsI3HOE IBOETOUYHE C TOMOJO-
ruedt, cocrosimieit u3 &, {b} u {a, b}. Torna Touka a siBAsieTCs npe-
ZeabHOM 1Jsi MHOXecTBa M = {b}.

B T)-npocTpancrtBax Takoe SIBJeHHE YKe He MOXET HMETb Me-
cra. IMeHHO, BepHO caenyiolliee yTBepXKIeHHe.

Jlemma. [las tozo urobst Touka x 6biaa npedeabHoll daa MHO-
wmecréa M e Ti-npoctpanctee, neobxodumo u OOCTATOURO, 4TOObL
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awobas oxpectrocte U arodl Touxku coldepixcara 6eckoneuHo MHO20
rouek us M.

JloCTaTOYHOCTh 3TOrO yCJOBHMSI OUEBHUJHA. ¥CTAHOBHM €ro Heol-
xoauMoctb. IlycTh x-— mpepnespHasi Touka nasi M; gomyctum, 4TO
¢ymecTByer Takasi okpecTHOCTb U ToukuM X, KOoTopasi COLEpPXKHT

T0JhKO KoHeuHoe yucao touek u3 M. Ilyets x4, X, ..., ¥n — Bce
3TH TOUKH, KpoMe caMofi x (ecsu TakoBasi npuHaanexutr M). Toraa
V=U—{x), ..., xa} —okpectuocts x u VI M\ {x} = .

Besikoe MeTpHUeCKoe MPOCTPAHCTBO 3aBefOMO siBjasieTcs Tp-mpo-
crpanctBoMm. IlosTomy 3a ompeieneHdHe NpeleJbHOH TOYKH MHOXKe-
¢TBa B METPHYECKOM MPOCTPAHCTBE U GbLJIO MPHHATO CBOHCTBO, yKa-
BaHHOE B JeMMe.

YculeHHeM nepBofi aKCHOMBI OTHEJAHMOCTH siBJAsieTcss akcuoma 7.

Axcuoma Tp (8ropas, uau xaycdopgosa, axcuoma oTlesumo-
cTu): Jqio6bie ABe pa3/MyHble TOYKM X H Y TOINOJOTHYecKoro mpo-
crpanctBa T uMeloT Henepecekamonuecss okpectHocTd Ox u Oy
~ IlpocrpancTBa, ynoBJeTBOpsiIOIIHE 3TOH aKCHOMe, Ha3BIBAIOTCA
Ty-npocTpancreamu, win xaycoopdhossimu npocrpaHcrBaMu. Beskoe
Xxaycnop$oBo NpocTpaHCTBO ecTb I1-NIPOCTPAHCTBO, HO He HA0GOPOT.

pumepoM He xaycpopdoBa T-pPOCTPaHCTBA MOXKET CJOYXKHTb OT-
pesok [0, 1], B XKOTOPOM OTKPHITBIMH CUHTAIOTCS NYCTOE MHOKECTBO
H BCE MHOXECTBA, MOJydyalllHecs H3 OTpe3Ka BbIOpachiBaHHEM He
GoJslee yeM CUETHOTO YHCJA TOYEK.

Axcuoma Ty (Tpervs axcuoma ordesumoctu): jiodas TOYKa H
He colepXKallee ee 3aMKHYTOe MHOXECTBO HMeEIOT HemepeceKaio-
muecs okpectHocTH. Ilpu 3ToM oxpecTHoCTbt0 MHONecTéa M B TO-
TOJOTHYECKOM mpocTpaHcTBe I Has3biBaercsl BCAKOE OTKPBITOE MHO-
xkectBo U, conepxaiuee M.

dT1ofl aKCHOMe MOXKHO 1aTh CJEAYIOLYI0 3KBHBAJEHTHYIO ¢op-
MYJIUPOBKY:

Jlio6asi okpectHOCTh U MpOU3BOJBHOH TOUKH X COJEPXKHT MeHb-
LIyI0 OKPECTHOCTb TOH Xe TOuKH, Bxojsawyio B U BMecte co cBOHM
3aMBIKaHHEM.

YuraTeab MOXKeT 10Ka3aTh 3TO B KayecTBe YNpaKHeHHS.

TToCKOMbKY B TPOU3BOJBHOM TONOJIOTHYECKOM MPOCTPAHCTBE
TOYKA MOXeT He ObiTb 3aMKHYTHIM MHOXECTBOM, TPeTbs aKcHOMa
OT/JIEIUMOCTH HHTEPECHA TOJIbKO [J5l [POCTPAHCTB, YIOBJETBOPSIO-
mux akcuome Ti. Ilpocrpanctsa, ygzoBierBopsifoillie o0eHM aKCHO-
MaM T u T3, Ha3bIBAIOTCS pe2YyAAPHOIMU.

Bcesikoe peryJssipHoe TpOCTPAHCTBO, pasyMeeTcs, Xaycropdoso.
TIpumepoM xaycmopdoBa mpocTpaHCTBa, He SIBJSIOILErOCs PEryJsip-
HBIM, MOXeT CJyXHTb 0Tpe3ok [0, 1], B KOTOpOM OKPEecTHOCTH BCex
TOYeK, KpoMe TOUKH 0, onpénensiiorcsi 06bIYHBIM CIOCOOOM, a8 OKpecT-
HOCTSIMH HYJISI CUMTAIOTCS BCEBO3MOXHbIe moJsyHHTepBaJsl [0, o), H3
KOTOPBIX BBIKMHYTBI TOYKM BHaa l/n (n=1, 2, ...). D10 — xayc-
JopdoBo mpocTpaHCTBO, HO B HeM Touka 0 M He cojepxKallee ee
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3aMKHYyTOe MHOXecTBO {1/n} me oTmenuMBl ApYr OoT Apyra Henepe-
CEKalOUIUMHUCS OKPECTHOCTSIMH, T. €. aKCHOMa I3 He BHINOJHEHA.

OGbiyHO B aHaJH3e He NPHXOLMTCS BCTPedYaTbCsl € NPOCTPaH-
cTBaMHu Gosiee oOlMMH, ueM peryJspHble. bosee Ttoro, xak mpa-
BUJIO, HHTEpECHHIE C TOYKH 3pEeHHsl aHaju3a NPOCTPAHCTBA YAOBJe-
TBOPAIOT H CjefylolleMy 6o.ee CHILHOMY TpeGOBaHHIO, TAK Hasbl-
BaeMOH HOPMaJbHOCTH NPOCTPAHCTBA.

Axcuoma T, (axcuoma HopmassvrocTu): Ti-IpOCTPAHCTBO HA3LI-
BAeTCA HOPMAAbHbIM, €CJIH B HEM BCSKHe [Ba HelepeceKaloLIHXcs
3aMKHYTBIX MHOXECTBA HMEIOT HelepeceKalolHecss OKPEeCTHOCTH.

K HopMasbHBIM NpOCTPAaHCTBAM OTHOCATCS, B 4YaCTHOCTH, BCe
MeTpHUYecKHe mnpocTpaHcTBa. [efcTBurenbHo, nyctb X u Y — npa
HemepeceKalolUXCsi 3aMKHYTHIX MHOXECTBAa B METPHYECKOM Ipo-
crpanctBe R. Kaxnas touka x & X umeer oxpectHoctb Oy, He Ile-
pecekawltyiocs ¢ Y u, ciaeloBaTeNbHO, HAXOAHTCA OT Y Ha HeKo-
TOPOM [MOJIOXKHTEJNbHOM DAacCTOSIHHH Qx. AHaJOTHYHO pacCCTOSTHHE
Kaxa0#i TOYKH y & Y oT X ecTb MOJIOXKHTe/NbHAs BeJHYHHA p,. Pac-
CMOTPHM OTKpHITHiE MHOXecTBa ')

U=U B o2 n V=" By, 0,2,

comepxamue X u Y COOTBETCTBEHHO, U MOKAaXeM, UYTO HX Nepeceye-
Hue nycro. JlonyctuM, uto 2 U1 V. Toraa B X cymecTBycT
Takasl TOYKa Xo, UTO p(xo, z) < px°/2, a B Y —Takas TOYKa Yo, UTO

P (2, 4) < pyo/2. Iycrts pns onpenenennocl p, <<p,. Toraa

P (Yo Y) S0 (%0 2) 0 (2, %) <0, /2+ 0, /2 <0,
T. €. x, & B(y, pyo), HO 3TO MPOTHBOpEHHT onpeneennio p, . Haiue
yTBepXK/eHHe JOKa3aHo.

Bcsikoe MOANPOCTPAHCTBO METPHYECKOrO MPOCTPAHCTBA CaMO §B-
JsieTcsl METPHYECKUM INPOCTPAHCTBOM H MNOSTOMY Bcerja o6sanaer
CBOMCTBOM HOpMaJbHOCTH. DT0, BOOOGILe TOBOps, HEBEPHO IS Npo-
H3BOJbHBIX HOPMAJbHBIX NMPOCTPAHCTB: NMOANPOCTPAHCTBO HOpPMAaJb-
HOTO TPOCTPAHCTBA He 0653aHO GBITb HOpPManabHhHIM. TakuMm o6pa-
30M, HOPMAaJbHOCTb 1POCTPAHCTBA He €CTb HACJEACTBEHHOE
CBOHCTBO ?).

HacsiencTBEHHBIM CBOMCTBOM SIBJSIETCS TAK HasblBaeMas noAHAR
pecyAAPHOCTs TONOJOTHUECKHX NPOCTPAHCTB, MpeAcTaBJsiomas co-
Gofi BaxKHOe YCHJeHHe CBoHcTBA peryasprocTH. TomnoJsoruyeckoe
T,-npOCTPAHCTBO HA3bLIBAETCS 6MOAHE PESYAAPHLIM, €CIH JJIs Ka-
KIOr0 3aMKHyToro MuoxectBa F < T u Kamjaoi Touku xo & T\ F
CcylllecTBYeT HenpepbiBHas Ha T JeHCTBHTEbHASA (yHKIHA [, paBHas

1} 3mecw, kKak oGbuHO, B(x,r) — OTKPHTHIA Wwap pajmyca r € LCHTPOM X.

2) CeoficTBO P HasniBaeTCs HACAeGCTEEHHbIM, €CM H3 TOrO, UTO HM obaasaer
LaHHOe Tononoruueckoe npocrpakctso T, cliefyeT, 4To uM OOGN4AAOT U BCE €ro
NOANDPOCTPAHCTBA,
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qyJ10 B TOUKe Xo, elHHHLe Ha F W yJoBJeTBOpAIOUlas YCIOBHIO
0 < f(x) << 1. Bcsikoe HOpMaJbHOe NPOCTPAHCTBO BIIOJIHE PeryJsip-
f0!), HO He obpaTHo. JI1060€e MOANPOCTPAHCTBO BIOJNHE PEryJasipHOro
(B 4aCTHOCTH, HOPMAJIbHOrO) NMPOCTPAHCTBA CaMO BMOJHE PeryJsp-
go. A. H. TuxoHOB, KOTOPOMY NPHHAJIEXKHT U CAMO TIOHSATHE BIOJIHE
pery/1sipHOro MpOCTPAHCTBA, MOKA3aJ, YTO KJACC BIOJIHE PeryJsp-
HbIX TIPOCTPAHCTB COBNAJaeT C KJacCOM BCeX MOANPOCTPAHCTR
HOPMaJbHBIX MpocTpaHcTB. C TOUKH 3PeHHs] aHAJW3a BIOJHE pe-
FyJISIPHBE NIPOCTPAHCTBA BaXKHbI IOTOMY, 4TO Ha BCIKOM TaKOM IPO-
CTPAHCTBE HMeeTCs «J0CTATOYHO MHOTO» HENpephIBHBIX (DYHKIHIL,
‘MMEHHO, A5 JIoObIX pa3JHYHBIX TOYEK X, y BIOJHE pEry/aspHOro
‘npoctpaHcTtBa T cyulecTByeT onpeje/ieHHass Ha T HenpephiBHas Be-
mecTBeHHass GYHKUMSA, NPHHHMAIOWAS B 3THX TOUKAX paafHuHble
3HAUEHHA. . ,

7. PaznnuHbie crnocoGnl 3aJaHHMA TOMOJIOTHH B MPOCTPAHCTBE.
Merpuayemocth. CaMblil mpaAMOil cnoco6 3aAaTh TOMOJIOTHIO B HEKO-
TOPOM INpPOCTPAHCTBE COCTOMT B TOM, YTOOB! HENMOCPEACTBEHHO YKa-
3aTb T€ MHOXECTBAa, KOTOpble Mbl cuuTaeM OTKpbiThiMH. HaGop stux
MHOXECTB JIO/DKEeH YI0BJerBopsAth TpeGoBauusim 1° u 2° (cm.
ctp. 84). PaBHOCH/IBHBIA 3TOMY ABOHCTBeHHBI cmoco6 — YyKasars
‘Habop 3aMKHYThIX MHoOXecTB. Takoi Ha6op JHOJXKeH, OYEBHAHO,
iyloBneTBOpsATh ycaoBuaAM 1 u 2 (ctp. 84). OnHako daKTHUeCKH
9TOT Cnoco6 pelKo MoxKeT ObiTb MpHMeHeH. Tak, HampuMep, gaxe
B CJyuae IJOCKOCTH BPSi[l JIU MOXHO AaThb HENOCpeJCTBEHHOE OIMH-
caHue BCeX OTKPHITBIX MOAMHOXeCTB (KakK 3TO ylaercs CAeNaTb
s mpsiMo#i (Teopema 5 § 2)).

PacnpoctpaHeHHbli croco6 3aJaHHSl TONMOJOTHH COCTOHT B Bbl-
6ope HeKoTOpoH 6a3bl; (paKTHYECKH HMEHHO TAK H BBOAHUTCSA TOINO-
JIOTHSI B METPHUYECKHX INPOCTPAHCTBAX, T[e Mbl, OMHPAsICb Ha MeT-
PHKY, 3anaeM 6a3y — COBOKYNMHOCTb OTKPBITHIX LIAPOB.

Eme oauH H3 BO3MOXKHBIX CNOCOGOB 3ajaThb TOMOJIOTHIO B IPO-
CTPAaHCTBE — 3TO BBECTH B HeM IMOHATHe cxoaumoctd. OpHako 3a
npejfieJlaMi MeTPUYECKHX TIPOCTPAHCTB TAKOH crmoco6 He Bceraa yno-
GeH, MOCKOJIbKY, KaK YyXe yKa3blBaJoch B II. 4, He BCerja Inepexon
OT MHOXECTBA K €ro 3aMBIKaHHI0O MOXHO ONHCaTb B TepMHHaX
CXOJAWUXCA TMOCAEIOBATRIALHOCTEH. DTOT CNOCO6 MOXHO CAenaTh
YHHBEpCANbHLIM, OGOOLIHB COOTBETCTBYIOLIMM 06pa3oM caMo [o-
HfiITHE CXOJALIEACH TOCTAeoBaTEeNbHOCTH (CM., Hampumep, [29],
ra. 2).

MoXHO BBECTH B NpPOCTPAHCTBE TOINOJOTHIO, ONpEIeNHB B HEM
AKCHOMATHUECKH oOmepalHio 3aMblKaHus. MMeHHOo, rosopsaT, uto B
MHOXecTBe X 3aJaHa onepayus 3amvlkanus, ecin kaxaomy A < X

') 3101 (coBceM He OuYeBHAHMIA) aKT BHITEKaeT H3 CleRyiouwel TeopeMbl
IN. C. Ypucona: ecnn T — HOpMasbHOE mpocTpaHcTso B Fy, F;— 1Ba ero Hemepe-
CEKalOMUXCA 3aMKHYTHX NOAMHOXeCTBa, TO Ha T cymecTByeT HenpepuBHad GyHK-
nus, f,0 << f(x) << 1, paBHas Hymo Ha F) H eAuunne Ha Fy,
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NOCTABJIEHO B COOTBETCTBHE HEKOTOpoe MuoxkecTBo [A]l < X, Hasml-
BaeMmoe 3amovikanuem A, npuuem onepaius nepexoaa ot A k [A] 06-
Jajpaer cBoicTBaMu 1)—4), ykazaHusiMu B Teopeme | § 2. Onpeje-
JHUB TIOCJEe 3TOr0 3aMKHYTble MHOMeCTBa KaK Te, AJS KOTOPhIX
[A] = A, nerko nokasarb, 4TO 3TOT KJaCC MHOXECTB YIOBJIETBOPSiET
yeqosusiM 1 u 2 (ctp. 84), T. e. AeAcTBHTeNbHO onpenesser B X
TOIOJIOTHIO.

3ajaHHe METPHKH — OIMH H3 BaXXHEHIIHX Crnoco6oB BBEAEHHS
TOMOJIOTHH, XOTs H jAaJjieko He yHHBepcanabHbifi. Kak Mbl yXe BH-
JleJM, BCSIKOe MeTpHYeCKOe NpPOCTPAaHCTBO HOPMAaJbHO H YAOBJETBO-
psieT NMepBOil aKCHOMe CUETHOCTH. B mpocTpaHcTBe, JHIIEHHOM XOTA
6bl OIHOTO W3 3THX ABYX CBOHCTB, TONOJIOTHIO HE/b3si 3a7aTb C MO-
MOILbIO KaKoH Obl TO HH ObLIO METPHKH.

Onpeneneunne. Tononoruueckoe npoctpancTBo I Ha3blBaeTcs
METPUYEMbIM, €CJIH €r0 TOIMOJOTHIO MOXHO 3a1aTh C MOMOLUBIO Ka-
KOH-H60 MeTpHKH.

B cuny TONBKO 4TO CKAa3aHHOTO HOPMAJbHOCTb MPOCTPAHCTBA H
TiepBas akKCHOMa CYETHOCTH INpecTaBisieT co00f He0O6XO AU MBI e
YCJIOBHSL METPU3YEMOCTH NpOCTpaHCTBA. BMecTe ¢ TeM HH Kaxkjoe u3
3THX YCJOBHH B OTAEJbHOCTH, HH J1aXKe HX COBOKYIHOCTb He JOCT a-
TOYHBl AMA MeTpH3yeMocTH mnpocrpaHcTBa. OIHAKO HMeeT MeCTO
cienywoias reopema, npunaanexamas I1. C. Ypeicony:

s 1020 4TO6BL TONROAOUYECKOE NPOCTPAHCTBO CO CHeTHOU ba-
304 6bia0 meTpusyemo, Heo6xo0umMo u OOCTATOHHO, 4TOObL OHO 6bLAO
HOPpMAABHO. _

Heo6xonuMocTh 2TOro yc/IoBHS siCHA; AOKa3aTeJbCTBO AOCTATOU-
HOCTH HMeeTcs, HanpuMep, B [2].

§ 6. KomnakTHOCTb

1. NMousiTHe koMnakTHOCTH. PyHIaMeHTaNbHYIO POJb B aHa/lH3e
urpaer cjaeAyowHi (akT, H3BeCTHbLIH O] HAa3BAHHEM J €M M bl
Tefine—bopeus:

H3 w6020 nokpeitus otpeska [a, b] uucrosod npamod unrep-
BaANAMU MONHO BbIOPATL KOHEYHOe noOnoKpbiTUe.

D10 yTBepKAEHHE OCTaHEeTCHA CIpaBelJIHBbIM, €CJH BMECTO HH-
TepBasioB pacCMaTPHBATD JIOGble OTKPLITHE MHOXKECTBA: U3 8CAK020
CTKpLITO20 NOKpbiTUs, oTpeska [a, b] mowno svoi0esuto Kowneuroe
.nodnokpuitue.

OrnpaBndsick OT 3TOr0 CBOHCTBAa OTPe3Ka UYHCAOBOH NpAMOH,
BBEJeM CJelylolliee BaXKHOe IOHATHeE.

Onpeneaenue. Tonosornueckoe npoctpancTBo I-HasbiBaeTcs
KOMNAKTHbIM, €ClIH JI060e ero OTKpPLITOe MOKPBhITHE COMAEPKHUT KO-
HeyHOe NOANOKpPHTHE. '

KoMnaxTHOe TOMOJIOTHYECKOe TMPOCTPAHCTBO, YAOBJETBOpAOILEE
akcuoMe oTAenumocTH Xaycnopda, HasbiBaeTcsl KOMNAKTOM.
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Kak MBI YBHIHM HHXe, CBOHCTBOM KOMIIAKTHOCTH Hapsy ¢ OT-
pe3kaMH 00J1afaloT BCe 3aMKHYTble OTpaHHYEHHbIE MOJAMHOXKe TBa
eBKJHJ0BA INpOCTpaHCTBa JMI000OH KoHeyHOH pasmepHoctH. Hao6o-
poT, NpAMasi, IJOCKOCTb, TPEXMEPHOE NMPOCTPAHCTBO CJIYXaT Mpo-
CTEfIIHMH PHMePaMH HEKOMIIAKTHBIX MPOCTPAHCTB.

HasoseM nekotopyio cucreMy noamuoxects {A} muoxecrsa T

n
YeHTPpUpoBannoll, ecu Moboe KOHEUHOE NepeceyeHHe () A; unenos
i=l1

9TOf CHCTeMBI He mycto. M3 chopMyanpOBaHHOTO OnpeesieHHsT KOM-
MaKTHOCTH M COOTHOIIEHHH [BOHCTBEHHOCTH BHITEKAeT CJeAywoulas
TeopeMa.

Teopema 1. aa To2o uTobul Tonoaocuueckoe npocrparcrgo T
66140 KOMNAKTHOIM, He0b6x00umo U GoCTaToUHO, 4TOGbL OHO YyooBae-
TBOPAAO YCAOBUIO:

(R) kasxdas yeHTpUPOBAHHAA CUCTEMA €20 3AMKHYTbIX NOOMHO-
eCcT8 umeeT Henycroe nepecederue.

JeiictBurenbro, nycts {F,} — LeHTpHPOBaHHAS CUCTEMA 3aMKHY -
THX MNoAMHOXectB B I u mnycts I KoMnaktHo. MHoxecTBa
G,=T\ F, otkpbITH, npuueM U3 Toro ()akra, YTO HHUKAKOE KO-

n
HEYHOE IepecCeUucHue nF, He MYyCTO, CJeAyeT, UYTO HHKaKasg KOHeu-
J=I

Has cucreMa MHoXecTB G; = T\ F; He nokphiBaer Bce T. Ho torna
u Bce G, He 06pasyiOT MOKPLITHA (KOMIAKTHOCTB!), a 3TO 3HAYMT,
uyro | F, % &. Urak, ecnu T KOMIakTHO, TO B HeM yciaoBue (R)
sunosineHo. OGpatHo, nycte T ynoBaeTBopsieT ycaoBuio (R) wu
{G,}— otkpsiToe nokpuiTHe npoctpaHcTBa T. [Toaoxus F, = T\G,,
nonydyum, uto (\F, = &, otkyna caenyer (ycaosue (R)), uto cil-
crema {F,} He MoXeT ObITb LLEHTPHPOBAHHOH, T. €. CYILECTBYIOT Ta-
n

kue Fi, ..., Fp, uTO ﬂ F;= . Ho rorma coorBercTByIOUHEC
i=1

G; = T \\ F; o6pa3yioT KOHeuHOe mnoAmnokpeltie mnokpuitua {G,}.
Hrak, ycaosue (R) paBHOCHIbHO KOMIIAKTHOCTH.

YcTaHOBUM HEKOTODble OCHOBHblE CBOHCTBA KOMIAKTHBIX MpO-
CTPAaHCTB.

Teopema 2. Ecau T — KoMnaKkTHOe npocTpancTeo, To Kamdoe
e20 GecKoHeyHoe NOOMHONCECTBO umeeT x0Ta 6ol 00HY npedesvryto
TOUKY.

HdoxasarteabctBo. Eciu T comepXHUT GeCKOHEUHOe MHOMKe-
cTBO X, He HMelollee HH OJHOH nNpeNeJbHOH TOUKH, TO B HEM
MOXHO B3ATh CUETHOE MHOXeCTBO X = (Xi, X2, ...), TAKXKe He UMEIO-
Ilee HH OJHOH npeneabHoi Toukd. Ho Torma MHoxectBa X, =
=(Xn, Xn41, ...) OOPA3yIOT LEHTPUPOBAHHYIO CHCTEMY 3aMKHYTHIX
MHOXecTB B T, HMEIOLIYIO NYCTOE NepeceyeHue, T.e. T He KOMIAKTHO.

Teopema 3. 3amxnyroe nOOMHONECTBO KOMNAKTHO20 npo-
CTPAHCTBA KOMNAKTHO.
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HokasaTesdbcTBo. Ilycte F— 3aMKHYTOE MNOAMHOMXECTBO
KkomriakTHOro npoctpanctBa I u {F,} — npou3BosbHAst UEHTPHPO-
BaHHAsi CHCTEMA 3aMKHYTBHIX IOJAMHOXECTB MNOJANPOCTPAHCTBA
F < T. Torna kaxnoe F, samkuyro u B T, 1. e. {F,} —uenrpupo-
BaHHAsl CHCTeMa 3aMKHYThIXx MHoXectB B 7T. CuenoBarenbHo,
NF.%% . B cuny teopeMmsl | oTcioga ciaenyer KOMIAKTHOCTh F.

ITocko/bKY NMOANPOCTPAHCTBO XaycAophoBa MPOCTPAHCTBA CaMo
xaycnopdoBo, oTciona noayyaem:

CnencrBue. 3amMKHyTOE NOOMHONCECTEO KOMRAKTA €CTb KOM-
nQKT.

Teopema 4. Komnakr samxnyr 8 awbom colepicaujem e20
xaycoopgposom npocTpancrae.

HoxasateabctBo. Ilycth K—KoMmakTHoe MHOXKECTBO B
xaycaoptosom npocrpanctse T u nycts y & K. Tormna ans 6ok
TOYKH X & K cylecTByioT OKpeCTHOCTb Uy TOYKH X M OKpPECTHOCTb
Vi TOUKH y Takue, 4TO

u.Nv,=g.

OxkpectHoctH Ux 06pasyioT OTKpbITOe NOKpbiTHE MHOXecTBa K.
B cuany komMnaktHOCTH K HM3 HEro MOXXHO BBLIEJHTh KOHEUHOe NOj-
noxkpuitue Ux, Uy, ..., Us,. ITonoxum

V=Vxanxzn oo ann-
Torna V — okpecrHocTs TOUKH y, He nepecekaomasica cUy U Ug,U...
... UUx, oK. CnenosarensHo, y & [K] u snaunr, K samxuyro. Teo-
peMa Jo0Ka3aHa.

Teopemb! 3 u 4 nokasbBaloT, YTO B KJacce xaycaopgoBsix mpo-
CTPaHCTB KOMIIAKTHOCTb €CTb 8HYTpPeHHee CBOHCTBO MNPOCTPAHCTBA,
T. €. BCAKHI KOMNAKT OCTAeTCsi KOMIAKTOM, B Kakoe Gbl GoJiee IIH-
pokoe xayciop(hoBO NPOCTPAHCTBO Mbl €r0 HH BKJIOYAJIH.

Teopema 5. Beakuii komnakr npedcrasaser coboii HOpmaAb-
HOe NPOCTPAHCTSO.

Hoxkasateancrtso. [Iycte X u Y — gBa HemepecekaoLHxca
3aMKHYTbIX noaMHoxectBa Komnakta K. IToBropuB paccyxiaeHmus,
npoBeJeHHble B I0Ka3aTeJbCTBe Npeblayllell TeopeMbl, Jerko yGe-
JHUTbCA B TOM, YTO JJIsi KaXAOH TOYKH y € Y CYLIECTBYIOT TaKasi ee
okpectHocth Uy u Takoe oTkpbiToe MHOXecTBo Oy D X, uto U, ()
N Oy = &. Tem caMbIM 0Ka3aHO, YTO BCAKHH KOMIIAKT PeryJsipeH.
IMycts Tenepb y mpoGeraeT MuoxectBo Y. BeiGepeM H3 MOKPBITHS
{U,} mHoxectBa Y koHeuHoe noxamokpuitHe Uy, ..., Uy,. Torna

OTKpbIThlE MHOXECTBA
0W=0,N...N0y, u o®=U, U ... UU,,
GYIYT yIOBJETBOPATDH YCJAOBHSIM
oM X, 09W>oY u 0WNOP =g,
a 3TO H O3HayaeT HOPMAaJbHOCTb.
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2. HenpepbiBHble OTOOpaMeHHS  KOMMAKTHHIX MPOCTPAHCTB.

HenpepblBHBle OTOGpPaXKeHHS KOMNAKTHBIX NPOCTPAHCTB, B YaCTHO-
CTH, KOMIIAKTOB, 00/1a1aI0T PSIIOM HHTEPECHbIX W BaXHbLIX CBOMCTB.
" TeopemMa 6. Henpepoisroili 06pa3 KOMRAKTHO20 npOCTPAHCTSA
CTb KOMNAKTHOE NPOCTPAHCTEO.
- JokasateabctBo. [Iyctb X — KOMNakTHOe NMpOCTPaHCTBO H
f — ero HenmpepbiBHOE 0TOGpaX<eHHe B TOMNOJOrHUYECKOe NPOCTPAHCTBO
Y. Paccmorpum kakoe-au6o nokpbitHe {V,} obpasa f(X) oTkpwni-
TeiMH B f(X) muoxecrBamu. [Tosoxum Um=f_l (V,). Mruoxecrsa
U, OTKpBITH (KaK mpoo6pasbl OTKPBITHIX MHOXKECTB NMPH HenpepbiB-
HOM OTOOpa)eHHH) W 06GpasyloT NOKpuTHe npocrpaHcrBa X. U3
3TOTO NOKPHITHSI MOXHO BBIGpaTh, B CHJIY KOMIAKTHOCTH X, KOHed-
noe nopmokpwitie Uy, U, ..., Un. Torma muoxectrsa Vi, Vi, ...
««.y Va, tne Vi= f(U;), nokpnuiBalor Becb o6pa3 f(X) mpoctpaH-
cTtBa X.

Teopema 7. Baaumno 00HO3HAYHOe U HenpepsbisHOe 0TOGPA-

aenue @ komnakta X Ha xaycdopgoso npoctpancteo Y ectv 2omeo-
MOPPU3M.
- JMokaszarteabcTBo. HyxHo mokasaTb, 4TO H3 YyC/JI0BHH Teo-
PeMBl  BLITEKaeT HeNpepbIBHOCTh OGpaTHOTO oOToOpa)keHuss ¢~
Tlycre F — 3amkHyToe MHOXecTBO B X H P = @(F) —ero o6pas
B Y. B cuay npennifyiueil TeopeMbsl P — KOMIAaKT M, cjeloBatTelb-
Ho, P 3amkuyTto B Y. Takum o6pa3om, npooGpas npu otobpaxKeHHH
¢! BcAKOrO 3aMKHYTOrO0 MHOXecTBa [ — X 3aMkHyT. A 310 U 03Ha-
YaeT HeNPepPHBHOCTb 0TOOpaXKeHHs @~l.

3. HenpepbiBHbie H noJyHenpepbiBHble (YyHKHHMH Ha KOMNAKT-
HBIX MPOCTPAHCTBAX. B mpenbiayuieM nyHKTe peub IJla O Hempe-
PBIBHBIX OTOOpaX{eHHAX KOMINAKTa B XaycAop(oBO NPOCTPAHCTBO.
YacTHbHIM cayyaeM TaKHX OTOGpaXKeHHH SABJAIOTCS OTOGpaXKeHHs
KOMIAKTOB B YHCJOBYIO NPAMYIO, T. €. YHCIAOBHE (DYHKIMH HA KOM-
nakrax. Jaf Takux GYHKUHH COXPaHSIOTCA OCHOBHHE CBOHCTBA
{yHKUHA HA OTpe3Ke, H3BECTHHIE H3 aHAJH3a.

Teopema 8. [Tycte T — KomnakTHoe npocTpancréo u f-— He-
npepoisras 1a Hem ducrosan pyukyus. Tozda | oepanuuena na T
u doctuzaer na T sepxuell u HuscHeld eparell.

HoxasaTteabcTBo. HenpepriBHasi GyHKLUUS eCTb HENpPEPBIB-
Hoe oto6paxenne T B uncaosyio npsmyo R!. O6pas T B R! B cuay
-obuiefi TeopeMn 6 koMmmakteH. Ho, Kak uHTaTeNi0 H3BECTHO H3
Kypca aHaju3a (cM. TakXe 1. 2 § 7), KOMIAKTHOe NOJIMHOXECTBO
UHC/IOBOH MNPAMOH 3aMKHYTO W OTPaHHYEHO M IIOTOMY He TOJBKO
HMeeT KOHEeUYHble BEPXHIOI0 H HHIKHIOIO TPAHH, HO H COAEPXHT 3TH
TpaHd. Teopema noKa3aHa.

Ynpaxuenne. [TycTb K-— KOMNaKTHOE MeTDHYECKOE NPOCTPAHCTBO H A —
Takoe oTto6Gpamenne K B cebs, uto p(Ax, Ay) < p(x,y) npu x %= y. [okasarts,
4T0 OToGpamenne A HMeeT B K €NHHCTBEHHYI) HENOXBHXKHYIO TOUYKY.
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YTBepKJeBHs TNOCJeNHed TeOpeMbl LONYCKAalOT 0606lleHne H Ha Gojee LIHPO--
KHH KJaacc QYHKIHA, a HMEHHO, Ha TaK Ha3blBaeMble NOJyHenpepbiBHBIE (YHKIHM,.

®yHkuus f(x) HasbiBaeTCsl MOAYHENPepblBHOL CHU3Y (CBePXYy) B TOUKe X,
ecan Aas Joboro € > (0 CYIleCTBYeT Takas OKDECTHOCTb TOYKH Xo, B KOTOpOil
f(x) > f(x) — & (cooTBeTcTBeHHO, f(x) << f(xo) 4 €).

Hanpumep, ¢yHkuus «uenas uacTb oT X», f(x) = E(x) noayHenpepbiBHa
cBepxy. Ecan yBequunTb (yMeHbIUMTb) 3HayeHHe f(xo) HenpepbiBHOA GYHKIHH B
KaKOH-JIHOO ONHOH TOYKe Xo, TO Mbl NOJYYHM TMOJYHENPEpLIBHYIO CBEpPXY (CHH3Y)
¢yukuuwo. Ecan f(x) moayHnenpepsiBHa cBepxy, TO — f(x) nosyHenpephiBHa CHH3Y..
STH IBa 3aMeyaHHsl NO3BOJSIOT ¢Pa3y MOCTPOHTb GOJBLIOE YHCJAO NPHMEPOB MOJY-
HenpepbBHBIX G YHKIHI.

Ilpn H3yyeHHH CBOHCTB MOJIYHENPEePHIBHOCTH AeHCTBHTEJNbHBIX QYHKIHA yA0GHO-
AONycKaTb /I HHX GeckoHeuHble 3HaueHus. Ecam f(xo) = —oc, To Oynxuumio f
6yneM CUHTaThb MOJYHENpepbLBHOH CHH3Y B TOUKE Xo; eCAH XKe ajas moboro A > O
HMeeTcsi OKPEeCTHOCTb TOYKH Xo, B KOTOpOH [(x) << —h, To 6ymeM CunTaTh, uTO:
¢yHKUHS [ MOJYHENpEPbIBHA H CBEPXY B TOYKE Xo.

Ecan f(xo) = 400, T0 dyHkuH0 [ GyneM CYHTAaTb MONYHENPEPHLIBHOH CBEPXY
B Xo; €CJAH Xe IJs Mo60oro A >> 0 HMeeTCH OKDPECTHOCTb TOYKH Xg, B KOTOPOW
f(x) > h, To 6yneM cuutaTh, 4TO QYHKUHA [ MOJYHENPEPHIBHA H CHH3Y B TOYKE Xj..

Mycts f(x) — AeficTBUTeJbHast (YHKUHMA Ha METPHYECKOM mpocTpaHcTBe R.
Bepxnum npedesom f(x,) GyHKuHH f(x) B TOUKe Xp Ha3bIBaeTCA BEJHYHHA (KOHEY-

Has uiau GeckoHeuHas) lim [sup  [(x)]. Huocnuii npedea [(x,) onpeaensercsa
e->0 x&B (x, &) -

aHAJOTHYHO C 3aMeHOH BepXHeH rpaHH Ha HHXHIOW. PasuocTb ©f (Xo) =7 (xo0) —
— f(x0) (ecan oHa HMeeT CMBICA, T. €. €c/H 4YHcIa [(Xp) u f(Xo) He paBHH Gecko--
HEYHOCTH OLHOrO 3HaKa) HaabIBaeTcsi Kosebauuem GyHKUMH f(x) B Touke xo Jler-:
KO BHIEeTh, UTO IJA HeNpepHIBHOCTH f(x) B TOUKe X, HGOGXOAMMO H JOCTaTOYHO,.
4TO6H @f (X0) = 0, T. €. uTO6Bl —o0 << f(xg) = [(xo) << oo.

Has mo6ofi ¢dyHkuun f(x), 3aaHHOH Ha MeTPHYECKOM NpPOCTPaHCTBE, (YHK--
uua f(x) noayHenmpepbiBHAa cBepxXy, a ¢QyHKIHA f(X) NMoJayHenpepeIBHA CHH3Y. DTO:
JIETKO BLITEKAET U3 ONpeJeNeHHsl BEPXHEr0 H HHIXKHEro Tpenesos.

PaccMOTPHM MeTpHUeCKOe NMpOCTPAHCTBO M, 3jeMeHTaMH X KOTOPOro CAyXKar
BCE [eACTBHTEJbHbIE OrpaHHyeHHble GYHKUNU @(f), 3agaHHbie Ha cerMenTte [a, b)..
Metpuky B M 3ajaiuM paBeHCTBOM

p(x, y)=p(qp)= sup [@()—p @]
a<t<b
OyHkiuH Ha M, xak 570 OOBIYHO Hedaercsi, GyneM Ha3bIBaTbh PYHKUYUOHAAAMU,.
4TO6Bl OTJIHYATb HX OT GYHKUHA @Q(f{) — saeMeHTOB M.
PaccMOTPHM OIMH BaXXHbIH NpPHMEp MOJYHENpepbiBHOro ¢yHKIHOHAJA.
OnpegenuM AnuHy kpHBOH y = f(x)(a << x << b) kak ¢yHKUHOHAA

LZ (f) = sup ;';1 ’\/(xi - x;‘—])z + (r (xi) _f(xi—-l))z'

rie BepxHAs rpaHb (KOTOpas MOXeT GhTb paBHa --0o0) GepeTcsi NG BCEBO3MOXK-
HHIM Da36HeHHsIM oTpe3Ka [a, bl. 3ToT (yHKUHOHAN OnpeneseH Ha BCEM NMPOCTPaH--
ctBe M. Jlna HenpepbBHbIX (GYHKIMA OH COBNAfAaeT cO 3HAaueHHeM Npelena

max["iETi—ll"o 1:21 '\/(xi — xi—1)2 -+ (F(x;)— f(xl._l))z.

Hakonen, Aas GyHKUHMH C HENpepHBHOA NPOH3BOAHON €ro MOXHO 3anHcaTh
B BHIIE )
b
Sq/1+r'2(x)dx.

a
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GO yHKIHOHAJ LZ (f) moayHenpepbiBeH CHU3y B M, 4TO JerKO clenyeT u3 ero

onpeneneHus.

Ha noayHenpephiBHble (PYHKIMH 0606UIAa€TCA YCTAHOBJIEHHAas Bhillle TeOpeMa.

Teopema 8a. [loaynenpepvigrnan cHu3dy (c8epxy) KoHedHas PYHKYUA Ha
xomnaxkriom Ti-npocrpancree T oepanudena crusy (ceepxy).

HedictBuTenbHo, gomyctuM, uto inf f(x) = —oco. Torma cymectByer Takas
10CAEN0BATENBHOCTE {X5), uTO f(xa) << —n. Ilockonbky mnpoctpaHcTBo T KOM-
fIAKTHO, €r0 GecKOHeuHoe MOJAMHOXKECTBO {x.} HMeeT (B CHJy TeopeMul 2) XOTs OH
©OJHYy TpeNeNbHYI0 TOUKY Xxo. Ilo mpeanonoxenmio, GpyHKuns f KOHeuHas W moy-
HenpepHIBHAa CHM3Y; TNOITOMY HafilieTca Takas OKpecTHOcTh U TOUKM Xp, 4TO
F(x) > f(x0) — | mpu x = U. Ho Torma okpecthocts U MOXeT conmepkaTh JHLIb
KOHEUHOE YHCJIO TOYEK MHOXECTBAa {X¥s}, a 3TO NpPOTHBOPEUHT TOMY, YTO TOUK4
Xo — TIpefieJIbHast A 5TOr0 MHOMKEeCTBa.

AHaNOrHYHO NOKa3BIBaeTCS TeopeMa M JJIs C/yyasl TOJYHENpephiBHOH CBepXY
<pyHKLMH.

Teopema 86. [Toaynenpepoisran cuusy (ceepxy) koHeuHas GyHKyUa Ha
xomnakriom Ti-npocrpancrse T 0Oocrueaer ceoeid nuscreld (8epxnell) epanu.

Ilyctb ¢pyukuus f(x) noayHenmpepbiBia cuu3y. Toraa mno TeopeMe 8a oOHa
WMeeT KOHEUHYI0 HHXKHIOI0 I'PaHb, H CYUIECTBYET Takas 10CNeA0BaTeNbHOCTb {xn},
w10 f(xn) << inf f(x) + 1/n.

IMockonbKy T KOMIaKTHO, MHOXECTBO {Xa} HMeeT mNpefesbHYIO TOUKY Xo.
Ecau 6m 6bt0 f(xg) > inff, T0o, B chny nosyHenpepHBHOCTH (GYHKIHH [ CHH3Y,
HaWJKch OH Takasg OKpecTHOCTh U TOUKH Xo M Takoe O > 0, uto f(x) > inf[ 4
-8 npu x = U. Ho torga okpecrHocth U He Morsa 6bi cofepxaThb HHKAKOroO
©eCKOHEYHOro NOAMHOXEcTBa MHOoXecTBa {x.}. CaemoBartennno, f(x,) = inff, uto
# Tpe6oBanoCh AOKa3aTh.

4. CyerHas KOMMNAaKTHOCTb. BBeseM cieaywollee omnpefeneHue.

Onpenenenue. IlpoctpanctBo T Ha3bIBaeTCs CHETHO-KOM-
NAKTHOIM, €CJIH KaXaoe ero OeCKOHeYHOe MOJMHOXKECTBO HMeeT
X0TA OBl OJHY NpeaeJqbHYIO TOUKY.

JokaszanHasi B n. 1 TeopeMa 2 o3HauaeT, UTO BCSIKOE KOMNAKTHOE
TMPOCTPAHCTBO CYeTHO-KOMHNaKTHo. OGpaTHoe, BooOlle roBOpsi, He-
BepHOo. BOT «TpaaHIMOHHBIA» NpPHUMEpP CUETHO-KOMIIAKTHOrO, HO He
KOMIIAKTHOrO NpocTpaHcTBa. PaccMoTpum MHokectBo X Bcex mo-
PAIKOBBIX UHCeJ O, MEHBIUUX NMEePBOTO HECYETHOrO MOPSAKOBOrO UHC-
Ja o). HazoBem nutepBaaom (o, B) B X COBOKYIHOCTH BCceXx Io-
PAAKOBBIX YHCEJ Y, YAOBJETBOPAIOIUHX HepaBeHCTBaM o << y << .
OTKpLITHIM MHOXKeCTBOM B X Ha30BeM 0GbelHHEHHE IPOH3BOJIBHOIO
unc/ia UHTEPBAJOB. JIerko MpOBEepPHTb, YTO MOCTPOEHHOE MPOCTPaH-
CTBO CYETHO-KOMITAKTHO, HO HE KOMIAKTHO.

CooTHOIIeHHE MEeXAY MOHSTHSIMH KOMIAKTHOCTH H CUETHOH KOM-
TAKTHOCTH CTAHOBHTCS SICHBIM H3 CJedyolleld TeopeMbl.

Teopema 9. lasa Toco0 4robbl TONOAO2UYECKOE NPOCTPAHCTEO
6biN0 CUETHO-KOMNAKTHOIM, Heobxo0umo u JocTarouHo awboe u3
<credyroujux 08yx ycaosuli:

1) Kascdoe cuernoe orkpbitoe nokpoirue npocrpancréa T codep-
HUT KOHeuHOe noONnoKpbiTUe. '

2) Kaxdas cueTHaA YEHTPUPOBAHHAA CUCTEMA 3AMKHYTHLX MHO-
Jwecrs 8 T umeer HenycToe nepeceverue.
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JdokasartenncTBo. PaBHocunbHocTh ycaoBuit 1) u 2) He-
NOCPeICTBEHHO CJeNyeT H3 COOTHOLIeHHHA HBoHcTBeHHOCTH. [asee,
ecid T He CUETHO-KOMNAKTHO, TO, MOBTOPHB pacCyXJAeHus, NpoBe-
NleHHble NMPH J0Ka3aTesabCTBe TEOPEMBI 2, MBI MOJYYHM, 4TO B T Cy-
HIeCTBYEeT CYeTHAasl LEHTPHPOBAHHAS CHCTEMAa 3aMKHYTHIX MHOXECTB
C NyCTHIM NlepeceueHHeM. TeM caMbIM JOCTAaTOYHOCTb YCJOBHSA 2)
(a 3HauuT, u 1)) ycranoBnena. JlokaxeM Heo6GXOJHMOCTh YCJIOBHSA
2). Mycts T cuetHO-KOMNakTHO W {Fn} — cueTHast LeHTpHpPOBaHHASN

CHCTEeMa 3aMKHYThIX MHoXKecTB B T. [Tokaxkewm, uto ﬂ F,= 0. ycts

"D, = ﬂ Fp. $lcHo, uto Bce @y 3aMKHYTH, He NMYCThl (B CHJY IeH-

TpHpOBaHHOCTH {Fn}) ¥ o6pasyloT HeBO3pPaCTaIOUIYI0 CHCTEMY

OO0, ..., H UTO O, = ﬂ F,. Bo3MOXHBI IBa cay4as:
n n
1) Haunnas c HeKOTOpOro HOMepa fg

‘(DII°= (Dno+l = ...
Toraa, oyeBHAHO, ﬂ O, =0, %~ @.

n
2) Cpenu @, umeercs 6ECKOHEUHO MHOTO MONAPHO PA3JHYHBIX.
ITpu 3tom nocratouHo paccMoTperh cayuai, korga Bce @, pas-
JHYHBbl Mexay coboit. Ilycth

X, 0, \ 0, 4,.

IMocnenoBarenbHocTh {x,} mnpemcrasiasier co6oi GecKOHeuHOE MHO-
XKeCTBO Pa3/HYHBIX TOueK M3 T; B CUJy CueTHOH KOMHAaKTHOCTH T
OHa JIOJI)KHA HMeTh XOTs Gbl OJHY NpeAeJbHYIO TOUKY, CKaXeM, Xq.
Tak kak @p CONEPKHT BCe TOUKH Xn, Xn4l, ..., TO Xo— Npefesib-
Has Touka A @ H B cuay 3aMKHYTOCTH Dn, xo & On. Caegona-

TEJbHO, ﬂ D, >xp T. €. O, ~ Q.
n n

Takum 06pa3oM, H KOMIAKTHbIE H CUETHO-KOMIIAKTHLIE IIPOCTPaH-
CTBa XapaKTEPH3YIOTCS <«IOBeJEHHEM» CBOHX OTKDHITHIX MOKPHITHII.
U B TOM, H B APYroM cjayuae H3 OTKPBITOrO NMOKPHTHS MOXHO BBI-
6paTh KOHEUHOE, HO B MEPBOM CJydYae peub HAeT O JIOOHIX NMOKphI-
THAX, @ BO BTOPOM — TOJIbKO O CUETHBIX.

Xotst B 06eM cjyyae H3 CYETHOH KOMINAKTHOCTH KOMNIaKTHOCTb
He BLITEKAEeT, HMEET MECTO CleNyIouuH (akT.

Teopema 10. Jaa npocTpancrs co cueTHoid 6a30i NOHATUR
KOMNAKTHOCTY U CHEeTHOU KOMNAKTHOCTU cO8nA0QroT.

JleACTBUTENbHO, H3 JIO6Or0 OTKPHITOrO MOKPHITHS NPOCTPAHCTBa
T, uMmeloulero cueTHylo 6a3y, MOXHO BbI6paTh Cu€THOe MNOAMNOKPHI-
tHe (teopeMa 5 § 5). Ecan xe T K TOMY Xe H CUETHO-KOMIIAKTHO,
TO H3 3TOr0 MOCJEJHEr0 MOXKHO B CHJY NpeAbAyUled TeopeMbl Bbi-
6paTtb KOHeuHOe noAnokpsiTHe. TeM caMbiM ycraHaBauBaercs, uto I’
KOMIIaKTHO.
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3aMevaHHue. [ToHsiTHE CUETHOH KOMMAKTHOCTH TOMOJIOrHYE-
€KOro IpOCTPaHCTBA 0Ka3aJoCh HA CAMOM Jieie (B IPOTHBOBEC KOM-
; IAKTHOCTH) He OYeHb YIAUHBIM U ecTeCTBeHHBIM. OHO BO3HHMKJO TakK
CKa3aTb «N0 HHepUHH». [leso B TOM, 4TO A/ METPHYECKHX MpPO-
«<TpaHCTB (KAaK M 1Js IPOCTPAHCTB CO cueTHO 6a3ofl) 3TH 1aBa
MOHATUSL COBMAAaloT (310 GyAeT NOKasaHo B CjaedylolileM maparpa-
ge). Ilpn 3ToM A/1s1 MeTpHYECKHX NPOCTPAHCTB MOHSITHE KOMIIAKT-
HOCTH ObLJIO MOHAuYaJy AaHO HMEHHO KaK Hajauuue y Kaxjoro Gec-
“KOHEUYHOr0 MOJAMHOXKECTBa NpPeAeabHOH TOUKH, T. €. KaK ONpelesieHHe
'€CYETHOH KOMIAKTHOCTH. «ABTOMATHYECKHI» MEepeHOC 3TOro ompeje-
JIEHHSI C METPHUYECKOro cJjyuasi Ha TONOJIOIHYEeCKHH M NPUBEJ K IO-
HATHIO CUETHO-KOMIIAKTHOIO TONOJIOTHYECKOro npoctpanctsa. MHorna
B JHTepaType, ocobeHHO OoJiee CTapof, TEPMHH <KOMIAKTHOCTb»
TIOHHMaeTCsl KaK «CYeTHasi KOMIAKTHOCTb», a TOMOJOrHYeCKoe Ipo-
CTPaHCTBO, KOMIIAKTHOe B Hallled TEPMHHOJIOTHH, T. €. TaKoe, U3
"KaXJOro OTKPBITOrO NMOKPBITHSI KOTOPOrO MOXHO BBIJEIHTb KOHEY-
#l0€ MOAMOKPBITHE, Ha3biBaeTCs buxkomnaxtHoim. IIpu 3T0M KOMNakT-
Hoe Xxaycqop(doBO NMPOCTPAHCTBO (T. €. KOMIIAKT) HMeHYyeTCsl OUKOM-
NAKTOM, a TEPMHH <«KOMIIAKT» pe3epBHpPYeTcsl A/ 06GO03HAUeHHs
MeTpPHUYECKOTr O KOMNAKTHOro npocrpanctsa. Muwl 6ynemM mnpH-
JIepXKHUBATLC TeX TEPMHHOB (KOMIAKTHOCTb, CUeTHas KOMIAKT-
HOCTh), KOTOpble BBEJEHbI BbIllle; NPHU 3TOM Mbl H KOMMAKTHBL €
MeTpHYEeCKHe MPOCTPAaHCTBA Takxe GyneM Ha3biBaTh KOMIOaKTa-
™MH, a B T€X CJIyyasdXx, KOrJla HaJHYHe METPHKH XKeJaTeJbHO CIie-
LHANbHO MOLYEPKHYTh, — «METPUHECKUMU KOMNAKTAMUY.

5. MpeaxoMnakTHpie MHOXKecTBa. Ec/iH MHOXecTBO M, nexaiuee
B HeKOTOpoM xaycnopdoBoM mpoctpaHctBe T, He 3aMKHyTO B T, TO
M ne moxert ObITh KOMnakTHO. HanpuMep, HH OAHO M3 HE3aMKHYTBIX
TIOAMHOXKECTB YHCJOBOH NPAMON He sIBJsieTCS KoMmakToM. Moxer,
OJIHaKO, OKa3aTbCsl, YTO 3aMblkaHue [M] takoro muoxectsa M B T
yxke obJjajnaeT cBOHCTBOM KoMmaktHocTH. Hanpumep, stomy ycuo-
BHUIO yIOBJETBOpsieT H1060e OrpaHHYEeHHOE NOAMHOXKECTBO HA
YHCAO0BOK NMPSIMOfl HJH B N-MEPHOM NPOCTpaHcTBe. Beenem caenyio-
lllee OmpeneJeHHe.

Onpenenenne. MHOXecTBo M, nexkaliee B HEKOTOPOM TOIO-
JIOrHYeCKOM TNpoCcTpaHcTBe I, HasbiBaeTcsi npe0KOMNaxkTHoim (WU
KomnakTtuoim oTHocuTeabro T), ecsiu ero 3aMbiKanue B 1 KOMIAKT-
Ho. Ananornuno, M nasniBaerca cueTno-npedxomnakthoin B T, ecau
BesiKoe GeCcKOHeuHOoe mnoaMHOXecTBO A — M umeer xoTa GObl OOHY
TIpefle/IbHYIO TOYKY (KOTOpasi MOXeT NpHHAJJIeXaTb, HO MOXET H
He npuHajaiexartb M).

TlousiTHe MpeAKOMMAKTHOCTH (B OTJIHYUHE OT KOMIIAKTHOCTH) CBfl-
3aHO, OYEBHAHO, C TeM MPOCTPAHCTBOM I, B KOTOPOM MBI JaHHOE
MHOXecTBO paccMatpuBaeM. Hampumep, MHOXeCTBO pallHOHAJbHBIX
Toyek B uHTepBaje (0, 1) npenfKOMNaKTHO, €CJH ero pacCMaTpHBATh
XaK IOJIMHOMKECTBO UYHCJIOBOH NMpPSIMOH, HO OHO He OyAeT NpeaKoM-
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NAKTHEIM KakK NOJMHOXEeCTBO MNPOCTPAHCTBA BCeX pPaUHOHAJbHBIX.
YHCe.

ITonsiTHe nNpefKOMNAKTHOCTH HaHGoJee CyLIECTBEHHO B Cjydae
METPHYECKHX NPOCTPAHCTB, O 4eM OydeT HATH pedb B CAEAYIOLIEM
naparpadge.

§ 7. KoMnakTHOCTL B METpPHYECKMX MPOCTPaHCTBAxX

1. Moanaa orpaHHYyeHHOCTb. ITOCKOJBKY MeTpHUeCKHe IIpOCT-
PaHCTBa NPeCcTaBAdiOT CO60H YACTHHIM caydai TONOJNOrHYECKHK, Ha
HUX paCHpOCTPAHSIOTCS Te onpelesneHHs U (akTbl, KOTOpble Shuiw
H3JIOXKEeHH B npeabaylieM naparpage. B Merpuueckom ciyuae KoMm-
NAKTHOCTb TECHO CBSI3aHA C NOHSATHEM NMOJHOH OrTpaHHUYEHHO-
C TH, KOTOPOE MBI Ccefiuac BBeAEM.

ITyctb M — HeKOTOpOE MHOXECTBO B METPHYECKOM IPOCTPAHCTBE
R u & — HeKOTOpOE MOJIOXHTENbHOEe Yuca0. MHOXKecTBO A U3 R na-
3plBaeTcs e-cetoro Aasa M, ecau gasa nio060i Toukd x € M unafinercs
x0Ts 6bl OflHA TOUKa a € A, Takasi, 4To

px, a)<e.

(MuoxectBo A ue 0653aHO comepX)aTbcst B M K MoXeT naxe He
uMetb ¢ M uu onHoill o6ulell TOYKH, OXHAKO, uMesl aJjs M uekoTo-
pyio e-ceth A, MOXHO NOCTPOUTD 2¢-ceTb B < M.)

Hanpumep, uesouncieHHsle TOYKH 06pasyiOT Ha IJIOCKOCTW
1/4/2 - cetb. MHOXecTBO M Ha3BIBA€TCS BROAHE 02PAHIUMEHHBLM, €CTR
IJisi Hero mpH Jo6oM & > 0 cylllecTByeT KOHeUHas e-ceTb. SIcHo,
YTO BNOJIHE OrpaHHYEHHOE MHOXECTBO 0053aTelIbHO OrpPaHHYEHO,.
KaK CyMMa KOHEYHOro 4HcJla OrpaHuyeHHbX MHOXecTB. OfparHoe,
BoOGllle rOBOpsi, HEBEPHO, KakK NMOKa3blBaeT NMPUBOJAUMLIA HHXKEe NpPH-
Mep 2.

YacTto GbiBaeT moJie3HO Clefyolllee OYeBUAHOE 3aMeuaHue: ecAld
mrooucectreo M snoane oepanuueno, to eeco 3ameikanue (M) raxme
61101HE 02PAHUUEHO.

W3 onpepenenusi mosHOH OrpaHHYEHHOCTH CpPasy CJeNyeT, YTo:
ecAl Camo MeTpuuecKkoe NPOCTPAHCTEO R 8noaHe 02paruteHo, 1o
0HO cenapabeabHo. JleHCTBUTENbHO, NOCTPOUM IJISl KaXJaoro n B R
KOHeuHyl 1/n-cetb. CyMma uX 1O BCeM n IIpeACTaBJisgeT COGOR
cueTHOe BCIOAy mioTHoe B R mHoxectBo. Ilockosbky cenapaGesnb-
HOe MeTpHYeCKoe NpPOCTPAHCTBO HMeeT cueTHyio 6Ga3y (Teopema 4
§ 5), MBIl moJIyuaeM, 4TO 8CAKOE BNOAHE 02PAHUHEHHOE METPUYECKOE
RPOCTPAHCTBO UMEET CHeTHYI0 6asy.

IlpumMepsn. 1. B n-MepHOM eBKJHA0BOM IPOCTPAHCTBEe MOJHASE
OrpaHHYeHHOCTb CoOBmajgaeT ¢ OOGBYHOH OrFpPaHHYeEH-
HOCTDbIO, T. € C BO3MOXHOCTbIO 3aKJIOWHTb HaHHOE€ MHOXECTBO
B 10CTaTOYHO GoJblioi Ky6. [leficTBUTENbHO, ec/iH TaKOH Ky6 pas-
6uTb Ha KyOHWKH C peGpoM &, TO BepIlHHbl 3THX KyOHKOB 6ynyT
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.06pa30BbIBATb KOHEUYHYIO (q/n/2) e-CeTb B HCXOAHOM KyGe, a 3Ha-
quT, M TOAABHO, B JIOGOM MHOXeCTBe, JeXalleM BHYTPH 3TOrO
Kyba.

2. Enuauunas cdepa S B npocrpaHctBe [; faer HaM npumep
.OrpaHHYEHHOTO, HO He BIIOJIHE OTPaHMYEHHOro MHOXecTBa. [leHcTBH-
-TeJIbHO, PACCMOTPHM B S TOUKH BHIa .

el-_—'(l, 0, o, ..., 0, 0, ...),
e,=0,1,0,...,0,0,...),
e,=0,0,0,...,1,0,...)

Paccrosinne Mexay JMoObIMH IByMSl TAKHMH TOYKAMHU €n U €m
{n # m) paBHO 4/2. Orciona BuaHo, 4o B S He MOMKeT GHITH
KOHEUHOH &-CeTH HH IIpHU KakoM & < A/2/2.

3. PaccmotpuM B [y mHOXKecTBO IT Touek x = (xy, X3, ..., Xn ...),
TI0UHHEHHBIX YCIOBHIM
-1
IS [5I<TU2, .0, Ixa ST 27 L

DT0 MHOXECTBO HA3bIBAETCS OCHOBHLIM napairesenunedom («rHilb-
GepTOBbIM KHPIHYOM») mnpocTpaHcTBa [l OHO CAYyXKHT npuMepoM
6eCKOHEUHOMEPHOr'0 BIIOJIHE OTrpaHHYEHHOr0 MHOXecTBa. [las noka-
3aTeJbCTBA €ro MOJHOH OrpaHHYEHHOCTH NMOCTYNHM CJEAYIOWHM 00-
pasoMm.
IMycts € > 0 3anano. Beibepem n Ttak, uto 1/2"! < ¢/2. Ka-
JKJI0H TOuKe
X=X, Xgy «0v) Xp, ++.) (1)

®3 II comocTaBuM TOUKy
"=(x), X3, .1+, X,, 0,0, ...) (2)

M3 TOro e MHoXecrtBa. [Ipu sTom

— —
o, =7/ ) x;<\/2%<{-_,-<f-.
4 2 2
k=n-+1 k=n

Muoxectso II* Touek Buaa (2) us II BnoJHe OrpaHMueHO (Kak
OrPAHHYEHHOE MHOXECTBO B /-MEpPHOM mpocTpaHcTBe). BroiGepem
B [I* koHeuHyio &/2-ceTb. $IcHO, uTO OHa OyZeT B TO Ke BpeMs
&-ceTpbio Bo BceM II.

2. KOMNaKTHOCTb H MOJHAsi OrpPaHHYEHHOCTb.

Teopema 1. Ecau merpuueckoe npocrpancréo R cuerno-xom-
NAKTHO, TO OHO BNOAHE 02PAHUHEHO. .

HoxasartenbctBo. IIpennonoxum, uto R He BmoJHe orpa-
HHYEHO. 3TO 3HAYUT, YTO NPH HEKOTOPOM g >0 B R He cyule-
CTBYEeT KOHEUHON €o-ceTH. Bo3bMeM B R mnpoH3BOJBHYIO TOUKY 4.
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B R nafpgercsi xotsas 6bl OJHA TakKas TOYKa, CKaxeM, dp 4TO
p(ai, az) > eo (MHaue Touka a, Gblia Obl g-ceThio anas R). asee,
B R nafimercsl Takasi Touka s, uto p(ai, as) = €9 U p(as, a3) > ey,
HHave napa ToueK @i, az Obla Obl gy-ceTblo. Ecu TOUKH @y, ..., ap
yxKe ¢ukcHpoBaHb, TO BhiGepeM TOuUKYy apyj &R Tak, uro
p(ai, ah+;) = &y, i = l, 2,

JT10 mocTpoeHMe naeT HaM GECKOHEUHYI0 NOCJeL0BaTeIbHOCTD
a;, Gg, ..., KOTOpas He HMeeT HU OJHOH NpeneJbHOH TOYKH, IO-
CKOJIBKY p (s, @;) = €o 1pu i = j. Ho Toraa R He CUeTHO-KOMIIAKTHO.
Teopema nokasaHa.

Hrak, Mbl nokasasu, 4To LJs MeTPHYECKHX IPOCTPAHCTB CUET-
Has KOMIAKTHOCTb BJiedeT IOJHYI0 OrpaHHYeHHOCTb, KOTOopas B
CBOIO OYepefb BJeYeT HaJHYHe CUeTHOH 6a3bl.

B cuay teopemnl 10 § 6 orciona mosyuaeM Takod BaXKHBIH pe-
3yJbTaT.

CaencrBue. Bcakoe C4eTHO-KOMNAKTHOE MeTpuU4ecKoe npo-
CTPAHCTBO KOMNAKTHO.

Mbl noxasaJsu, YTO NOJIHAs OrPaHHYEHHOCTb eCTb He o6 X0 4 H-
M O € YCJIOBHEe KOMINAKTHOCTH METPHUYECKOrO IPOCTPAHCTBA. JTO yCII0-
BHe He L OCTAaTOUYHO, HanpHMep, COBOKYNHOCTb PalHOHAJbHBIX
Touek orpeska [0, 1] ¢ o6bIUHBIM oNpefesieHHEM PaCCTOSHHSA MeXAy
HHMH €CTb BNOJIHE OrPaHHYEHHOE, HO He KOMIIAKTHOE NPOCTPAHCTBO:
NoC/ae]0BaTeJNbHOCTb TOUEK ITOr0 IPOCTPAHCTBA

0; 0,4; 0,41; 0,414; 0,4142; ...,
T. €. [OCJeI0BaTEeJILHOCTb [AECATHUYHbLIX MPHOJHXKEHHA uHCaa

4/2 — 1, He uMeeT B HeM NpeleNbHON TOUKH. OJlHaKO HMeeT MeCTO
cneuyxomaﬂ TEOpeMa.

Teopema 2. Jaa 1020 4T06b6L METpUHecKOe npoCcTPAHCTB8O R
66140 KOMNAKTOM, HeobXx00umo u 3oCcTaTo4Ho, 4Tobbl OHO 6bLA0 00~
HOBPEMEHHO: ’

1) enoarne ozparuiennsim,

2) noanoim.

HdokaszateabcTso. Heo6x0auMOCTb NOJHON OrpPaHHUEHHOCTH
yXKe orTMeuasach. Heo6Xx0AHMOCTb MOJHOTH OYeBHJIHA: B CAMOM
aene, ecad {xn} — QyHIaMeHTaJ bHAs I0CJEA0BATeNbHOCT B R, He
HMeloIlas Mpejesa, TO 3Ta MOCJAeJOBaTeJbHOCTb He HMeeT B R Hu
OIHOH IpelesbHOH TOUKH.

TlokaxeM Temepb, YTO €CJH R BIOJHE OFPAHHYEHO H IOJHO, TO
OHO KOMIakTHO. B cuny ciaenctBus u3 TeopeMb 1 ans 3toro no-
CTaTOYHO YCTAHOBHTb, YTO R CUETHO-KOMNAKTHO, T. €. 4YTO BCAKas
NOCJAeNOBATEIbHOCTh {Xn} TOuek H3 R uMeeT xors Gbl OAHY Ipe-
JIeNIbHYIO TOUKY.

TlocTpoMM BOKpYr KaX/oH H3 TOUEK, obpasyiomux l-cetb B R,
3aMKHyTHIH Wwap paauyca 1. Tak Kak 3TH Waphbl NOKPLIBAlOT Bee R,
a YHCJI0 HX KOHEUHO, TO MO KpaHHell Mepe OJHH H3 HHX, Ha3oBeM
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ero Bj, COLepXHT HEKOTOPYIO 6ECKOHEUHYIO NOJIOC/AeI0BATENbHOCTE
0, ..., %0, ... nocnenosarenpHoctn {xn}. Ilasee, BbiGepem
/y-ceTb B B| U BOKpPYr KaxXJo¥f U3 TOYEK 3TOH CeTH IOCTPOHM 3aM-
KHYThIl Wap paauyca 1/2. Tlo kpaiiHeii Mepe OAMH M3 3THX LIApOE,
Ha3oBeM ero Bj, comepXHT GECKOHEUHYIO IOANOC/EJ0BATEIbHOCTD

x®, ..., x?, ... nocnenosarenvnoctn {x)}. Ilanee, uaiizem 3am-
KHYThI map Bj ¢ nenrpom B By paanyca 1/4, cogepxamuii 6ecko-
HeuHyI0 TnoinociefoBatenbHocTs X, ... x®, ... nocaenoBaresb-

voctn {x?} u 1. 1. PaccMoTpHM Temepb HapsAy ¢ KaXIbiM Liapom

By 3aMkHyTHH Iiap An ¢ TeM Xe IeHTpOM, 1O B JBa pasa 6oJb-
mwero paauyca. JIerko BUAeTb, uTo mapbl A, BNOXEHH APYT B Apyra.

0
B cuay noanoTh mpoctpanctsa R mepeceuenne || A, He mycTo
n=l

COCTOHT H3 OJHOIl TOYKH Xo. DTa TOYKAa — MpejlesbHasi AJs HCXOJ-
HOH MOCJEeI0BATEbHOCTH {Xn}, TAK KaK KaXJaas ee OKPECTHOCTb CO-
JIeP3KUT HEKOTOpHIit wap B, a 3HauHT, H GECKOHEUHYIO MOANOCAEN0-
BaTeJbHOCTb {x}f’} N0CJIeJ0BATEAbHOCTH {Xn}.

3. MpeaKoMNaKTHbie MOAMHOXECTBA B METPHYECKHX NPOCTPaH-
cTBax. [loHsTHe NpPeNKOMIAKTHOCTH, BBeJeHHOE HAMH B MpeIblIy-
umieM naparpacde IJs NOAMHOXKECTB NPOH3BOJBHOIO TONOJOIHYECKOrO
NpOCTPaHCTBa, IPUMEHHMO, B YAaCTHOCTH, K NMOAMHOXXeCTBAM MeTpH-
yecKoro npoctpaHctBa. I1pu 3ToM, oueBHIHO, IOHSATHE CUETHON Npef-
KOMIIAaKTHOCTH COBIlaJaeT 3[eChb C INOHSTHEM IPEIKOMIaKTHOCTH.
OTMeTHM cJeyIOUIHA MPOCTOH, HO BaXKHBIH (aKT.

Teopema 3. aa Tozo 4robor muosxcectéo M, aexauee 6 nos-
HOM MeTpudeckom npocTpauctée R, 6bin0 npeOKoMNaKTHOIM, HEO0O-
X00uMmMo U 0OCTATOHHO, 4TOObL OHO ObILAO BNOAHE OSPAHUHEHHLLM.

HokasaTenbcTBO cpasy ciaegyeT H3 TeOpeMbl 2 H TOro OYeBH[-
Horo pakra, UTO 3aMKHYTO€ MOJAMHOXECTBO MOJHOIO METPHYECKOro
NPOCTPAHCTBA CAMO TOJHO.

3uaueHHe 3TOH TeOpeMbl COCTOHT B TOM, 4TO, KaK IpPaBHJIO,
Jierye yCTaHOBUTb MOJIHYIO OFPAHHYEHHOCTb TOrO HJIH HHOrO MHOXe-
CTBa, 4YeM HeNoCPeJCTBEHHO N0Ka3aThb ero MpeiKOMIaKTHOCTh. BMe-
cTe ¢ TeM JJisi TpUMeHeHHH B aHaJH3e BaXKHA OObIYHO NMPEAKOMNAKT-
HOCTb. ‘

4. Teopema Apueaa. Bonpoc o KOMNaKTHOCTH TOro HJH HHOTO
MHOXXECTBA B METPHY€CKOM INPOCTPAHCTBE — AOBOJIBHO pacrnpocTpa-
HeHHast B aHaJM3e 3ajgavya. Mexay TeM, NONBITKA HENOCPEeJCTBEHHO
NPUMEHHTb TeopeMy 2 cTajiKuBaercss ¢ TpyAHocTsaMu. [Tostomy pas
MHOXEeCTB B KOHKDETHBIX MPOCTPAHCTBAX IMOJIE3HO NaTh CIEHatb-
Hble KPHTEPHH KOMMNAKTHOCTH (MJH MpeJKOMIAaKTHOCTH), OoJjee
ynoGHble Ha NPAKTHKE.

B n-MepHoM eBKJIHAOBOM IPOCTPAHCTBE MPEIKOMIAKTHOCT
MIOXeCTBa paBHOCHJbHA, KAaK Mbl BHIETH, €0 OrpaHH4eHHOCTH.
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OpnHako ans Gosnee OOIIMX MeTPHYECKHX NMPOCTPAHCTB 3TO YKe He-
BepHO.

OnHuM ©3 BaXHeHIIHX B aHa/lH3e MeTPHYECKHX IPOCTPAHCTB
siBnsiercs npoctpanctso Cla, bl. dnsa ero moaMHOXECTB BaxKHbIA H
YacTO HCIOJb3yeMbili KpuTepull MpelKOMIAKTHOCTH AOCTaBJseT TakK
Ha3biBaeMass Teopema Apunena. Urobsl ee chopMy/THPOBATD,
HaM TIOHALOGATCA CleNyolHe IOHATHS.

CewmefictBo @ ¢(yHKIHIT @, OMpefesNeHHLIX HA HEKOTOPOM OTpe3-
Ke [a, b], Ha3bIBAETCS pABHOMEPHO 02PAHUHEHHbIM, €CJIH CYLECTBYET
Takoe uncao K, uto

lo(x) <K

nas Bcex x € [a, b] u Bcex p = .
CemetictBo @ = {@} Ha3bIBAETCSA PABHOCTENEHHO HEeNnpepoul8HbiM,
ecau AJid Kaxjgoro £ > 0 gangercd takoe § > 0, uto

lo(x)—o(x) | <e

IS BCeX X H Xp u3 [a, b] takpx, uto p(x¥1, X2) << 6, W AAA BCex
Loy =X}

Teopema 4 (Apueuna). Aaa 1020 utobur cemelicteo @ He-
npepuierblx ynkyuii, onpedenrernovix Ha orpeske [a, b), 6bir0 npeo-
komnaxkTho 8 Cla, b], Heob6xodumo u docTarouno, 4Tobel 3TO Cemeli-
€T60 GbLAO PABHOMEPHO O2PAHUHEHO U PABHOCTENEHHO HenpepbleHo.

HokasateanbctrBo. Heo6xoxuMocTh. HyCTb ceMefACTBO
® npeakomnaktHo B Cla, b]. Torga mo npenbiayimieil Teopeme AJsi
KaXJIoTo INOJIOXKHTENbHOTO € B ceMeilicTBe @ cymecTByeT KOHeuHas
e/3-cetb @1, @2, ..., r. Kaxnas us q)yHKulm @i, KaK Henpepbis-
Has QYHKUHS Ha OTpe3Ke, orpaHuuena: |@;(x)| << K.

IMonoxum K = max K; + ¢/3. Tlo onpenenenuio &/3-cetu, auas
Besikoro @ & @ umeeM, X0oTs Obl AJisi OLHOTO @j,

p(e, ¢)= mgXI Q(x) — @ (x) [ g/3.
Cne0BaTeNIbHO,

10 () I1<I9: (%) [+ 5 <K + 5 <K.

Hrak, @ paBHOMEPHO OTPaHHYEHO.

HaJnee, Tak Kak Kaxpaas U3 QyHKUu# @;, 06pasyiomiux e/3-cetb,
HelpepbiBHA, a CJieJOBATe/IbHO, H PABHOMEPHO HeNpephiBHA Ha [a, b],
TO JJisl AAaHHOTO €/3 cyliecTByeT Takoe §;, 4TO

Lo (x) — @i (xp) | < /3,

ecnu |x;— x| < 8.
ITosoxuM 6 = mind;. Jad HpOH3BOJIbHOH bynkipn o=@ BH-
6epeM @; Tak, uToOL p (@, @;) <¢&/3; Torma mpH |x — x| <o
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6yleM HMETH
[ @ (x1) — @ (xo) I @ (1) — @4 () [ s (1) — @ (x2) |+
F1Qi(x) —@(x) | <e/3+¢/3+¢/3=ce.

PaprocTenennas HenpepbiBHOCTb D Takxke NoKaszaHa.

JoctatounocTb. ITycth D — paBHOMepHO OTPAHHUYEHHOE H
paBHOCTENeHHO HenpepbiBHOe ceMedcTBO (yHkuui. CorsiacHo Teo-
peme 3 Mbl ycTaHOBMM ero npeakomnakTtHocts B Cla, b], ecnn mno-
KaxkeM, uTo npu Jw6om ¢ >0 pas uHero B Cla, b] cymectsyer Ko-
Heunas e-cetb. Ilycts |@(x) | << K nas Bcex g = @ u nycrts 6 > 0
ppiGpano Tak, uto |@(x;)— @(x2)|<<e/b npu |x1— x| <8 maa
pcex o= ®. Pasobbem oTpe3ok [a,b] HA ocu X TOYKAMH Xo =
=0 <x<xp<<...<<Xp,=> Ha NIpPOMEXYTKH AJHHbLI MEHbLIE O
H TpoBeJleM uepe3 3TH TOYKH BepTHKaJbHble npamble. OTpesox
[—K, K] na ocu y pasobbem TouKaMu Yo= —K <<y <y <<...
... << Ym = K Ha npomexyTKH HJUHbl MeHbIIE &b U mpoBefeM ue-
pe3 TOUKH JeJeHHs] TOPU3OHTaNbHble NpsiMble. TakuM o6pasoM, npsi-
MoyrosibHEK @ << ¥ << b, —K << y << K pasoGbercst Ha siuefiKU ¢ ro-
PH30HTAJIbHOH CTOPOHO!N MeHbllle § H BepTHKAaJbHOH CTOPOHOH MeHb-
me ¢/5. ComocraBHM Tenepb KaxXAoH GyHKUHM ¢ & @ jOMaHYIO
Y(x) c BeplIMHAMH B TOUYKax (X, 1), T. €. B y3Jax NOCTPOEHHOMH
CEeTKH, U YKJIOHSIOIYIOCSA B TOUKAX X OT QYHKUUH @(X) MeHblIe yeM
Ha &/b (cyllecTBOBaHHe TaKOH JIOMaHO!N OYEBUAHO).

[Mockoabky To nocTpoeHuio | ¢ (x,) — P (%) | < e/5, | @(xpy,) —
— P (xp+1) [ <ef5, | @ (xp) — @ (xr11) | <[5, TO

[ () — Pdxps1) | < 3e/5.

Taxk Kax MeXAy TOYKaMH Xp U Xry1 GYHKUMSA P(x) JuHeHHA, TO
Fp(xe) —$(x) 1 <3e/5 ana seex xe&|[xg, Xpv]

[lycts Tenmepb x — MPOM3BOJIBHAS TOYKA OTpe3ka [a, b] u xp—
6muxafimasi K X cleBa H3 BbIOpaHHBIX HaMM TOYeK genenus. Torpa

[@ ) — v () I<loXx)—@(x) |+
1o (xe) — v (xe) [+ (x) — p(x) 1< e,

CunenoBarenbHo, JoMaHnbsie P(x) mo otHoumeHnio kK @ obpasyior
g-ceTb. UHCJIO UX OYEBHAHO, KOHeUHO, TakuM ob6pasoMm, @ BmosHe
OrpaHHY€eHO. TeopeMa MOJIHOCTDBIO JOKa3aHa.

5. Teopema [Ileano. TlokaxkeM, KaK NpHMeHseTcs Teopema Apuena Ha TOpH-
Mepe cJelyIolleH TeOpeMbl CYILeCTBOBAHHSA [Js OObIKHOBEHHHX AHMdepeHnHab-
HEIX ypaBHEHHH C HENPepbIBHOH NPaBOH 4acThbIo.

Teopema 5 (Ileano). [Tycrs dano Ouggepenyuarvroe ypasuenue

dy
de = y). (3)
Ecau- pynxyus [ nenpepbisna 6 HexoTopod oepanutuenuod samknyroi obracru G,

TO 4epe3 KamAYto 6HYTPEHHIOO TOUKY (Xq, Yo) aTOl o6aacTu npoxodur xoTs 6oL
00Ha UNTe2PaAbHAR Kpueas GaHHO20 YPagHEenUs.
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HNokaszateabcTBo. Tak kKak (yHKU4A [ HenpepuiBHa B OrpaHHYEHHOIN
3aMKHYTOR 006JacTH, TO OoHa orpanuueHa: |f(x,y)| << M = const.

ITpoBemeM uepe3 TOUKY (Xo, Yo) NPAMBIE C YrJIOBHMH KO3bhdHUHEHTaMH M y
—M. TlpoBeneMm, manee, BepTUKaJbHHE NpsiMble ¥ = a B X = b Tak, 4TO6M oOT-
cexaeMhe HMH JIBa TPeyroJibHHKa ¢ oOlief BepUIHHOA (Xo, Yo) WEJIHKOM JeXaju
BHYTpH obaactu G.

JTa mapa TpeyroJbHHKCB 06pa3yeT 3aMKHYTO€ MHOMXeCTBO A.

INocTpouM Temepb A HAHHOrO YPaBHEHHs TaK Ha3biBaeMble JOMaHbe Jit-
Jiepa caefyloluM o6pa3oM: NMPOBENEeM H3 TOUKH (Xo, Yo) MPAMYIO C YIVIOBHIM KO3¢(-
dunnentoM f(xo, Yo). Ha 3rT0ll npsimoit Bo3bMeM HEKOTOPYIO TOYKY (X1, ¥)) H Mpo-
BelleM Yepe3 Hee MPAMYIO ¢ YIJIOBHM KospdHuHenToM f(X1, y1). Ha 3tofi npamoin
BO3bMEM TOYKY (X2, Y2), NPOBELEM uepe3 Hee TPAMYIO C YIViOBHM KO3(DQHIHEH-
TOM f(X2 y2) U T. A. PacCMOTpHM Temepbr NOCJeNOBaTEeNbHOCTb JIOMaHbIX Shjaepa
Ly, Ly ..., Ln, ..., NPOXOAAIHX Yepe3 TOYKY (Xo, Yo), TAKHX, UTO NJHHA Hau-
Gosiblller0 H3 3BeHbeB JHHHH L, CTPEMHTCA K HyJMO mpH k— oo, [lycth @p —
GYHKIHS, Tpaduk KOTOPOH ecTb MHHHA Li. PYHKUHH @1, @2 ..., Ps, ... 0Oaa-
Nlal0T CcAelYIOIHMH CBOHCTBaMH:

1) oHH ompemesieHH Ha OXHOM H TOM e oTpeske [g, b,

2) OHH paBHOMEpPHO OrpaHHYEHHI,

3) OHH paBHOCTENEHHO HemnpepHBHHI.

Ha ocHoBaHHH TeopeMb Aphena H3 NOCJAENOBATENbHOCTH {QPx} MOXHO BuI-
6paTb paBHOMEPHO CXOAAILYIOCA TOcJeA0BaTeabHOCTb. IlycTh 310 GymeT moanocae-
noBatenbHOCT M), @@, ..., @k, ..,

IMonoxum @(x) = lim ¢*)(x) npu k— oco. fcHo, 410 @(%5) = yYo. Ocraerca
NIPOBEPHTDb, YTO @ YNOBJETBOPAET Ha oTpe3ke [a, b] manHoMy AuddepeHnHaAbHOMY
ypaBHenuto. s atoro Tpe6yerca mokasaTtb, 4to AJjs awo6oro € > 0

2O e, g ()

xll —_ xl < e’

€CAH TOJbKO BeHuHHa |x” — x’| mocratouno Mana. Jlns DoK43aTenbcTBa 3ITOrO
B CBOI0 OYepeflb HYXHO YCTAHOBHTb, YTO NPH AOCTATOYHO OGOJbLIHX &

(p(k) (x”) — (pfk) (x,) - ,F(x', (l)(k) (x'))

x” — x <e

€CJH TOJbKO pasHocTb [x” — x’| mocratouno masa.
Tak kak [ HenpepniBHa B ob6aactH G, To ans qoboro & > 0 HafifieTcs Takoe

n > 0, uro
f(,y)y—e<f(x, 9 <f(x,y)+e (y¥=9¢))
lx—x"|<2n u |y—y | <4Mn.

€0

CoBOKYNHOCTb TOYeK (X, y) & G, YNOBNETBODPAOIMX ITHM JABYM HepaBed-
CTBaM, TpefcTaBasieT co6ofi HexoTopuii npsaMoyronbHHk Q. ITyctb teneps K ua-
CTOJIbKO BEJIHKO, 49TO AJs Becex kB > K

[ (x) — ¢® (x)] < 2Mn

¥ Bce 3BeHbsl JOMaHOR L, HMeioT ZauHy MeHbure M. Torma npu |x — x| << 21
Bce JoManble ditnepa @A), nas xotopbix & > K, nenukom Jjexart BHYTPH Q.
Hanee, nyctb (ag, bo), (ai, b1), ..., (@n+1, bn41) — BepwinHbl JOMaHOH Ly,
TnpHyeM
g r<a<a< ... <a,<x"<a+1
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MH AR OMPENeJeHHOCTH CuHTaeM x” > x’, aHa/MOrHYHO PAacCMAaTPHBAETCA Ccayuyah
" < x’). Toria nas cooreTcTBYOWEH PyHKunK Q) HMeem

o® (ar) — @® (x') = f (@, bo) (@1 — x”),
o® (a,,,)— o® (a))=F(a, b)) (@0, — ) i=12..,n—1,
q)(k) (x") — ‘P(k) (an) = [ (an, by) (x” — ag).
Ortciofia npu |¥” — x’] < n noayuaem
[F(x, y') — el (a1 — %) < @® (a)) — @® (x') < [[ (¥, ¥) + €] (ar — x'),
[ (e v) — e} (@ —a) <o® (a, ) —o® (a)) <
<[ y)+el(a,—a) i=I..,n—1
[7(x 4') — €] (x” — a) < @@ (x”) — @® (an) <[} (¥, ¥') + ] (x” — ap).
CyMMHPYs 5TH HEPaBEHCTBA, HAXOLHM
(e y') — el (6" — &) < @®) (x7) — @) (x') < [[ (¥, ¢) + &] (x” — x"),

41O M TPeGOBANOCh AOKA3ATb.

Pa3Hble NOANOC/TeNOBATENbHOCTH JOMaHHX OJfjiepa MOryT CXOAMTbCA K pa3s-
HHM pelleHusaM ypaBHehus (3). Ilostomy pewenne ypaBueunus y’ = f(x, y), npo-
Xoisllee yepe3 TOUKY (Xo, Yo), BOOGLLE OBOPS, He eJHHCTBEHHO.

6. PaBuomepuas HenpepniBHOCTb. HenpepbiBHbie 0TOOpaxeuus
MeTpHYECKHX KomnakTtoB. [lns oToGpa)KeHHH MEeTPHUYECKOrO NpocT-
p&aHCTBA B MeTPHYECKOe NPOCTPAHCTBO, B YACTHOCTH, IJIsl YHCJO-
BEIX GQYHKUHMH HAa MeTPHUECKHX NMPOCTPAHCTBAX, HAPALY C NMOHATHEM
HenpepuIBHOCTH HMEET CMBICJ BaXXHOe /11 aHaJIM3a MOHSITHE PaBHO-
MepHOH HempepblBHOCTH: oToOpaxeHHe F MeTpHUYECKOTrO NPOCTpaH-
ctBa X B MeTpHYECKOe NPOCTPAHCTBO Y HA3bIBAeTCS PABHOMEPHO
HenpepoigHoiM, ecad 1Js Kaxaoro e > ( Hanzetrcsi takoe § >0,
uto po(F(x1), F(x2))<<e Kak TOABKO pi(Xi, X2) << 8 (3mech p;—
paccrosinue B X, a,ps — paccrosiive 8 Y), npuueM 8§ 3aBHCHT TONBKO
OT €, HO He OT X1 H Xo.

YupaxueHue. ITokasars, 4to uHcaoBas ¢yuxuns F(x) = sup x(f) pasuo-
ast<<b

MepHo HenpepwBHa Ha npoctpanctse Cla, b].

Ilnst HenmpepblBHBIX OTOOpaXKeHHH METPHYECKHX KOMIIAKTOB
HMeeT MeCTO cJjeaympolias TeopeMma, o6ofiiaioliasi XOpomlo H3BeCT-
HYI0 W3 3JIeMEHTapHOTO Kypca aHaJjli3a TeopeMy O HenpepbiBHBIX
$yHKIHSAX HA OTpe3Ke.

Teopema 6. Henpepoignoe orobpascenue MeTpuHecKo20 KOM-
naKTa 8 meTputeckoe NPoCTPAHCTE0 PABHOMEPHO Henpepoul8Ho.

Hokxaszarteabcto. Ilycte oro6paxkeHne F MeTpuueckoro
Komnakra K B MeTpHueckoe npocTpaHcTBo M HempepbiBHO, HO He
PaBHOMEPHO HeNpepbiBHO. DTO 3HAUYHT, YTO AJAA HeKoToporo & >0
M KaXJ10ro HaTypaabHOro n HakayTtcs B K Takue TOUKH X, H X,, UTO

e1(x, x)<1/n u B 1o ke Bpems p,(F(x,), F(x;))=e (p1—
Paccrosuue B K, p;— paccrosinue B M). M3 mocsenoBaTesbHOCTH
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{xs} B cuny komnaktHoctH K MOXHO BhIGpPaThb NOANOC/]ENOBATEND-
HOCTb {Xn,}, CXOAsWLYIOCS K HeKoTopo# Touke x & K. Toraa u {xﬁ,k}
CXOJAHUTCST K X; HO NPH 3TOM AJs KaXKAOro £ JOJKHO GbiThb BBIMOJ-
HeHO XOTs Gbl OIHO W3 HEPABEHCTB

P (F () F (x,,))=e/2 o, (F(x), F (¥n,)) = &2,

4TO MPOTHBOPEYHT HENpPEPLIBHOCTH OTOOpa)keHus F B TOuke X.

7. OGo6mennas TeopemMa Apuena. [Tycte X u Y — aBa MmeTpHue-
CKHX KOMNakKTa H nycTb Cxy — MHOXECTBO BCEX HENpepbIBHBIX OTO-
6pakenuii f komnakta X B Y. BBenem B Cxy paccrtosiide npu mo-
MOLUH (POPMYJIHI

p(f, 8= sup p(f (x), g(x).
xeX

Jlerko mpoBepuTh, YTO TakuM o6pasoM Cxy mpeBpallaercs B
METPHYECKOE NMPOCTPAHCTRO.

Teopema 7 (06o6meitnass TeopeMa Apuena). Jas
npedkomnaxtroctu mroxcecrea D — Cxy nHeobxodumo u docrarou-
Ho, 4T06bl 8xo0awue 8 D ¢ynxyuu f 6viau pasrocTenenno Henpe-
PbLBHbL.

Tlocnennee o3nagaer, yto AN J1060oro € = 0 LOMKHO CyHIECTBO-
BaTb Takoe § > 0, uto U3

p(x', x) <8 )
o (F (), F(x") <e, )

KaKoBHI 661 HY 6bl1H f u3 D v x’ u x”/ us X.

JlokasaTtenbcTBOo. Heo6X0QHMOCTh NOKa3blBAETCS TaK e,
KakK U B TeopeMe 4.

JokaxeM pocratoyHoctb. Jas artoro norpysum Cxy B 1po-
cTpaHcTBo Mxy Bcex oroOpakeHHH komnakra X B KoMmmakr Y
¢ TOH >Xe caMOH MeTPHKOH

o(f, &)= sup p Ff ), ),

BBITCKAECT

KoTopast 6buia BBefieHa B Cxy, H JOKaXKeM IIPeJKOMIIAKTHOCTb MHO-
xectBa D B Mxy. Tak kak Cxy 3aMkHyTo B Mxy '), TO H3 mpen-
KoMnakTHOCTA MHOXKecTBa D B Mxy cliefiyeT ero npeikoMIaKTHOCTb
B ny.

3agaguM € > 0 mpoH3BOJIbHO H BbiGepeM 8 Tak, uTo6bl H3 (4)
BoiTekato (5) mas scex f u3 D u Bcex %/, x” us X. Jlerko Buzerb,
yto X MOXHO NpeICTaBUTh KaK CYMMY KOHEUHOrO YHCJa Hemepece-
Kawoumuxes MHOXecTB E; rakux, uro u3 x’, ¥ = E; cnenyer

1) Ilockonbky npeles PaBHOMEpDHO CXOASIHeHCS NOCAEOBATENbHOCTH Hempe-
PHIBHEIX OTOGpa{eHHH eCTb TaKike HeNpPepPLIBHOE OTOOpax(eHue. YKa3aHHOe Npex-
JIOXKeHHe NpelcTaBageT cOOOH HenocpeACTBEHHOe 0GOOUICHHE HM3BECTHOH TeopeMbl
aHa/JW3a H JOKasblBaeTcsl TaK Xe, XaK H 3Ta Teopema.
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(¥ x’’) < 8. JleficTBHTENbHO, JJISI 3TOFO JOCTATOYHO BHIGpATh TOY-
KH X1, X2, ..., Xn TaK, 4ToGb OHH OGpasoBasu 6/2-cetb B X u mo-
JIOXHTD, HalpHMep,

Ei=B(x; 8/2\ U B(x;, 8/2),
I<i

cae B(xi, 6/2) — mwap panuyca §/2 ¢ ueHTpoM X;.

PaccmoTpuM Temepb B KOMHakTe Y HEKOTOPYIO KOHEUHYIO €-CeTh
Y1, Yo - -+ Ym, H TyCTD L — coBokynuocts GOYHKUHE g(X), NPHHH-
MaloIlHX Ha MHOXecTBax E; snaueHus y; Uucno takux GyHKImi,
©OUeBHIHO, KoHeuHo. [TokaxkeM, uTo oHM 06pasyioT 2e-ceTb MO OTHO-
wenuo Kk D B Mxy. Heiictsutensho, nycts f & D. Las Besko#t Tou-
KM Xi U3 X, ..., Xn HaHJeTCsL Takasi TOYKA Y; H3 Y1, ..., Ym, 4TO
p([(x:), y5) < e

Iycts dyukuua g = L Bui6paHa Tax, uto g(x:) = y;. Torna

o(f(x), g )< (F(x), [(x))+ o (F(x), g (x:) + (g (x), g(x)) <2,

ecay [ BBIOpaHo Tak, 4to ¥ & E;. ,

OTciofia BbITEKaeT, YTO KOHEYHOe MHOXecTBO L meficTBHTENbHO
ecTb 2¢-cetb nis1 D u, Takum ob6pasom, D mpenrommakTtHo B Mxy,
a cjaegoBaTtesbHo, H B Cxy.

§ 8. HenmpepbiBHble KpHBble B MeTPHUYECKHX MpoCTpaHcTBax !)

ITycTh 3amaHo HempepbiBHOE OTOGpaKeHuUe
P=f(¢)

oTpe3ka a << { << b B MerpHueckoe mpoctpasnctBo R. Korma ¢ «mpoGeraer» otpe-
380K OT a 00 b, cooTBeTCTByIOWas TOYKa P «npoberaeT» HEKOTOPYIO «HENPEePhLIBHYIO
KpuByI0» B npoctpaHcTBe R. HaM mpeacrouTt AaTe CTpPOrHe onpejesieHHs, CBA3aH-
Hble C M3J0XeHHOH cefidac rpyboi aeelt. ITopsiiok, B KOTOPOM IIPOXOAATCSA TOUKH

N
N =

Puc. 12. Puc. 13. -Puc. 14.

KpuBo#i, cymectBed. OIHO H TO XXe MHOXECTBO, H306paxkeHHOe Ha pHc. 12, npo-
XOfHMOe B HampaBJeHHsAX, YKa3aHHbiX Ha puc. 13 u 14, Mbl GyaeM cuutats p a3-
JIHUYHH MH KPHBHIMH. B KauvecTBe ApYyroro nmpuMepa paccMOTPHM JeHCTBHTE/b-
Hy10 ¢yHukuuio, onpeieneHHyilo Ha otpeake [0, 1], xoTopas H306paeHa Ha
puc. 15. Ona ompenenseT <«KpPHBYIO», PacmoJiOXeHHYl0 Ha oTpeske [0, 1] ocH y,
OT/JIHYHYIO OT 3TOr0 OTPE3Ka, OAHOKPATHO MPOHAEHHOro OT TOYKH 0 A0 TOUKH I,
TaK Kak orpe3ok [A, B] npoxoAuTcsi TPHKAM (ABa pasa BBepPX H OLWH Pa3 BHH3).

') 3ot maparpad He cBs3aH ¢ AaJbHeRWNM H3NOKeHHeM. [1pH KeNaHHH ud-
TaTe/lb MOXET ero OIYyCTHTb,
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Onnako npy OJHHAaKOBOM NOpPAAKE NPOXOXKIEHHS TOYEK NPOCTpaH-
cTBa BHIOOp «napaMeTpa» ! Mbl GyleM CUHTaTb HecymecTBeHHWM. Hanpuwmep,
¢yHRuKH, n300paxeHHble Ha puc. 15 n 16, onpeaensioT ONHY H Ty Xe «KDHBYHO»,
PACMONIOXKEHHYI0 HA OCH Y, XOTA 3HaueHHs NMapaMeTpa !, oTBevalollHe KaKOH-MH60
TOUKE KPHBOH, B caydasx puc. 15 u 16 Moryr 6mTb pasanunbiMH. Hanpumep, B
cayvae pHc. 15 Touke A COOTBETCTBYIOT Ha OCH [ JBe H3OJHPOBAHHHE TOUKHM, a B
cnyuae puc. 16— oHa H30JAHDOBaHHAsA TOYKA M JeXKallHi IpaBee Hee OTPE30K

IA
/ L e —— ——— ——
{
8= |
|
{
At—A—— |
[ |
| [ |
& J | E—
s 0 77t
Puc. 15. Puc. 16.

(xoraa ¢ nmpoGeraer 3TOT OTPE3OK, TOYKA Ha KPHBOH ocTaeTcst Ha Mecre). (Homy-
CKaTb TaKHe OTPE3KH HEeNoJABHXKHOCTH P = [(f) Oyaer yaoGHO B JAajbHedleM
NPH HCCAC]OBAHHH KOMIAKTHOCTH CHCTEM KPHBBIX.)

IMepefineM X ¢GopManbHBIM onpejesneHnaM. JIBe nenpepbiBHBE (YHKIHH

P=f{') nm P=["(t"),
onpeaenenHble COOTBETCTECIHO Ha OTpe3Kax

al<t1<bl H a”<t”<b”

¥ MNpHIHMAKWue 3HaYeHHsA B METPHUYECKOM IpPOCTPaHCTBE K, nasoBeM 3K8usaient-
HbIMU, €CJIH CYWIECTBYIOT AB€ HENpEPLIBHHE Heyﬁuaa;s‘.une QYHKIOEH

V=9 (f) n t"=0q”(,

OMNpeNEJICHHbIE HA HEKOTOPOM OTDC3Ke

as b
K o6najaiouiHe CBOHCTBAMH
¢ (a)=4a, 9’ (b) =1,
q)ll (a) - a”, (pll (b) j— bll’

Flo’(]=["19” (1]

nas Beex ! e [a, b].

Jlerko BHMETb, YTO T4K BBEJEHHOE OTHOIIEHHE 3KBHBAJNEHTHOCTH PCGJEKCHBHO
(f sxsuBanentHo f), cuMMeTpuuHo (ecau [’ sxBuBaseHTHO [”, TO [” 3KBUBajEHTHO
f’). MoxHo nokasaTb, 4TO OHO H TPAaH3HTHBHO (K3 3KBHBaJeHTHOCTH [’ M [’ H
SKBHBAJNEHTHOCTH [” u [’ BhiTexaer 3kBuBajeHTHOCTb [’ uw f’”). TlosTOMYy Bce He-
npepuBHBE QYHKIHH paccMaTPHBAEMOTO THMa Pa36HBAlOTCA Ha KJIACCH QYHKIUMH,.
IKBHBANEHTHHIX MeXJy co6ofi. Kaxakfi TakoH Kaace H ONpeAeNseT HenpepoiBryto
Kkpusyto B npocTpaHcTBe R. .

Hns moGoit oynkuun P = f’('), onpefeneHHOi Ha KaKOM-IH60 oTpe3ke
[a’, b’], nalimeTcst 9KBUBaJNEHTHAs el GYHKUUA, onpeleneHHas Ha oTpeske [a”, b”]==
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= [0, 1]. JleACTBHTENLHO AOCTATOYHO NMOJIOKHTD )
V=9 ()= (' —a')t+a, "=0q"(f)=1L

TakuM 06Pa3oM, BCAKYIO KPHBYIO MOXKHO TNPEANOJaraTb 3ajaHHOH NapaMeTphue
cKH IPH TIOMOWH GYHKIMH, ONPeeeHHON Ha OTpe3Ke [0, 1].

ToaTOMy U€enecoo6p3HO BBECTH B pacCMOTpeHHe nmpocTpaHctBo Cr, r Henpe-
pHBHDbIX oto6paxenuit [ orpeska / = [0, 1] B mpocTpaHCcTBO R ¢ MeTpHKOH

o(f, 8)= Supp (f (2), g (1)).

ByaeM CYHTaTh, YTO NOCNEAOBATENbHOCTb KPHBHIX Ly, Lo, ..., Lyn, ... cxo0-
ANTCA K KPUBOH L, ecnu KpuBbie Ln MOXHO NMapaMeTPHYeCKH NPEJCTaBHTh B BHAE

P=i(t), 0<t<],
P=j(), 0<t<],

rak 910 p(f, f2) =0 npy n— oco.

TIpsmensa oGobuiennylo TeopeMy Apuena (reopeMa 7 § 7), Jerko AOKasaTb
CAELYIOILYIO TEOpEMY. »

Teopema 1. Ecau nocaedosaresvrocrs xpusvix Ly, Ly, ..., La, ..., se-
aauwux 8 xomnaxre K, mosxno npedcrasure napamerputecku npy nOMowl pasro-
crenento Henpepoisrolx Gynxyul Ha orpeaxe [0, 1), To u3 nee moxuo svidesuro
CX008YI0cA n0dnocaedo8aTeAbHOCTS.

Onpenenum Tenepb JJMHHY KPHBOH, 3aJJaHHOH napaMeTpHYeCKH QYHKIHeH

P=}(1), a<st<h,

KaKk BEPXHIOI0 FPaHb CYyMM BHAA

a xpuBylo L — B BHIe

3 o (Fti=1), F(t)),

i=l
rj1€ TOYKH t| TNOJAYHHEHH JIHLIL YCJIOBHAM
=ty << e SHS o Stp=b.

Jlerko BHJeTb, YTO AJHHA KPHBOH He 3aBHCHT OT BhIfOpa ee napaMeTpHue-
CKOro npeictaBaeHHs. EcCaH OrpaHHuYHTBCA NapaMeTpHUECKHMH NpelCTaBJEeHHMH
nocpeacTsoM GYHKOHHA, 3afaHubiX Ha oTpeske [0, 1), TO Jerko AOKa3aTb, YTO AJHHA
KPHBOA ecTb NOJyHenpepPHBHHA CHH3Y @yHKuHOHaa ot [ (B npocrpauctse Cp, g).
Ha reoMeTpHuecKOM fi3HKe STOT Pe3yJbTaT MOXHO BHIPAa3HTb B BHAE ciaedylomei
TEOPEMH O MOJYHEeNpephHBHOCTH.

Teopewma 2. Ecau nocaedosareavrocrs xpussix L, cxodurcs x xpusod L,
T0 Gauna kpusoi L ne Goave numcnezo npedesa daun kpuebix L.

PacMoTpuM Tenepp cnenuaJbHO KDHBHe KOHeu4HOH paanuu. Ilycte
KpHBas onpejesneHa napaMeTPHYECKH (yHKIHeH

P=[(), a<t<b.

Qyukuua f, paccMatpuBaeMmas Jauwb Ha otpeske [, T), rae a << T < b, onpege-
JIfeT «HayaJbHBIH OTPE30K» KPHBOH OT ToukH P, = f(a) mo toukm Pr = f(T).
Mycrs s = @(T) — ero nnuna. Jlerko ycTaHaBaHBaeTCs, UTO

P=g(s)=[[o="(s)]

') Mut cunraeM, uTo Beerfa a << b. OmHAKO MBI He HCKJIIOYAaeM «KPHBHIX», KO-
TOPHE COCTOAT H3 OZHOM-EAWHCTBEHHOH TOUKH H MOJYYAlOTCH, €CIH Ha [a, b] yHk-
uns f(f) nocrosuna. 1o Toxe YAOGHO ANA JAbHeiililero.



118 METPHYECKHE U TONMOJIOFMYECKUE MPOCTPAHCTBA {ra.

eCcThb HOBOE MapaMeTPHYecKoe NpeicTaBlieHHe TOA Ke KpuBOM. [Ipu 3TOM s mpoGe-
raeT otpe3ok 0 <Cs=<CS, re S — anuHa BCceH paccMaTpPHBaeMOH KPHBOH. 3To
TpejcTaBJeHHe yJ0BJAeTBOPseT TpeGOBaHHIO

o (g(s1), g(s2)) <52 — 51

(LanHa qyru He MeHbUIe XOpAbI).
ITepexons k otpesky [0, 1], moayuuM napaMeTpHueckoe NpelcTaBJeHHe

P=F(t)=g(s), t=5s/S,
YAOBJETBOpSIOllee yCAOBHIO JIunuIkna
p(F(t) F()<S|ti—1l

Mpb1 BHAMM, TakuM 06pa3oM, UTo 04n 8cex Kpusoix Oaunbt S << M, ede M —
HEKOTOPAs KOHCTAHTA, B03MONHO NAPAMETPUdEcKOe npedcTasienue pasHOCTENeHHO
HenpepoleHoiMu Pynkyuany, sadannoimy Ha orpeske [0, 1]. K uum, caemoBatenswo,
npyMeHHMa TeopeMma |.

ITokaxxeM CHJY NOJYyYeHHbIX OOIIHX Pe3y/bTaTOB Ha NMpHMepe HOKa3aTeJbCTBa
CJIe1YIOLEero BaXXHOrQ MpefJoXKeHH s,

Teopema 3. Ecau 8 xomnaxkre K dee touku, A u B, momuo coedunuro
HenpepbleHOl KPuBol KOHEYHOU OAUHbLL, TO Cpedu TaAKux Kpueblx CYuecteyer Kpu-
.8a5 HauMeHbuweld OAUHbL.

B camom pnene, nycTh Y ecTb HHXHSS FpaHb AJHH KPHBHX, COeIHHAIOMHNX A H
B B xomnakte K. Ilycts faumuHm xpuBbix Ly, Ly, ..., La, ..., coenunsiomux A u
B, ctpemarcs x Y. M3 nociepoBarenbHocTH L, no TeopeMe | MOXHO BHGpaTh
CXOZALLYIOcs Toanocaenopatenbioctb. Ilo Teopeme 2 mnpepenbHass KpHBas 3TOH
MOANOC/AE0BATEJBHOCTH He MOXKeT HMeTb HJHHY Gojbuie Y.

OTMeTHM, 4TO faXe B ciydae, xorna K siBasieTcsi 3aMKHYTOH ruagxoi (Haf-
Jexatee 4ucao pa3 AdddepeHnHpyeMOi) MOBEPXHOCTbIO ‘B €BKJIHAOBOM TpeXMep-
HOM INIPOCTPAHCTBE, 3Ta TeOpeMa He BBITEKaeT HEMOCPeJACTBEHHO H3 pe3yJbTaTos,
yCTaHaBJIMBaeMblX B Kypce AH(¢epeHHHANbHON T'eOMETPHH, Tle OrPaHHUHBAIOTCA
-O6BIYHO CJ1y4aeM JOCTaTOYHO OJH3KHX ApYr K Apyry touek A u B. :

Bce mn3noxeHHoe BeILe NpHOOGpesio Obl 6O6/MbLIYI0 NPO3PAUYHOCTb, €CAH Obl MBI
Halequay MHOXECTBO BCEX KPHBHIX JAHHOTO METPHYECKOro NpPOCTPaHCTBa R CTPYK-
TYpPOHl METPHYECKOTO NPOCTPAHCTBA. ITO MOMKHO CHe]aThb, ONpelleNifii PaccTosAHwe
MeXJy KpuBuMH Li H Ly dopmyiioi

o (L, Ly)=infp (%, ),

Toe HHXHSI rpaHp GepeTcs MO BceM BO3MOXHBIM MapaM NapaMeTPHYECKHX npei-
cTaBjeHui KpHBO# L, npu moMown ¢yuxumn P = f(t), 0 << £ << |, u xpuBoil L,
npH nomowy ¢yHkuun P = fo(f), 0 < £ << 1.

Jloka3aTenbCTBO TOro, YTO 3TO PacCTOsIHME YAOBJAETBOPSAET OOBLIYHBIM AKCHO-
MaM, O4YeHb TNPOCTO, 3a HCKJIIOUYEHHEM OJHOr0 MNYyHKTa: MNPeACTaBAsSET HEKOTOphie
TpyAHOCTH JAOKa3aTb, uTo H3 p(L;, Ly) == 0 BHITeKaeT TOXKAECTBO KPHBHX L; u L,.
DTOT (akT fABASETCH HENOCPEJACTBEHHHIM CJIEICTBHEM TOrO OGCTOATENbCTBA, 4TO
HHXHASL rpaHb B opMyJse, KOTOPOA Mu onpeaennnau paccrosuue ©(Li, Ly), no-
.CTHFAeTCs [PH HalJjexaueM BbIGOpe MapaMeTPHYECKHX TNpeAacTaBaeHHA f; u fa.
Ho aokasateancTBO 3TOrO MOC/ENHEr0 YTBEpPXKACHHA TOXe He OYeHb MPOCTO,



Fr'TABA 1III

HOPMHPOBAHHDBIE H TONOJIOTHYECKHE
JJUHERAHBIE NPOCTPAHCTBA

§ 1. JluHeiinble npocTpaHcTBa

TlousiTHe JHMHEHHOTO TPOCTPAHCTBA OTHOCHTCS K UHCJIY CaMBIX:
OCHOBHHIX B MaTteMaTHKe. OHO 6YJeT UrpaTh BaXKHYIO POJb HE TOJIb-
KO B 3TOH TJ1aBe, HO ¥ BO BCEM JaJibHEHHIEM H3JIOXKEHHH.

1. OnpejeneHHe W MpPHMepbl JHHEHHBIX MPOCTPAHCTB.

Onpeneneﬂue 1. Henycroe MHOXecTBO L 3J€eMeHTOB X, g,
2, ... Ha3LIBAETCS AUHEIHOIM, W 8EKTOPHbIM, NPOCTPAHCTBOM, €CIH
OHO yIIOBJIETBOpﬂeT CJEAYIOIHM YCIOBHSIM:

1. Il,.nﬂ Mo6LIX JBYX 3J€MEHTOB X, y < L ONHO3HAUHO OmpejeJieH
TpeTui sJeMeHT 2 & L, Ha3biBaeMbli X cymmot W 00O3HAYaeMbIH:
X + y, npHyeM

1) x+ y=y-+ x (KOMMyTaTHBHOCTb),

2) x+(y+ 2)=(x+ y)+ 2 (acconnaTuBHOCTb),

3) B L cymectByer Takoi sjeMeHt 0, uto x + 0 = x n1s BCex:
x = L (cymecTBoBaHue HYJA), :

4) paa Kaxaoro x & L cyulecTByeT TaKOH 3JeMeHT —X, uTo
X+ (—x) =0 (cyulecTBoBaHHe NPOTHBOIMNOJOXHOTO 3JEeMeHTa).

II. Das awo6oro uncaa a H J1060ro sjaeMenta X & L onpenenen |
3JeMeHT aX & L (npoussedenue 3jeMeHTa X HA UHCIO @), MPHUEM.

) a(Bx) = (af)x

2) 1.x=x,

3) (a4 B)x = ax+ Bx,

4) a(x+y)=ax+ay.

B 3aBHCHMOCTH OT TOrOo, KaKOH 3anac uuces (BCe KOMIJIEKCHbIe-
HJIM TOJIbKO ‘IeHCTBHTENbHbIE) MCIIONL3YETCS, PA3JHUA0T KOMILJIEKC-
Hble U JeHCTBHTENbHbIE JIHHEAHBe npocTpaHcTsa'l). Beiony, rae ue
OrOBOpPEHO MPOTHBHOE, HAMIK TOCTPOeHHsT GYAYT BEpHB Kak A7
ReHACTBUTEJbHbIX, TAK U A8 KOMIUIEKCHBIX NPOCTPAHCTB.

3aMeTnM, 4TO BCSKOE KOMILIEKCHOE JIMHEHHOE TMPOCTPAaHCTBO:
MOXHO pacCMaTpPHBAThb KaK HEKOTOPOe MeHCTBHUTENbHOE TNpPOCTpaH-
CTBO, eCJIM OTPAHHUYUTHCS B HEM YMHOXEHHEM BEKTOPOB Ha AEHCTBH-
TeJbHbIe YHCaa.

!) MoxHo 6bl10 6bl paccMaTPUBATh W JHHeHHEIE NIPOCTPAHCTBA Haj [POH3~
BOJIbHBIM TOJIEM.
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PaccMOTpHAM HEKOTOpble NMPHUMEPHl JIHHEHHbIX NPOCTPAHCTB, Ipe-
JIOCTaBHB YHTATEJIO NPOBEPUTb /ISl KaXKAOr0 H3 HHUX chopmysupo-
BaHHble Bblllle aKCHOMBI.

1. Ilpamas auuus RY, T. e. COBOKYNHOCTb J€ACTBHTENBHBIX YHCe,
¢ OObIYHBIMH apU(MeTHYECKHMH ONepalHAMH CJ0XKeHHS H YMHOXe-
HUS, NpejcTaBaseT co60f JHHefiHOe NPOCTPAHCTBO.

2. COBOKYNHOCTb BCEBO3MOXHbIX CHCTEM A NeHCTBHTENbHBIX UH-
cen x = (Xy, X2, ..., Xn), TIe CJIOXKEHHE H YMHOXeHHe Ha YHCJIO
onpejeasorcs GopmyaamMu

(xh X9y o0 ey xn)+(yh Yar «+ o yn)=(xl+yh x2+y21 ""s xn+yn)v
a(xh x2y c ey xn)=(axlv GX2, c vy axn)»

TaKxXe SBJSeTCS JHHeHAHBIM npoctpaHcTBoM. OHO Ha3wiBaeTcs feil-
CTBUTEJbHBIM N-MepHoIM ') apumeTudecKum npocTpascT8om u 06o-
3Hayaercss CHMBOJOM R™ AHaJOrHYHO, KOMILJIEKCHOE n-MepHOe
apudmeTnyeckoe npoctpauctso C” onpenensieTcsi Kak COBOKYIIHOCTb
CHCTEM 71 KOMILJIEKCHBIX YHCes (C YMHOXeHHeM Ha Jilo6bie KOMIJIeKC-
Hble uHcaa).

3. HenpepuieHble (AefCTBHTENbHBIE HJIH KOMILIEKCHDIE)- PYHKLHH
Ha HeKoTOpoM oTpe3kKe [a, b] ¢ OGBIYHBIMH ONEPAUHSMH CJAOXKEHHS
GQyHKUMHA B YMHOXEHHSA MX Ha YHcIa o6pasyioT JHHeHHOe NMPOCTpaH-
ctBo Cla, b], saasiiomieecss OAHAM U3 BaXKHEHLINX AJ5 aHAJMH3a.

4. TlpocTpaHcTBO [, B KOTOPOM 3JIeMEHTAMH CJAYXKAaT 110C¢/a€e]0-
BaTEJbHOCTH YHCeN (AeACTBHTEJNBHBIX HJIH KOMIJIEKCHBIX)

X==(X[, Xgy +evy Xps +0+),

YI0BJETBOPSIOLIHE YCIOBHIO

o0
Y|, P < oo, Q)
n=|
¢ OllepauHsaiMH
Xy Xay cony Xy o)W1 Yoy ooy Ynp o o0)=
=(xl+yh x2+y2, LR xn+ym ---);
(l(xl, Xoy seey Xpy o °)=(axlv AXgy o ooy UXpy o .),
ABJAETCH JIHHEHHBIM MpOCTpaHCTBOM. TOT (aKT, 4To cymma ABYX
nocJ1e10BaTeJAbHOCTEH, YIOBJIETBOPAIOMHUX yeaoBUIo (1), Takxke yro-
BJETBOPSIET 3TOMY YCJOBHIO, BBITEKAaeT M3 3JleMeHTapHOro HepaBeH-
ctBa (@, + 6,)°< 24} + 2ai. ‘
5. CxofsuHecs NOCAEAOBATEIbHOCTH X = (X, X2, ...) € IOKOOP-

JIMHATHHIMH ONEPAlUsIMH CJOXKEHHS H YMHOXEeHHS Ha uucaa obpa-
3y10T JHHeHOe npocTpancTBo. O603HaUHUM ero C.

1) 3tor TepMuH GyJeT pa3bACHeH B JajbHEHLlEM,
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6. TlocnenoBaTebHOCTH, cXoAsHecs K 0, ¢ TeMH XKe onepaius-
i CJOXEHHS H YMHOMXEHHs, TaKxKe 06pasyioT JuHellHOe MPOCTpaH-
crBo. O603HAUHM €ro Co.

7. COBOKYHHOCTb M BCeX OrPaHHYEHHBIX UYHCJOBHIX MOCJEA0BA-
TeNbHOCTEH, C TEMH Xe OmepalHsMH CJIOXEHHS H YMHOXEHHS Ha
yucaa, 4To U B npuMepax 4—6, ToxXe mpejacTaBasier co60l NHHEHHOE
npOCTPAHCTBO. :

8. HakoHel, coBOKynHocTh R® BCeBO3MOMHBIX UHCJOBBIX MOCTe-
[AOBATEJNbHOCTEH, C TEMH XK€ CaMbIMH ONEPALHIMH CJOXEHHS H yM-
HOXElIIHsl Ha YHCJa, YTO H B mpuMepax 4—7, ToxXe sBJSETCA JHHEH-
HBLIM TIPOCTPaHCTBOM.

TIocKONbKY CBOWMCTBA JIMHEHHOTO NMPOCTPAHCTBA — 3TO CBOHCTBA
onepalHil CIOXEeHHS 3JeMEeHTOB H YMHOXeHHS MX Ha 4YHcja, ecre-
CTBEHHO BBECTH CJelylolliee ONpeleseHHe.

Onpenenenne 2. Jlunefinsle npoctpanctBa L u L* Hasw-
BalOTCH UBOMOPPHLIMU, €CNIU MeXKAY HX JEeMeHTAMH MOXHO ycTa-
HOBHTb B3aUMHO OJIHO3HaUHO€ COOTBETCTBHE, KOTOPO€ COrJacoBaHO
c onepauusiMi B L u L*. 310 03HAyaeT, 4TO U3

x> x",
y<>y
(x, yL, «*, y*=L") crenyer
ityerx+ 4
§ ox <> ax’

(@ — npou3BOJBbHOE YHCIIO).

HsomopdHbie NpoCTpaHCTBA MOXKHO pacCMaTpHBaTh KaK pasyny-
Hble peanu3alMH OAHOTO H TOro e npocrpaHcrBa. Ilpume-
paMu H3oMOpGdHBIX JHHEHHBIX NPOCTPAHCTB MOTYT CJYXKHTb apHpMe-
THYeCKOe N-MepHOe NMPOCTPAHCTBO (HeACTBHTENbHOE HJIH KOMILIEKC-
HOe) M NpOCTPAaHCTBO BCeX MHOTOUJIEHOB cTemeHH << n— ! (cooT-
BETCTBEHHO C JEHCTBHTEJNbHBIMH HJIH KOMIJIEKCHBIMH Ko3hdHuueH-
Tamu) ¢ O6BIYHBIMH ONEPAIHSIMH CJOXEHHS MHOTOUJEHOB H YMHOXe-~
HHA MX Ha uHMcaa (JoKaXKHTe H30MOPPHOCTDL!). ,

2, JluHefiHas 3aBHCHMOCTb. DJIEMEHTHl X, Y, ..., W JHHEHHOrO
npoctpaHcTBa L HA3LIBAOTCA AUHEUHO 3QB8UCUMBIMU, €CAH CYIe-
CTBYIOT TaKu€ yucaa a, B, ..., A, He Bce paBHule 0, uTO

ax+By+ ... +Aw=0. (2)

B nporuBnoM ciyuae 3T 3memenTh HasbiBalOTCA AuMedHO He3asu-
Cumbimu. lnaue roBopsi, 31eMeHTH X, Y, ..., W JHHEAHO HE3aBHCHU-
MBI, ecin U3 paBeHCTBa (2) BHTeKaeT, Uto a =f=..,=A = 0.

Beckoneunas cucreMa s1eMenTOB X, ¥, ... npocTpaHcTBa L
HasniBaeTca auHeliHo He3asucumoli, ecan mob6as ee KOHeYHas MOA-
CHCTeMa HHEAHO He3aBHCHMA.
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Ecan B mpoctpaHcTBe L MOXKHO HAHTH f JHHEHHO HE3aBHCHMBIX
3JIEMEHTOB, a JiloOble n -4 1 371eMeHTOB 3TOr0 NpPOCTPaHCTBA JHHEHHO
.3aBHCHMBI, TO TOBOPSIT, UTO MPOCTPAHCTBO L HMeeT pasmepHOCTs n.
Ecnu ke B L MOXHO yKa3aTh CHCTEMY H3 NPOHM3BOJbLHOrO KOHEUHOro
‘YUCJa JIHHEHHO He3aBUCUMbIX 3JIEMEHTOB, TO [OBOPSAT, UTO NPOCTPaH-
-ctB0 L 6ecxkoneurnomepro. bazucom B n-mepHoM mpoctpaHcTBe L Ha-
.3piBaetcsl Jiiobasi cucTeEMa M3 f JHUHEHHO HE3aBHCHMBIX 3JIEMEHTOB.
TIpoctpanctBa R™ B neficTBuTeabHOM cayyae H C" B KOMIIEKCHOM
HMEIOT, KaK JIErKO NPOBEPHTb, PA3MEPHOCTb fi, ONPaBJblBas TeM ca-
MbIM CBOE Ha3BaHHE.

B xypce nuHeHHOH ajsre6pbl pacCMaTpPHUBAIOTCA JHHeHHblEe MPO-
CTPAHCTBA KOHEUHON pasaMepHOCTH. Haob6opoT, MBI, KaKk HpaBHJO,
6yneM 3aHHMAaTbCs MPOCTPAHCTBAMH GECKOHEYHOTrO YHCJAa H3Mepe-
"HH#, IpeACTaBAAIOUUMHE OCHOBHO!H HHTEpPEC C TOYKH 3PEeHHUsI aHaJH3a.
Mp mpenocraBisfieM 4YHTaTeNI0 INPOBEPHTb, YTO KaXJAoe M3 MHpO-
‘CTPAHCTB, YKa3aHHbIX B npuMepax 3—S8, uMeer GeCKOHEUHYIO pas-
MEpHOCTb.

3. Nonnpocrpancrsa. Henycroe mnoaMHoxecTBo L’ JsHHeRHOTO
npoctpaHcTBa L Ha3biBaeTcsi nodnpocTparcTeoM, eClIH OHO caMo 06-
pasyer JuHeHHOe NPOCTPAHCTBO MO OTHOUIEHHIO K OINpeJe/eHHbIM B
L omepaunaM CJI0XEHHUS W YMHOXEHHSI HA YUCJIO.

Wuauve rosopsi, L’ = L ecth moanmpoctpaHctBo, ecau M3 x = L',
y & L’ cnenyer, uto ax + By = L’ npu ni06b1x o u B.

Bo BcsikoM JuHeHHOM mpocTpaHcTBe L uMeeTcsi moANmpocTpaH-
'CTBO, COCTOsilliee H3 OJHOTO HYJIs, — HYJIeBOe TIOANPOCTPAHCTBO.
C npyro# cropoHbl, Bce L MOXHO paccMaTpuBaTh KaK CBOe MOANPO-
-crpancTBo. IloanpoctpancTBo, oTnuHoe ot L u comepxaliee x0T
'Obl ONMH HEeHYJIeBOH 3J1eMEeHT, Ha3bIBAETCA COOCTBEHHOIM.

IlpuBeneM npuMepsl COOCTBEHHBIX NOANPOCTPAHCTB.

1. Tlycts L — Kakoe-1u60 JiMHEHHOe MPOCTPAHCTBO H X — HEKO-
‘TOPHIH ero HeHyJ/eBoH 3JeMeHT. COBOKYNHOCTb 3/eMeHTOB {Ax}, rae
A mpoferaer Bce 4dcJIa (COOTBETCTBEHHO AEHCTBHTENbHLIE HJIH KOM-
nJeKcHble), ofpasyer, OUYEBHAHO, OJHOMepHOe MOJIPOCTPAHCTBO.
‘OHO fIBJAsieTCsi COGCTBEHHBIM, e€C/IH pa3MepHocTb L Gosblue 1.

2. PaccmoTpuM mpocTpaHcTBo HenpepbiBHbIX yHkunit Cla, b]
(npumep 3 m. 1) u B HeM COBOKYNHOCTb BCeX MHoroujeHos P [a, b].
‘cHo, uTo MHOrousenb o6pasyior B C[a, b] noanpocTpancTBo (UMero-
miee, Kak u Bce C[a, b), 6eckoHeuHyi0 pa3MepHOCTb). B o ke BpeMs
.camo mpocTtpanctBo C[a, b] MOXHO paccMaTpUBaTh KAk TNOANPO-
CTpaHCTBO GoJsiee OOGIIMPHOrO MPOCTPAHCTBA BCeX, HENpepbIBHHIX H
pa3pbiBHBIX, QyHKLUI Ha [a, b].

3. PaccMOTpHM, HaKOHell, mpocTpaHcTBa ly, ¢o, ¢, m u R® (mpH-
mepnl 4—8 n. 1). Kaxnoe u3 Hux siBasiercsi cOGCTBEHHLIM MOAMIPO-
-CTPAHCTBOM MOCJeNYIOLIETO.

Tlycte {x,} — mpousBo/sbHOe HemycToe MHOXECTBO 3JEMEHTOB
Jiunedsoro mpocrpanctsa L. Torma B L cyulecTByeT HaHMeHbllee
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AOANPOCTPAHCTBO (GbITh MOXeT, coBnajaiollee ¢ L), Kotopoe coxep-
#uT {%q}. JeficTBUTeNbHO, MO KpaiiHell Mepe OAHO NMOAMPOCTPaH-
cTBO, coflepxaniee {r,}, B L cymectByer: 310 Bce L. Jlasee scHo,
yTo nepecedenue aob6ozo munoxecrsa {L,} nodnpocrparcre ecro

cnoBa nodnpocrpancrso. B camoM nede, ecau L* = ﬂ Lyx,yesL*,
' Y

10 H ax+ Py L* npu Bcex o, B. BosbMem Tenepb Bce mMOANpO-
CTPAHCTBA, COJlepKallue CHCTeMY BEKTODOB {X,}, H DacCMOTPUM HX
nepeceuenne. 1o H 6yfeT HauMeHbLIee NOANPOCTPAHCTBO, COAEpKa-
mee cHcreMy {x,}. Takoe MHHHMaJ/bHOE MOANPOCTPAHCTBO MLl HA30-
BEM 7100NPOCTPAHCTBOM, NOPONCACHHbIM MHOHCECTBOM (X}, WU AU-
HeliHoli o6oaoukod MuoxectBa {x,}. Mbl OyreM 0603HayaTb 3TO
poanpocrpancTBo L ({x,}).

VYnpaxHeHus. JluHefino He3aBHCHMAs cUCTEMA {Xq} 3JeMEHTOB JHHEHHOTO:
npocrpaHctBa L Ha3wiBaercs 6asucom lameasn, ecnu ee nNuHeliHast 06oJouxka COB-
najnaer ¢ L. JlokasaTh cJefylOllHe yTBEPKACHHUS:

1) B KaxAaoM JuHEHHOM NpOCTpaHCTBe cyulecTByer Gasnc Famens.

¥Yxasanue. Ucnonb3oBaTth nemmy Llopua.

2) Ecan {xq} — 6a3uc T'ameas B L, TO KaXIbA BEeKTOP X € L eIHHCTBEHHBIM
0o6pa3oM TpeACTaBJsieTCs] B BHAe KOHEYHOH JHHeHHOH KOMOPHALHM HEKOTOpHIX.
BEKTOPOB cucTeMbl {Xq}.

3) Jlio6bie nBa Ga3uca [amens B JMHEAHOM NMPOCTPAHCTBE PaBHOMOILHDI, MOLL-
HocTb Gasvca ['aMe/si JinHeHHOro NPOCTPAHCTBA HHOT/A Ha3LIBAIOT a.eelpaudeckol
PA3MEPHOCTbIO 3TOr0 IPOCTPAHCTBA.

4) JlunefiHble NMPOCTPAHCTBAa H30MOD(MHBI TOrka H TOJNLKO TOrZa, KOTAa OHH
HMEIOT OJHHAKOBYIO ajJre6paHyecKylo pa3MepHOCTb.

4. ®daxrop-npoctpancra. IlycTb L — nuHefiHOe npOCTpPaHCTBO,
u L’ — gekotopoe ero noanpoctpaHcTBo. CKaxeM, 4TO [Ba 3jeMeH-
Ta x H y U3 L akeusasrenTHbl, eclin MX PasHOCTb X — Yy TpHHAMJIE-
¥Kut L', D10 oTHOIeHHe ped1eKCHBHO, CHMMETPHYHO U TPaH3UTUBHO,
T. €. onpejessier pa3buenue Bcex x & L na knaccel. Knace sxBuBa-
JIeHTHBIX 3JIEMEHTOB Ha3blBAeTCA KAACCOM CMeXCHOCTU (10 TOAMpo-
crpanctBy L’). COBOKYMHOCTbL BCeX TaKHMX KJAacCOB Mbl Ha30BeM
¢axrop-npocrparcrgom L no L’ u o6oznauum L/L’.

B mo6om dakTop-npocTpaHCTBe, €CTECTBEHHO, BBOASITCS olepa-
IUH CJOXKEHHs] U YMHOXeHHUst Ha yucaa. FIMenno, nycts &€ u  — zBa
KJacca, npeAcTaBJsiolux co6oi snementnl u3 L/L’. Bribepem B Ka-
XKJOM H3 3THX KJACCOB MO NPEJACTABUTENIO, CKaXeM, X H § COOTBeT-
CTBEHHO, H Ha30BeM CyMMOH KJaccoB & M m TOT KJjacc {, KOTOpHIfi
COJlepKHUT 3JIeMEeHT X + y, a TpoU3BeJleHHeM KJjaacca § Ha uucjio =«
TOT KJlacCc, KOTOPHIH COAEPHKHUT 3JEMEHT aX. JIErKo MpOBEPUTh, YTO
pe3yJibTaT He H3MEHHTCH OT 3aMeHbl MpPeJCTaBHTENER X U § KaKHMHU-
JIU60 APYruMH NMpeACTaBHTEJsAMH x’ u y' Tex Xe KjaaccoB § u n. Ta-
KMM 06pa3oM, Mbl JeHCTBUTEJbHO ONpeNesHIN JHHEeHHbIE Onepalun
Haja sjeMmenTtaMu (Qakrop-npoctpanctBa L/L’. Henocpencrsennas
NpoBepKa MOKa3biBaeT, YTO TH ONePaluy YIAOBJETBOPSIOT BCEM Tpe-
GoBaHUsAM, COMePKAIHUMCS B ONpe/iesleHHH JUHERHOTO NpOCTPaHCTBa
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(npoBenute 3Ty nposepky!). MlHaue rosops, xaxdoe gaxrop-npo-
cTparcteo LIL’ (¢ TeMH omepauHsiMH CJOXEHHS W YMHOMXKEHHS Ha
yHcJ1a, KOTOPble MBI ceflyac B HEM ONpeleHin) npedcTasafer cobod
AUHelHOe NPOCTPAHCTSO.

Ecan L — npocTpancTBo n H3MepeHHH, a ero HOANPOCTPAHCTBO
L’ uMeer pasmepHocTb k, To daktop-npocrpaHctBo L/L” numeer paa-
MEPHOCTb 1 — R (IOKaxHTe 3T0!).

IMyctb L — npousBo/ibHOE JHHERHOEe MPOCTPaHCTBO H L’ — Heko-
Topoe ero mnoampocrpanctso. PasmepHocts (akTop-nmpocTpaHcTBa
L/L’ na3biBaetcst KOpa3meprOCTbIO noanpocTpaHcTsa L’ B npocTpan-
ctBe L.

Ecau nopnpocrpancrBo L’ < L uMeer KOHEUHYIO KOPa3MepHOCTDb
n, To B L MoXHO BHIOpaTh 3J€MEHThl X1, X3, . .., Xn TaK, YTO BCAKHH
sjeMeHT x € L 6yner (0AHO3HAYHO) MpPeACTaBHM B BHIe

x=ax 4+ ... +ao,x,+y,

rae e ..., 0n —4Hcaa u y < L', elictBuTeabHO, NycTh (akTop-
npocrpaictBo L/L’ uMeer pasmepHocTb 7. BeibepeM B 3T0OM ¢aKTOp-
npocrpaHcrBe 6asuc i, &, ..., £, H H3 KaXKJAOro kJjacca &, BbIOe-
PEM 1O MpeACTaBHTeNIO Xg. [IycThb Temepb x — Ji060it 3jeMeHT u3 L
u £ — 1ot kaacc B L/L’, xotopniit conepxur x. Toraa

E=af 4+ ... a0,

Ilo ompenesieHHIO 3TO 3HAYHT, YTO KaXKAblfl 3jieMeHT H3 E, B yact-
HOCTH X, OTAHYAETCA JIMIUb HA 3JeMeHT u3 L’ OT Tako# e JHHEeH-
HOH KOMOHHALHH 3JIeMEeHTOB Xy, ..., Xg, T. €.

x=ax 4+ ... +ox,+y.

OnHO3HAYHOCTD TAKOH 3aMHCH TNpPENOCTaBJseM J0Ka3aThb 4HTAa-
Telo. '

5. Jluneiinbie dynkuuonaanl. Yuciosyio o¢yHkuHO f, onpelne-
JIEHHYIO Ha HEKOTOpPOM JHHeHHOM npocTtpaHcTBe L, Mbl 6yneM Ha3bl-
BaTh Pynkyuonasom. Oyukuuonas f HasbiBaeTcst AOOUTUBHBIM, eCITH

fx+y)=F®+ () ana scex x, ysL;

OH Ha3bIBAeTCS OOHOPOOHBIM, eClIH

f(ax)=af (x) (o — npomsBosibHOE UHCJIO).

®yukunonas f, onpeleseHHbi B KOMNJAEKCHOM JHHEHAHOM
NIPOCTPAHCTBE, HA3BIBAETCST CONPANCEHHO-00HOPOOHbIM, eCllH f(ox) =
= af(x), re @— 4uCJI0, KOMIVIEKCHO COMPAXKEHHOE O,

AnHTHBHBI ONHOPOAHBIA (YHKUHOHA Ha3bIBACTCA AUHEUHbIM
GynKkyuonasom. AANMTHBHBEIA CONpPSIKEHHO-OAHOPOAHbIH QYyHKIHO-
Ha/l Ha3blBAETCH CONPANCHHO-AUHELHHbIM, a HHOTAA NOAYAUHEUHbIM.
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YKaxeM npHMepHl JUHEAHbIX QYHKIIHOHAJOB.
1. Ilycte R™ ectb n-mepHoe apudMeTHUeCKOe NMPOCTPAHCTBO C

aneMEHTaMH X == (X1, ..., Xa) U @ =(4ay, ..., Gn)— NPOU3BOJBHBIA
gabop-H3 n duxcupoBaHHBIX yucesa. Torpa
f(x)= Z aixy

— JuHeHHbIA pyHKUHOoHAJ B R™. Bripaxenue
n
fx)= i; a;x;

L]
npefcrasjser co60H conpsiKeHHO-IHHeHHbIH (yHKIHOHaM B Cn,
2. WHTerpasnl

b b

I[x]=Sx(t)dt 1 T[x]=SW)dt

a

NPENCTaB/SIOT COG0M COOTBETCTBEHHO JIMHEMHBIH H CONMPSIKEHHO-MH-
Helnbili GyHKIHOHAMBL B ipocTpancTBe Cla, b).

3. PaccmoTrpum Gosee o6wuit mpumep. Ilycts yo — HekoTopas
¢uxcupoBaHHas HenpepbiBHasA GYHKUUA Ha [a, b]. [Tonoxum ansa mo-
6oi pynkuuu x  Cla, b)

b
Fo={x0u@a

a

JIunefiHoCTh 3TOr0 (QyHKIMOHANA CJHedyeT U3 OCHOBHBIX CBOMHCTH
onepaluu HHTerpupoBanuf. @yHKUHOHAN
b
Fo={x@ (0 dt

Byner COMPSIKEHHO-AHHEAHBIM (B KOMIJIEKCHOM  NPOCTPaHCTBE
Cla, bY).

4. PaccMoTrpuM B ToM e camoM npocrpanctse C [a, b] nuneinblit
OyHKIHOHAJ APYrOro THNA, a UMEHHO, MOJMOXHM 8, (X) = x (fy), Tak
YTO 3HauYeHHe (byHKuuonana 6, Ha GYHKUMM X PAaBHO 3HAYEHHIO
3Tol GyHKUUH B HQUKCHPOBAHHON TOUKe fo.

10T QYHKIHOHAJ OGBIYHO 3aNHCHIBAIOT B BHJE

b
8, (x) = S £ ()8 (t — to) dt,

MOHUMas mnoj § «pyHKIHIO», KOTOpas paBHa HYJIO BCIOLY, Kpome
TOYKu f =0, ¥ MHTerpasJ OT KOTOPOH paBeH equnuue (8-PyHKiuus
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Hupaka). Takue «QyHKHHH> NOJNYYHJIM CTPOrOe ONpejle/IeHHE B pam-
KaXx TeOpHH 0606GLIEHHBIX (PYHKIHUA, 3JIeMeHTbl KOTOPO# 6YAYT M3J0-
KeHbl B § 4 cienywouel raassl.

5. IlpuBeneM npuMep JHHeAHOTO OYHKUHOHAJAA B MPOCTPAH-
ctBe . Ilycte k — QukcupoBaHHOe 1LeJ0€e IMOJOXHTEJIbHOE YHCJIO.
Iasi Kaxporo x = (X1, ..., Xn, ...) 43 lp moaoxuM fr(x) = xx. Jlu-
HEAHOCTb TAaKOro (PYHKUHOHANA OYEBUAHA. DTH (PYHKUHOHAJB! AO-
NyCKalOT «paclpoCTpaHeHHe» HA Jpyrue MpOCTPAHCTBA MOCJELO0Ba-
TeJILHOCTEH, HATIpUMep, Ha Co, ¢, M, R® (npuMepn 5—8 m. 1).

6. FeomeTpuuecknit cmbica Jauneitnoro d¢ynkuuonana. Ilyctb
f — HeKoTOpBI# OTJIHYHBIA OT TOX/AECTBEHHOrO HYJI JHHEHHBI DYHK-
LuoHa A Ha JuHeHHOM npoctpaHctde L. COBOKYNHOCTB TeX 3JeMeH-
TOB X H3 L, KOTOpHIE yIOBJETBOPSIOT YCJAOBHIO

f(x)=0,

npencras/ser co6oi MOANPOCTPAHCTBO mpocTpaHcTBa L — nodnpo-
CTpancT80 Hyaeld uau adpo QyuxuuoHasa f. HeiictBuTenbHO, ecin
f(x)=F(y)=0, 1o

f(ox 4+ By) = of (x) + Bf (y) = 0.

1o noanpocTpancTso obo3nauaercs Ker f!).

Moanpoctpanctso Ker f umMeer kopaamepuocts 1. IeficTBuTeb-
HO, BO3bMeM KaKoH-1H60 3/eMeHT Xo, He Bxomsuluii B Kerf, T. e.
TaKOH 3JeMeHT, 4TO f(xo) 3= 0. Tako#l sjeMeHT HalLeTCsl, MOCKONbKY
f(x)=£0. Bes orpanuueHus oGLIHOCTH MOXEO CYHTATB, YTO f(Xo) =1,

X
H60 B NMPOTHBHOM CJjydYae Mbl 3aMeHHJH OBl Xo Ha _—f(;) . (SICHo,
0
Xo
uto | (f(x) =l.) Jlas KaXpaoro asjemMeHTa X IOJIOKHM Yy =
0
= x—f(x)xo; moraa f(y)=Ff(x—f(¥)x%)=0, 1. e. y=Kerf.
IMpeacraBiienne 3/1€MeHTa X B BHIE X = aXo+ Y, Tlle y & Ker [, npu
(UKCHPOBAHHOM 3JIEMEHTE Xo €IMHCTBeHHO. B caMoM gese, mycTh
t=axo+y ysKerf,x=a'x+y, y = Kerf.

Torna (a— a’)xo =1y’ —y. Ecin 3necp a = a’, T0 oueBunHo,
’
i—_—ai, e Ker f, uro npotuso-

yro y’ = y. Ecin xe a = a’/, TO Xy =

peuut BHIOOPY Xo. »

OTclofa caefyerT, 4ToO ABa 3JeMEHTa X; U X2 TOTAA ¥ TOJBKO TO-
ria NpUHALJIeKaT OLHOMY KJ1acCy CMEXHOCTH 110 MOANPOCTPaHCTBY
Ker f, xorna f(x1) = f(x2).

IeiicTBuTeNbHO, H3 X1 = [(X1) X0+ Y1, X2 = f(%x2) X0+ yo BHITE-
Kaer, uto x; — X3 = (f(x1) — f(¥2)) - %o + (41 — y2). Orciona sunwo,
yTo %) — X2 & Ker f Tora u ToJabko TOrAa, Koraa Ko3QHUHEHT npH
X0, T. €. f(x;)— f(x2) paBen 0.

1} Ot anramiicxoro caoBa kernel — anpo.
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Beskuit knace § no mognpocrpanctBy Ker f onpenensiercst Jio-
65iM M3 CBOHX NpepacTaBHTesell. B KauecTBe Takoro mpeactaBuUTeNs
MOKHO B3STh 3JIeMeHT BHAa aXo. OTClofa BHIHO, YTO MOANPOCTPAH-
ct80 L/Ker | meiictButenbHo omHoMepHo, T. e. Ker f umeer kopas-
mepHOCTDb 1.

[Mognpocrpancrso Ker f onpenensier nuneiinbiii pynkuuonad, o6-
paulalouuiics Ha HeM B HYJb, C TOYHOCTbIO 10 TIOCTOSIHHONO MHOXH-
Teas.

B camom mese, nycTb GyHKUHOHAJB! [ H g UMEIOT OJHO H TO XKe
saapo: Ker f = Ker g. BoiGepem aneMeHT Xp Tak, utoGbl f(xp) == 1.
Mbpr yTBepxaaeM, uyto g(Xo) # 0. HeficTBUTeNbHO,

x=fx)x+y, y=Kerf=Kerg,
#

g )= (x) g(xo) + g (y) =T (x) g (xo).

Ecan 6b 3HaueHHe g(Xo) paBHsoch 0, To YHKUHOHAN g Gbla 6ol
TOXKIEeCTBeHHbIM HyJeM. Vs pasenctBa g(x)= g(x0)f(x) u BbiTE-
KaeT NPONOPUHOHANBHOCTD GYHKIHOEAMOB g H [.

Iasi Becsikoro mopnpoctpaHcrBa L’ kopasmepHocT | MOXKHO yKa-
3atb Takoh ¢yuxuuonan f, uro Ker f=L’. [Jocratouno BuiGparh
TPOU3BOJIBHBIA 3JIEMEHT Xo ¢ L' M MpeacTaBHTb KamablH 3JeMeHT
x & L B Buie x = axo + y. Takoe npeacras/ieHde equHcTBerno. [lo-
JIOKHB f(X) = @, Mbl NoAyuUM JuHeHHbIH QyHKUHOHAM [, A/ KOTO-
poro Ker f = L’ (nposepurb 370!).

[Mycte L” — kakoe-uuGyab NOANPOCTPAHCTBO Kopa3MepHocTd | B
JIMHeltHOM mpocTpaHcTBe L; Torga BCAKHH KJacC CMeXHOCTH INpo-
<tpaHcTBa L no moanpocrpaHcTBy L’ HasbiBaeTCs eunepniockocTsio,
fapassenbHod moanmpoctpaHcTBy L’ (B wacTHocTH, caMo MOAMpo-
CTpaHCTBO L’ sABAsieTcs TIuNepmioCKOCTbIO, COoZepxKailel 0, T. e.
«TPOXOAsiulell uepe3 HauaJ/J 0 KoopauHaT»). MHbIMH cjoBamu, rumep-
fiockocTh M/, mapanaenbHas mogmpoctpadctBy L', — 3to mHOXe-
<TBO, MoJiyyatoueecs u3 L’ mapannenbHbiM nepeHocom (CABHIOM) Ha
KaKOU-HUGY/b BeKTOp Xg = L:

M =L 4+ xg={y: y=x+ %, xL'}.

SicHo, uto ecan xo & L/, To M'=L’; ecin ke xogt L', To M =L’
Ecau f— HerpuBuanbHbil JUHEHHbIE QYHKIHOHAA HA MPOCTPAHCTBE
L, o mHoxectBo M; = {x: f(x)=1} sBAseTCA TrHIEPNIOCKOCTbIO,
mapaJjenbHol noanpocrpaHcty Ker f (meficTButenbro, dukcupys
KaKoi-HHOYAb 3JeMEHT Xg, A5 KOTOPOro f(Xe) = 1, Mbl MoXeM BcA-
XUl BEeKTOp X & M; NpeAcTaBUTb B Bule X == X, + 4, rie y < Kerf).
C apyro#t ctoponbl, eciu M’ — kakas-HHGYAb THIEPILIOCKOCTD, Ma-
‘PajutesibHas moAnpocTpaHcTBy L’ (kopasmepHocTd 1) u He npoxoas-
1as yepe3 HayasJo0 KOOPAHHAT, TO CYUIECTBYeT €AHHCTBEHHBH i
JIHReliHbll QyHKUHOHAA [ TaKo#, uto M’ = {x: f(x) = 1}. [e#ictBu-
TelbHO, nycth M’ = L’ 4 xo, xo <= L; Torpa Bcsikuii sieMent x < L
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OZ\HO3HAYHO NPEACTABHM B BHIE X == aXo+ ¥, rae y &€ L’. IMonarags,
KaK H BblllE, [(X)= @, Mbl NOJY4YHM HCKOMBIA JIHHEAHBIA QYHKUHO-
HaJ; elMHCTBEHHOCTb CJeldyeT H3 TOro, 4to ecau g(xX)= | npy
xeM, 10 g(y)=0npu y= L', tak uto

g (axo+ y)=a=f(axo +y).

TakuMm 06pa3oM, YCTAHOBAEHO B3AUMHO OOHO3HAYHOE COOT8eT-
cT8ue men Oy 8cemu HETPUBUANLHOIMU AUHCUHbIMU PYHKYUOHAAAMU,
onpedenennbimu na L, u scemu eunepnaockocramu 8 L, ne npoxoda-
WUMU Yepe3 Hauaao KoopauHar.

Ynpaxunenne. Iycers f, fi, ..., fa — Takne auuefinble QyHKUHOHAMB HA
JnHeHOM TpocTpaHcTBe L, uto M3 fi(x) = ... = fa(x) = 0 Bugekaer f(x) = 0.
n
Torga cymecTBYIOT Takue NMOCTOSIHHHE 4y, ..., Qa, 4TO [ (Xx) =kZ a,f,(x) nan
Beex x e L.

§ 2. Boinykable MHOXeCTBA H BbINYKJAble QYHKUHOHAJBL.
Teopema Xana — Banaxa

1. Boinykabie MHOXKECTBA H Bbinykjabie TeJa. B ocHoBe MHormx
BaXXHBIX Pa3]leJIOB TEOPHH JHHEHHBIX NMPOCTPAHCTB JIEKHUT IOHSATHE
soinykaoctu. OHO oNMHpaeTcss Ha HArJsAJHblE reOMeTpHYEeCKHe Npes-
CTaBJIeHUsl, HO BMeCTe C TeM JONYCKaeT H YHCTO. aHAJHTHUYECKYIO
$OopMYJHPOBKY.

Ilyctb L — HekoTOpOe JHMHEHHOe N eHCTBHTEJbHOE IPo-
CTPAHCTBO U X, Y — ABe €ro TOYKH. HasoBeM 3amKHyToIM OTpe3KoMm
B L, coefHHAIOWHUM TOYKH X H Y, COBOKYITHOCTb BCeX 3JI€MEHTOB BHJa

a‘x+By’ rae Q, B>O, CL+B=1.

OTpe3oK Ge3 KOHUEBBIX TOUEK X H y Ha3bLIBAETCH OTKPHITHIM OT-
Pe3Kom.

MuoxectBo M < L nasniBaeTcsi 8binyKkasiM, eCJH OHO BMecTe C
JIO6GBIMH ABYMSt TOYKAMH X H Y COJEPXHT H COEJHHAKWHA HX
OTpe30K.

Ha3zosem sadpom J(E) npoussoabHoro muoxectsa E < L coBo-
KYIIHOCTb TAKHX €ro TOYeK X, YTO AJIsl Kaxjaoro y & L nahpercs ta-
Koe yucao & = e(y) >0, uto x+ ty = E npu || <e.

Bhinykjoe MHOXECTBO, f1PO KOTOPOro He NYyCTO, Ha3blBaeTCsi
BbINYKALIM TEAOM.

ITpumepn. 1. B TpexMepHOM €eBKJIHAOBOM INPOCTPAHCTBE KyO,
wap, TeTpasip, NOJyNpOCTPAHCTBO NpPEACTABJAIOT COOOH BHIMYKJbIE
tena. OTpe3oK, MIOCKOCTb, TPEYrOJbHHK B TOM XKe NPOCTPAHCTBE —
BbINyKJIble MHOXK€CTBA, HO HE BHIYKJIBIE TeJa.

2. PaccMOTpHM B NpOCTpaHCTBE HenpepbiBHBIX QOYHKIMHA Ha OT-
peake [a,b] MHOXecTBO (YHKUHH, YAOBJETBOPSIOIHUX YCJIOBHIO
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Tl
HON

1. STO MHO2KE€CTBO BBIITYKNO; ﬂel’lCTBHTe.ﬂbHO, ecan
lnjg®)|<l,ronpua+p=1ap=0

laf ) +Bg) ISe+p=1.

YnpaxHeHHe. [IpoBepHTh, ABJSETCR JH 3TO MHOXECTBO BHIYKJBIM TEJOM.

<
<

3. Eaunnunniit map B Iy, T. €. COBOKYINHOCTb TAKHX TOYEK X =
= (X1, ..., Xpy +..), UTO Z x¥2 <1, ectb BhInyKaoe Teno. Ero aapo

COCTOHT H3 TOYEK X, YIOBJETBOPSIOIUHX YCJIOBHIO 3 x2 <1

4, Ocuoprofi mapaagenennnel II B [, — BEINYyKJI0e MHOXKECTBO,
HO He BBHINIyKJOe Teso. B camom nene, nycts x & 1I; 310 o3Hauaer,
yTO |Xn| << 1/27-1 gnis Bcex n=1, 2, ... [Tonoxum yo = (1, 1/2, ...

y/n, . ). Iyers x+tyo =, 1. €. |xn + t/n| << 1/271; Toraa

t 1 1 1
|i|< xn+—|+lxnl< 1+ —
n n 2

2n—l - 271—2 4
otkyAa { =0, 1. e. sapo MHoxKecTBa II mycro.

Yupaxuenus. 1. Iycts (D—conoxynﬂocrb TOUEK X == (X1, ..0y Xn, ...}
H3 lp, yAOBJETBOPAIOUINX YCJAOBHIO Z n°x;, 2< 1. Jlokasath, uT0 @ — BHIYKJIOE
MMOJKECTBO, HO HE BRINYKJOE TeJO.

2, JlokasaTb TO Xe camMoe AJiAn MHOXECTBA TOYeK B [y, KaXKjaa H3 KOTOPHX
HMEET JIHIb KOHEYHOE YHCJO OTJHYHBLIX OT HyJsi KOOpPAMHAT.

Eciu M — Beinyk/0e MHOXecTBO, TO ero siapo J(M) Toxe Bbi-
nykJao. JeiicTBuTenbHo, nyctsb X, y =J (M) u z2 = ax + By, o, =0,
a+p=1. Torna aass panHoro a & L wHalinyrca Takue g >0
H e2>0, uto npu || <<e, |fol<<er TOUuKM x4 ta u y+ ta
npHHaJJexaT MHOXecTBY M, cleloBaTeNbHO, €My MPHHARJIEHHT
H Touka a(x + ta)+ B(y -+ ta) = 2+ ta npu |t| << e = min(ey, &2),
T.e.2el(M).

YcTaHOBHM Ciefylollee Ba)KHOe CBOHCTBO BBINYKJBX MHOXECTB.

Teopewma 1. Ilepecenernue 2106020 4UCAQ BLINYKABIX MHONECT8
€CTb 8bINYKA0E MHONECTBO.

HJokxasateasctBo. [lyctb M = ﬂM H Bce M, — BHINyK-

able MHOXecrBa. Ilyctb, manee, x u y——mae MPOHM3BOJbHbIE TOYKH
H3 M. Torma OTpe30OK, COENHHAIOUIMA TOYKH X M 4, NMPHHALJIENKHUT
Kaxnomy M,, a cienoBarenbdo, u M. Takum o6pa3om, M neiictBu-
TeJIbHO BBHIMYKJIO,

3ameTum, uTO nepecequHe BHIIYKJABIX TeJa (6ydyyH BbIIYKJbIM
MHO)KECTBOM) He 0053aHO ObITb BBHIMYKJABIM TeJOM (NpHBEIHTE
npumep). .

Jns npousBoabHOro MHOXKecTBa A B JIHHEHHOM mpocTpaHcTBe L
CYUIECTBYeT HaHMeHblllee BLINYKJOe MHOMKECTBO, KOTOpoe ero co-
DepKHUT; UM OydeT mnepecedeHHe BCEX BBIMYKJLIX MHOXECTB, CO-
Adepxamux A (no kpafiHefi Mepe OJHO BBINYKJIOE MHOXECTBO,
conepxamnee A, cymecTByer — 310 Bce L). MHHHMAaJbHOE BHINYKJ0€E
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MHOXeCTBO, cojepxamee A, Mbl Ha3oBeM 86inyKktod 060404K0
MHOXKecTBa A.

PaccMoTpuM OfMH BaxKHbIA MpHMep BbINYKAOH o6osioukH. Ilycrs
X1, Xo, ..., Xnq1— TOUKH HEKOTOPOrO JHHEHHOrO NPOCTpaHCTBa., Mp
CKaxeM, YTO 3TH TOYKH HaXOASATCA 8 o6u4eM noaoxeHuu, ecan

BeKTopbl Xg— X1, X3— X1y +00y xn+l -— X1 JHHEHHO He3aBHCHMBbI, (STO
n+l n+l

PABHOCHJILHO TOMY, UTO H3 Z Aix;=0n Z Ay=0 BBITEKaeT, uTO

i=|

M=l= ... =Apy = O) Boinyksnasa o6osiouka TOYeK X,
Xoy o.es x,m, HaXOOSIIUXC B OOIEM [OJOXEHHH, Ha3blBaeTrcs
n-MepHbIM CUMNAEKCOM, A CAMH TOUYKH X, Xa, ..., Xn41 — €0 Bep-

wuHaMu. HyabMepHblil cHMniiekc — 310 ofHa Touka. OMHOMepHbLH
CHMIIJIEKC —— OTP€30K, JIBYMEpHbIH — TPEYroJbHHK, TDPEXMEpHBIH —
TSTpasap.

Ecan TOYKH X1, X2, ..., Xnt1 HAXOAATCS B OOIUEM IOJIOKEHHH,
TOo mcoble B+ 1 u3 Hux (R << n) Takxke HaxoasATcs B o6lIieM I10J0-
XKEHHH H, CJefOBaTe/NbHO, MOPOMIAAIOT HEKOTOPHIH k-MepHBIH CHM-
nJeKC, Ha3blBaeMblil k-MepHOd epanbr0 JNAHHONO N-MEPHOTO CHM-
niaekca. Hanpumep, TeTpasfp C BepUIMHAMH e, €y, €3, €4 HMeer
yeTblpe [BYMEpHble TpaHH, omnpele/seMble COOTBETCTBEHHO TpPOH-
KaMH BepIUHH (6’2,“63,64), (e1, €3, eq), (en,eze1), (e1,eze3), HIECTD
OJIHOMEDHBIX I'PaHell U ueTblpe Hy/bMepPHBIX.

Teopema 2. Cumnaexc ¢ sepuwuramu x, Xs, ..., Xny1 €CTb
COBOKYNHOCTL 8CeX TO4eK, KOTOPble MONCHO npedcTasuts 8 aude

n+l n+l

x=k2akxk, o, =0, kziak=l. )
=1 =

JJokasatenabcTBO. JIerko NmMpoBepuTb, YTO COBOKYMHOCTb S
tTouek Buiaa (l) mpeacraBiasieT co60H BbINYKJOE MHOXECTBO, COAEp-
JKalllee TOYKH Xi, X2, ..., Xnt1. C ADYrofi CTOPOHBI, BCAKOE BbINMYK-
Joe MHOXKECTBO, COJep:Kallee 3TH TOUKH, JMOJXKHO COAepPXaThb
u ToukM Buaa (l); cremoBaTenbHO, S ABASETCS HAHMEHbUIUM Bbl-
MYKJbIM MHOXECTBOM, COAEpKAIUHM TOYKH X[, Xo, ..., Xntl.

2. OfHOPOAHO-BbIMYyKAbe (yHKuHOHAAB. C TOHATHEM BBINYK-
JOr0 MHOXKECTBAa TECHO CBSI3aHO Ba)XHOE MOHSTHE OJHOPOXHO-BbI-
nykjaoro ¢yukuuonasna. Ilycre L — neficTBHTeNbHOE JHHEHHOE INPO-
crpaHcrBo. OmpenmeneHHbit Ha L GyHKIHOHAD p Ha3bIBaeTcs 8bi-
nyKAbIM, €CTH

plax+ (1 —a)y)<op(x)+(1—a)p(y) 2
ana Beex x, yeslL u 0<ax 1.

DYHKIMOHAN p HA3LIBAETCH NOAONUTEAbHO-OOHOPOOHBIM, €CJIH

plax)=ap(x) nmas Bcex x&L wu Bcex a>0. 3)



§2 BBITIYKJIBIE MHOXXECTBA U BBIMYKJBE ®YHKLUWOHAJL 131

J1aa BBINYKJIOTO MOJIOXKHTENbHO-OXHOPOAHOr0 QYHKIHOHAJNA BbI-
[OJHEHO HEPABEHCTBO:

px+y)<px)+p ). (2

JIeACTBUTENbHO
pat+ ) =2(FE)<2(p (5)+ 2 (%)) =r@+r®.

Jlerko moHATb, YTO ycuaoBue (2') BMecre.c ycinoBHeM (3) ofecne-
yHBaeT BHIMYKJIOCTb (yHKUHOHaka p. [To/0XKHTENbHO-OMHOPOXHBIL
BHINYKJAHE (QYHKIHOHAA Mbl OyleM Ha3blBaTb KOpoue 00HOPOOHO-
8oINYKAbLM. YKaXeM HEKOTOphie NpPOCTefililne CBOACTBA ONHOPOAHO-
BbI[]yKJIbIX (G yHKUHOHAJIOB.

. [Tonaras B paBeHctBe (3) x = 0, nonyuaem

p(0)=0. 4
2. U3 (2') u (4) caenyer, urto
O=px+(—x))<px)+p(—x) nra Bcex x=L. (5)

3T0 HEpaBEHCTBO O3HayaeT, B YACTHOCTH, YTO ecau p(x)<< 0, TO
ob6s3areabHo p(—x) > 0. TakuM o6pa3oM, HeHYJeBOH OXHOPOLHO-
BHINYKJIbIA QYHKIHOHAJA MOXeT ObiTb BCIOLY HeOTpHLATeseH, HO
ecau Beiony p(x) < 0, To p(x) = 0.

3. Tlpu no6oM a

p (ax) = ap (x).

Ipn a >0 srto caenyer u3s (3), npu a =0—Hn3 (4); ec1u xe
a << 0, To B cuay (5) noayuaem
0plax)+ p(lalx)=p(ax) +|alp(x),

p(ax) > —lalp(x) = ap(x).

MMpumepsn. 1. Beakuil nuHedHb QYHKUHOHAN sBJsSieTCH, OYe-
BHIHO, OJXHOPOIHO-BBINYKJABIM. (OMHOPOAHO-BHINYKABLIM OGyrer wu
byuxunonan p(x) = |f(x)|, ecan [ auneen.

2. JlauHa BeKTOpa B N-MEPHOM €BKJHIOBOM MPOCTPAaHCTBE €CTh
ONHOPOAHO-BHINYKALIH (QyHKUHOHAA. 31ech yciaoBHe (27) o3Hauaer,
YTO JJIKHA CYMMBI ABYX BEKTOPOB He TPEBOCXOXHT CYMMSbl HX IJIHH
(HepaBeHCTBO TpeyrosibHHKa), a (3) HENOCPeACTBEHHO CJAEAYET H3
onpeneseHns AJMHHB BeKTopa B R™.

3. Ilyctb m — npocTpaHCTBO OrpaHHYEHHBIX MOCIAENOBATEbHO-
cTelt X = (x1,X9,...,%n,...). DyHKUHOHAN

p(x)=sh1plx,.l

T. €.

—— OIHOPOJHO-BbIMYKJIbIA.
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3. ®yukunonan Muukosckoro. Ilycts L — npousBosnbHoe JiH-
HeiiHoe mpocTpaHcTBO H A — BBINYKJOe Teslo B L, AIpo KoToporo
cofepxkuT Touky 0. PyHKIHOHAN

pa@w=int{r: £=4, r>o0} ©)

HasbiBaeTca (pyHkyuonasom Munkosckoeo BbpINyKJOro Tena A.

Teopema 3. PDynryuonar Munkosckozo (6)— odnopodro-
soinykaolll u Heorpuyareavusid. Obparno, ecau p(x)— npousso.is-
Hblii OOHOPOOHO-BLINYKAbLE HEOTpUYaTeAbHblll (YHKYUOHAL HA Au-
weiinom npocrpancrse L u k— noaoscutreavHoe 4ucao, 1o

A={x: p(x) <k} (7)

ecTo BbINYKAOE TeAO, A0POM KOTOPO2O CAYMUT MHONeCTso {x:
p(x) << k} (codepamausee touky 0). Ecau 8 (7) k=1, T0 ucxoo-
uolll ynkyuonas p(x) ecto pyuxkyuonar Munkosckozo daa A.

Hdoxkasateabctro. [as Bcakoro x L 3nemeHt x/r npu-
HaaMexKUT A, eCH r AOCTATOYHO BEJUKO; MOITOMY BEJHUYHHA P, (X),
onpefensiemasi paBeHcTBoM (6), HeoTpulaTeabHa M KoHeuHa, Ilpo-
BEPUM TOJIOXKHTENbHYIO OJHOPOAHOCTH (yHKUHOHAAa (6). Ecau
t>0wuy=tix, 10
paly)=inf{r > 0: y/resA}=inf{r > 0: ixjresA}=

=inf{tr' > 0: x/rreA}=tinf{r' > 0: x/resA}=1Ips(x). (8)
[Tpoeepum BoImykJAOCTb pa(x). Ilycth X, X2 =L u e >0 npous-
BOJIbHO. BriGepem uucaa r; (i=1,2) TaK, uto pa(x)<<r <<
<< pa(x;)+e; torna x;/r; = A. Tlonoxum r = ry +- rz, TOrZa TOYKa
(x1 4 x2) /r = rix)/(rr1) 4~ rexe/(rrz) NPHHALIEKHT OTPE3KY C KOH-

HaMHu X;/r; H Xg/r. B cuny Beinykjaoctu A 3TOT OTpe30K, a 3HAUMT,
H Touka (x| - x2)/r npuHagaexar A, otkyna

Palx)+x)<r=r 4 ry <pa(x)) + palxy) + 2e.
Tak kak & > 0 3xecb NIPOU3BOJBHO, TO
palx -+ %) <pa(xy) + palxe).

CrenoBaTenbHo, pa(x) ynosaerBopsier ycaoBusm (2) u (3), a no-
TOMY 3TO — HEOTPHUATENbHbIH OXHOPOLHO-BBINYKJBIT (HYHKUHOHAJ.
' Paccmorpum Ttenepb MHoxkectBO (7). Ecin xy=A4 u o+
+p=10a =010

plox +By) <Sop (x) +Bp (1) S &,
T. e. A Buinykao. [lanee, nycts p(x)<<k, t >0 u y & L, Torna
plx £ty <px)+itp(E£y.
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Ecnn p(—y)=p(y) =0, o x =ty = A npu Bcex t; ecau XKe XoTd
©6bl OJJTHO M3 HEOTpHLATEeNbHEIX 4Hcea p(Y), p(—y) orauuHo ot 0,
10 X ty=A npu
k—p(x)
< maxlp @, p (=91 *

HenocpencTBeHHO M3 BBeJeHHBLIX ONpENEJEHHA SICHO, YTO P CJy-
KHT (QYHKUHOHA/AOM MHHKOBCKOro masi MHoxectBa {x: p(x)<C I}
Hrak, BBens noHsithe QyHKUHOHaMa MHUHKOBCKOro, Mbl YCTaHO-
BH/JH COOTBETCTBHE MEXJy HEOTPHLATEJIbHBIMH OXHOPOMHO-BHIITYK-
JBIMH (DYHKLHOHAMaMH M BHINYKJIBIMH TeJaMH C sIIPOM, cOAepkKa-
UM TOuKy 0. ’
MMpumepsn. 1. [Ipu A = L umeeM, oueBHIHO,

pr(x) =0.
2. Ilyctb A — wmap ¢ uenrpom 0 u pamuycom r B R". Toraa
pa(x)=Ixl/r,

tae || x|l — nnuHa BekTOpa X.
3. Ilycts A — «cmoit» —1 << x; << 1 B mpoctpanctBe [; mocse-
JOBaTeNbHOCTEH X == (X, Xg,...,Xn,...). Torma

pa(x)=|x|

3ameuyanunsq l. UHorna yno6uo paccMaTpHuBaTh OAHOPOJHO-
BBHINYKJble (QYHKLUHOHAJIbl, KOTOPble MOIYT NPHHHMATb HE TOJbKO
KOoHeuHble 3HA4eHHsI, HO H 3HaueHHe +oco (HO He —oo). Torma us
paBencrBa p(ax) = ap(x) (rae o > 0) creayert, yro p(0) =0 uau
p(0) = co. Jlerko nposeputb, Yr0 B 3TOM IMOC/JAENHEM CJayuae
'MOXKHO, He Hapyulas OJIHOPOJHOH BBIMYKJOCTH (PyHKUHOHAaJa, H3-
MEHHTh €ro 3HaueHHe B OJHOH TOuYKe, NoJoXHB p(0)==0 BMecTO
P(0) = +oco. Tak 0GLIYHO U AENAIOT.

Ecan p(x)— OLHOPOIHO-BBINYKJBIA, HO He 06s3aTeNIbHO KOHEY-
Hbli, GyHkuHoHam, 1o A = {x: p(x) << k} ecTb BBHIIYKJIOE MHOXe-
CTBO, HO He 00si3aTe/bHO BbIyKJI0e Tesno. O6paTHo, eciu A — mpo-
HM3BOJILHOE BBINYKJI0€ MHOXeCTBO, coiep:xxaulee Touky 0, To ans
HEero MOXHO onpeleauTb (yHKUuHoHas MHHKOBCKOro GopMyaoi
(6), HO mpH 3TOM HpHAETCS AJS r JONYCKaTh H 3HayeHue oo,

2. Ecan pi(x) u pg(x)— OOZHOPOAHO-BBIMYK/IBIE (PYHKIHOHAMDI,
TO TaKOBHl XKe pi(x)—4 p2(x) u api(x) npu a>0. lanee, ecan
Aps (%)} s — MPOH3BOJIbHOE CEMEHCTBO OJHOPOMHO-BBINMYKJBIX (QyHK-

T HOHAJIOB, TO TAKOB M QYHKUHOHaM p(x) = sup ps(x). B yactHocTH,
seES§
BepXHss rpanb  p(x) =supf(x) mo0060ro HEmyCcTOro MHOXKECTBA
sES

JIHHeHHbIX (PYHKIHOHAJNOB Ha L eCTb OJJHOPOAHO-BBINYKJbIA (PYHKIHO-
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Has. Bocnoab3oBaBiunch Teopemoii Xana — baHaxa, Jlerko nokasarhb,
YTO TaK MOXHO NPEeACTaBHTb BCAKHH (KOHEUYHBIH) OQHOPOJHO-BBIIYK~
Jabl#l GYHKIHOHAJ.

Ynpaxuenne, MuoxectBo A B JuHeAHOM mnpocTpascTBe L HasbiBaeTcs
nozaowarOwuM, €cin JAs BCAKOro x & L cyuwectsyer Takoe o >0, uTo
x € MAA naa Beex A = a. JloxasaTb, YTO BEINYKJI0e MHOXecTBO A — morjouaioniee:
B TOM K TOJLKO TOM CJy4ae, eCid ero sipo cofiepxuT Touky O.

4. Teopema Xana — Banaxa. Ilycte L — neficTBUTe/NbHOE JIH-~
HellHOe NpoCTpaHCTBO M Lo-— HEKOTOpOe ero MNOANpOCTPaHCTBO-
Ilycrb, nanee, Ha noanpocTpaHcTBe Lo 3a4aH HEKOTOPBIH JHHEHHbBIR
¢dyukuHoHaa fo. JInnefHblfi QyHKUMOHAN [, onpelleleHHbII Ha BCeM
npoctpaHcTBe L, Ha3biBaercss npodoaxenuem HynKIHOHANA fo, eCam

f(x)=Fo(x) nna Bcex x < L,.

!
3allaya O NPOAOJIKEHHH JIHHEHHOro (YHKIHOHAJa YacTto BCTpe-

yaercss B aHanuse. OCHOBHYIO pPoJib BO BCEM 3TOM Kpyre BONPOCOB:
Urpaert cjeiyiolias Teopema.

Teopema 4 (Xau—Dbawnax). llycre p— odrnopodno-gbinyk—
Ablll  pyrKyuonaa, onpedesennsill Ha OelicTBUTEAbHOM AUHEHOM
npocrparcree L, u nycre Ly— auneidnoe nodnpocrparcreo 8 L.
Ecau fo— auneidnsiid pynxyuonanr na Lo, no0uunennsid na Ly ¢pyrx-
yuonaay p(x), 1. e. ecau Ha Ly

fo()<<p(x), (9

10 fo MoOMeT GbiTo npodossxcen 00 aunednoeo gynxyuonasa f na L,
noouunennozo p(x) Ha ecem L.

HdoxaszarenbctBo. ITokaxeM, uto ecan Lo+ L, to byuk-
IIHOHAM fo MOXHO NPOROJKHTH ¢ L, Ha HeKoTopoe Gojbliee MNOA-
npocrpadctBo L’ ¢ coxpaHeHneM ycaoBus (9). [eficrButeniHo,,
NYCThb Z — NIPOU3BOJIbHBIA 3JeMeHT H3 L, He mpuHammexamui Lo,
H nyctb L’— noanpoctpancTBo, nopoxjesHoe Lo u 2. Kaxnblik
3j1eMeHT u3 L’ umeer BUR {24 x, roe x € L.

Ecau f/— uckomoe mpomoskenue ¢pyHkuuonana fo Ha L', To

' (tz + x) =1}’ (&) + fo (%),
HJIH, €CJIH NOJOXKHTDb ' (2) = ¢,
' (tz + x) =tc + fo (x).

Tenepp BbiGepeM ¢ TaK, YToObl COXpaHHTb Ha L’ yc/joBHe noguuHe-
nusa (9), T.e. Tak, uto6bl NpH BCeX X & Lo ¥ Bcex AEHCTBHTEIbHBIX
! BHINOJNHANAOCH HepaBeHCTBO fo(x)+tc < p(x+1t2). Ilpu t >0
OHO PABHOCHJ/ILHO YCJIOBHIO

fo(£)+e<p(£+2), nm e<p(5+2)—F(F).
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a npu ¢t << 0— yciosuio

() +e=—p(—%—2).
P(—7—2)—h (%)

floka)eM, 4TO BCErla CYLIECTBYET YHCJIO ¢, YAOBJETBOPSIOUIEE ITHM
gsyM ycaoBuaM. Ilyctb y” u y”’ — npousBoJibHbIE 3/eMeHTbl H3 Lo.

Torna
—f)+ply"+2)=—foly)—p(—y —2). (10)
Dr0 BHITEKAET U3 HEpPaBEHCTBA

foy ) —F@)<ply" —¢)=p(y"+2)— (¥ +2)<
<ply”" +2)+p(—y —2).

aJH

Tonoxum
¢’ = iyn,,f (—h@+py”"+2), = sup (=) —p(—y —2)).

Hs (10' B cuay NPOU3BOJILHOCTH Yy u y” caenyer, uto ¢” . Bol-
6pas ¢ Tak, uto ¢’ == ¢/, onperenuM GYHKUHOHAT f’ Ha L’/

bopuyoi ["(tz + x)=tc + fo(x).

210T QYHKUHOHAJ YNOBJAETBOPSET YCJAOBHIO MOAuHHEHHs (9).

Wtak, MbH MOKa3aJju, 4YTO ecId GyHKUHOHAJ fo ompeleseH HA He-
&OoTOpOM mnoanpoctpaHctBe Lo L u ynosiaerBopsier Ha Lo ycao-
8u10 (9), T0 fo MOXHO MPOAOJXKHTbL C COXPAHEHHEM 3TOr0 YCJAOBHUSA
#ia HeKOTOpoe GoJibliee MOANPOCTPaHCTBO L',

Ecaiu B L MOXHO BbIOpPaTb CUETHYIO CHCTEMY 3JIEMEHTOB X,
X9, ..., Xn, ..., NOpOXAawoULyio Bce L, To dyukunonan ua L crpoum
110 MHAYKUHH, paccMaTpHBas BO3PaCTAIOLIYI LENOYKY IOANpPOCT-
PaHCTB

L(l) = {LO) xl}v L(2) {LU) . }

(31ech {L®, xz.1} 03HAUaeT MUHUMaJbHOE JHHENHOE MOANpPOCTPaH-
<TBO B L, conepxauiee L® u xpyy). Torga Kaxpaeii snemenr x < L
Boiiaer B HeKoTOpoe L(®) u, ciaenoBareibHO, QyHKIUHOHAM GYAET MPO-
JoyKeH Ha Bce L.

B o6uiem cayuae (T. €. KOrjfla CUETHOTO MHOXECTBa, MOPONKAAI0-
duero L, He cyuiecTByeT) AOKa3aTeJbCTBO 3aKaHUUBAaeTCA IPHMeEHe-
HueM jgemmnl LlopHa. COBOKYNHOCTb {§ BCEBO3MOMHBIX MPOIOJINKE-
HHA QyHKUHOHAMA fo, YAOBJETBOPAIOWIUX YCAOBHIO nMOAYHHEHHs (9),
HYacTHYHO YmopsfoueHa, H KaxJAoe ee JIHHEHHO YNOpsLOUeHHOe
AIOIMHOXECTBO Py o06aafaeT BepxHeHl TCpaHbio; 3TOH BepxHeil
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rpaHbio CAYXKHT (PYHKUHOHAJ, ONpelesieHHb Ha oGbelHHEHHH 06-
Jacteit onpefeneHus o¢yHkuuoHaloB [’ F H coBnasawouui
¢ KaXIbIM TakuM [’ Ha ero obsacTH onpefeseHus. B cuiy nemmbt
[lopra BO BcemM § cymlecTByer MaKCHMAaJbHbIH 3jemeHT f. dtor
MaKCHMaJbHbI 3J7eMeHT [ H npeacrasdsier COO0H HCKOMBIH (YHK-
uuoHaJ. [lelicTBUTENbHO, OH $IBJASieTC NPOAOJKEHHEM HCXOLHOrO
(yHKLHOHaNa [y, ymoBJjeTBopsier yciaoBHio (9) Ha cBoed o6.acTH
ONpefieNieHHs M 3aJaH Ha BceM L, Tak Kak HHaue Mbl NPOLOJIKHIN
Obl ero ONWCaHHLIM Bbile CNOCOOOM C-TOro COGCTBEHHOrO MOANPO-
CTPaHCTBa, Ha KOTOPOM OH OmpeleJieH, Ha OOJbliee NOANPOCTPAH-
CTBO, H [ He 6bL1 6Bl MAKCHMAaJIbHBIM.

Teopema nokasaHza.

IlpuBenem emre KoMNJIEKCHBIH BapHaHT TeopeMbl XaHa — ba-
Haxa.

Heorpuuarenbublii yHKIHOHAJ p Ha KOMNJAEKCHOM JHHEH-
HOM IpocTpaHcTBe L Ha3biBaercsi 00HOPOOHO-8bINYKABIM, €CTH JJIsi
BCeX X, y & L u Bcex KOMIJIEKCHBIX YHCEJ A

px+y)<pk)+p®,
p(Ax) =|A[p(x).
Teopema 4a. [Tycre p-— 00HOpOOHO-8binyKAbLL (pyHKYUOHAA
HG KOMNAEKCHOM AuHelinom npocrpaunctse L, a [fo— aunednoud

Gynryuonana, onpedesenHoblii Ha HEKOTOPOM AUHENHOM noonpocT-
pancrge Lo L u ydogrergoparouwjuil Ha Hem YCA08UIO

o) I<p(x), x&L.

Toeda cyuwjecr8yer aunednvtd gyukyuonaa f, onpederennoii Ha
ecem L u ydosaersoparouwyuii ycarosuam

F@I<p®), =x&L, f)=Fo(x), x& L,

HoxaszateabcTBo, O603HauuM uepe3 Lg u Lggr mpocrtpaH-
ctBa L u Ly, paccMaTpuBaeMble KaK [efCTBHTeJNbHblE JHHEHHbIE
npocTpaHCcTBa. $ICHO, YTO P — OAHOPOJHO-BHINYKAbI (QYHKIHOHAJ
Ha Lg, a for(x) = Re fo(x)— neficTBHUTEJNbHBIA JHHERHBIA QYyHKIHO-
Han Ha Log, yIOB/IeTBOPAIOLIHH YC/IOBHIO

[ for (*) << p (x)
for (¥) < p (x).

B cuny Teopembl 4 cymecTByeT AeHCTBHTENbHBIA JHHEAHbU (YHK-
HHOHAJM [r, OnpenmeseHHBi HAa BceM Lp W yIOBJETBOPSIOUIHA YCJ0-

BHUAM
frRE<p(x), rxe Lp(=1),
fR (X)?—'foR (X), XELQR (= Lg).

H, TeM OoJee, yCJOBHIO
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fcno, ut0 —fr(x) = fr(—X) < p(—%) =p(x), TaK ur0
[fr()IS<p(x), xeLp(=L). (1)
OnpeneauM ¢yukuuonaa f na L, nosnaras

f(x)=fr (¥) — if g (ix)
{34ecb Mbl IOJIb3yeMcsi TeM, 4YTO L—KOMIJeKCHOe JHHEelHoe
OpOCTPAHCTBO, TAK YTO B HEM OIPEAEJEHO YMHOXEHHe Ha KOM-
-muieKcHble yucaa). HemocpeacTBeHHas NpoBepKa TIOKa3biBaeT, 4YTO
J— xoMnJiexcHblll JHHeHHbIA QyHKNHOHAM HA L, nmpHueM

fx)=fo(x) mpu xeL,,
Ref(x)=fgr(x) npu xeL.

Ocranoch mokasatb, uto |f(x)|<< p(x) mas Bcex xe L. [lo-
flyCTUM TPOTHBHOE; TOT[A IS HEKOTOPOro Xo € L umeem |f(x)|>
> p(x,). [lpencraBuM KommiekcHOe uHCiIO f(Xp) B BuAe [ (x)=
=pe’®, rae p > 0, u noJoxuM yy—e~%x,. Toraa fp (yo) =Ref (y))=
=Re[e7 %[ (x))|]=p > p (x0)) =p(y0), uTO TPOTHBOpEUUT yCJIO-
suw0 (11).

Teopema ngokasaHa.

Ynpaxuenne Tlokaxure, 4YTO yCcAOBHe KOHEUHOCTH (YHKUHOHala p
8 TeopeMe Xana — BaHaxa MOXHO ONyCTHT.

5. OTAeAHMOCTb BbINYKJbIX MHOXeCTB B_JIHHEHHOM NPOCTPaH-
ctBe. [lycTb L — pmeficTBHTeNBbHOE JHHeHHOEe mpocTpaHcTBo, a M
# N —nBa ero monmHoxectBa. ['oBopsit, uTo onpeneyeHHnit Ha L
JuHelHbilt GyHKuHOHAN [ pa3deaser 3TH MHOXeCTBAa, €CJIH CyLle-
cTByeT Takoe uuciao C, uto

fx)=C nmpu xM n [f(x)KC upu x= N,

T. €. €CJIH
inf f(x)> sup f(x).
M xeN

®dynkuuOHAN [ Ha3bIBAeTCHA (TPO2O pa30essrouum MHOMKECTBa
M u N, ecn BHINOJHEHO CTPOroe HepaBeHCTBO

inf f(x) > sup f(x).
xeM x=N

Cuaenyouie JBa YTBEPXKAEHHS HENOCPELCTBEHHO BBITEKAIOT H3
onpejeseHus pa3leJHMOCTH.

1) Jiuneinwstft dynkuuoHan [ pasgensier MHoxectBa M u N
B TOM H TOJbKO TOM CJyuae, KOrja OH pasiessieT MHOXeCTBa
M—N u {0} (1. e. MHOXKeCTBa BCeX 3/IEMEHTOB BHIa X — Y, Tle
xe M, y= M, u Touky 0).

2) Jlunefiunili $yHkuuoHan [ pasgenser MHoxkectBa M u N
B TOM H TOJMILKO TOM CJy4ae, KOrla IpH KaxaoM x e L oH pa3sne-
Jisier MHO)KectBa M — x u N — x,
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H3 teopemn XaHa — Banaxa Jerko mnosnyuaercs caenywouias
TeopeMa 06 OTAEJHMOCTH BBHINYKJBIX MHOXKeCTB B JIMHEAHOM INpo-
CTPAHCTBe, UMeIOLLasi MHOTOUHCJEHHbIe NIPUMEHEHHUS.

Teopema 5. [lycte M u N — goinykabie muoxcecrsa 8 Oeli-
CTBUTEAbHOM AUHEUHOM ApocTpancTse L, npuuem adpo xora Gor
00HO020 U3 Hux, ckascem M, ne nycro u He nepecexaerca ¢ Opyaum:
mrooucectaom. Tozda cyujectsyer Heryreg8old auneldnoll (hynkyuonan:
Ha L, paadersarowuii M u N.

JdoxkasaTteanbcTBoO. bes OrpaHHueHHs OGUIHOCTH MOXHO CYH-

TaTh, YTO Touka 0 npuHamaexut aapy M muoxkectsa M. (Muaue:

O
Mbl paccMOTpeJH Obl MHOXecTBa M —xo 1 N —xo, rie xo=M.)
[Tyctb yo= N, tToraa Touka —yo JIPHHALNERAT ALPY MHOKECTBA:

M-=N, a 0 npuHAANEXKHUT AApY K wmuoxecTsa K = M — N—)—yo.
Tax kak M N N = &, 10 0 He NpUHAMIEKUT Japy M—Nu gyt K.
Ilycte p — ¢yHKUHOHAN MHHKOBCKOTO 115 K. Torna p(yo) =1, no-
CKOJIbKY yoeéI%. BeeaeM JHHEHRHBIA QyHKIHOHAJ

fo (ayo) = ap (yo).

Ou ompelesieH Ha ONHOMEPHOM TNPOCTPAHCTBE, COCTOSAIEM U3 3Je—
MEHTOB BHJA atYo, H YIOBJETBOPSIET YCJIOBHIO

fo(ayo) < p (ayo),

MOCKOJIBKY p(ayo) ==ap(Yo) npu o =0, u fo(aye) = afo(ys) << 0 <<
< p(ayo) npu a < 0. ITo Teopeme XaHna — bBanaxa ¢ynkiuuonaa fo
MOXHO NPOAOJIKHTb JI0 JHHeHHOro QYHKIHOHAJA [, ONpeleeHHOro-
Ha BceM L u ynosaerBopsitouiero Ha L ycaosuio f(y) < p(y). Otcio--
na caenyet, uto f(y¥)<<1 npu y= K u B 1o *Ke Bpems [(yo) = ..
Takum o6pa3om, [ pasneasier MHoxectBa K u {yo}, a caegoBatesb—
;lv?, prasnenﬂe'r M—N u {0}; Ho Torna f pasmensieT MHOXeCTB&

uN.

Teopema nokasaHa.

§ 3. HopmupoBanHbie MpoCTPaHCTBA

B rnase 11 MBI 3aHHMaJHChb TOMNOJIOTHYECKHMH H, B YaCTHOCTH,
MeTPHYECKHMH TpPOCTPAHCTBAMH, T. €. MHOXECTBAMH, B KOTODHIX
BBEJlEHO, TEM WJH HHbIM CHOCOOOM, MOHATHE GJU30CTH 3JIEMEHTOB,.
a B npeabyliux naparpadax JaHHOH rylaBhl Mbl HMEJH €O C JIH--
. HeHHBIMH NPOCTPaHCTBaMH. [lo CHX TOp Kamjaoe M3 3THX NOHATHRE
croano ocobusakoM. OnHako B aHa/M3e NPHXOAMTCS HMETh LENO0 C
NPOCTPAHCTBAMH, B KOTOPHIX BBeleHbl KaK Onepaluu CJAOKEHHs 3Je-
MEHTOB H YMHOXEHHS HX Ha 4YHCJa, TaK H HeKOTopasi TOMOJOTHS,.
T. €. PacCMaTpUBaTb TAK HA3LIBAEMble TOMOJOFHYECKUE J H~
HefiHHenpocTpaHcTsa Cpexn nocaenHux BaxHBIA Kaace 06~
pasyloT HODMHpDOBaHHBe NPOCTpaHCcTBa, Teopua sTux
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aIpOCTPaHCTB Oblia passura B pa6orax C. Bamaxa u psama apyrux
.aBTOPOB.

1. Onpepesenne U npuMepbl HOPMHPOBAHHBIX MPOCTPAHCTB.

Onpenenenne l. [lycrs L — nuneitnoe npocrpauncrso. Oano-
POAHO-BBINYKJbIH QYHKIHOHAJ P, onpelleieHHbIA Ha L, HaspiBaercs
#Hopmoll, ecIU OH yNOBJETBOPSET CAEAYIOWIUM MOMOJHHTEAbHBIM YC-
JIOBI/IFIM (MOMHMO BBINYKJIOCTH):

1) p(x)= 0 Toabko npu x = 0,

2) p(ax) = |a|p(x) nas Bcex a.

Takum 00pa3oMm, BCIOMHHAsSL onpefeneHuss 3 m. 2 § 2, Mbl Mo-
JKeM CKa3aTb, UTO HOPMOH B L Ha3biBaeTcs GyHKIHOHAJ, YIOB/IETBO-
PAOILHA CAeAYIOIHM TPEM YCJHOBHSIM:

1) p(x) =0, npuuem p(x) =0 Toabko npu x = 0,

2) px+y)<p(x)+py), s, yEL,

3) p(ax)=|a|p(x), KaK0BO 6bl HH GHIJIO YHCJIO a.

Onpenenenue 2. JIuneltnoe npocrpancteo L, B KOTOpoMm 3a-
JlaHa HeKOTopas HOpMa, Mbl HAa30BeM HOPMUPOBAHHLIM NPOCTPAH-
<t80M. Hopmy saemenra xeL Mb OygeM obo3HauaTh CHMBO-
Jiom |lxfl.

Bcsikoe HOpMHPOBAaHHOE MPOCTPAHCTBO CTAHOBUTCH METPHUECKHM
iﬂpOCTpaHCTBOM ecJIi BBECTH B HEM pacCTOsiHHE

p(x, y=lx—yl.

«CnpaBelTHBOCTb AKCHOM METPHUYECKOTO MpPOCTPAHCTBA TOTUAC XKe
sbiTekaer u3 cBolictB 1)—3) Hopmbl. Ha nopMupoBaHHBIE NpO-
-CTPaHCTBA NEePEHOCATCS, TAKUM 06pa3oM, BCe Te NOHSITUA U (PaKThI,
WKOTOpble OBIJIH H3J0XeHbl B . [l [/ MeTpHueCcKHX MpPOCTPaHCTB.

[TonHoe HOpMHpPOBaHHOe NPOCTPAHCTBO Ha3biBaeTcs 6axaxoevim
£NPOCTPAKCTBOM UM, KOpoue, B-npocTpancraom.

[TpumMeps HOPMHDPOBAHHBIX MPOCTpaHCTB. MHorue
W3 [POCTPAHCTB, paccmaTpuBaBluxcs B ri. I B kauecTse mpuMepos
wmerTpuueckux (a B § 1 naHHOH ryIaBbl — JIHHEAHBIX) NPOCTPAHCTB,
B JeHCTBUTEJBHOCTH MOTYT ObITh HajeJieHbl eCTEeCTBEHHOH CTPYKTY-
‘POl HOPMUPOBAHHOTO NMPOCTPAHCTBA.

1. Ipamasa auaua R! CTAaHOBHTCH HOPMHPOBAHHBLIM TMPOCTPaH-

<CTBOM, eCJH AJf Bcsikoro uyucaa x € R! monoxuts |lx||=|x].
9. Ecau B neficTBHTEIbHOM - MepHOM mnpocTpaHcTBe R™ ¢ aje-
MeHTaMu X = (X, Xz, ..., Xn) NOJOXHTb

1=/ 51 (m

“TO BCe aKCHOMBI HOPMBI 6YAYT BhinoaHeHn. Popmyna

n

plx, P=lx—yl= k;(xk—yk)?
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onpenenser B R™ Ty caMyio MeTpHKY, KOTOPYIO MBI B 3TOM IIpo-
CTPaHCTBE yXe pacCMaTpUBaJIH.
B 3ToM ke JMHEHAHOM NpPOCTPaHCTBE MOXHO BBECTH HOPMY

Ixl= X151 2)
HJIH HOpMY
Il = max | % |- (3)
sn

OTH HOPMBI ONpefejsioT B R™ MeTpUKM, KOTOpHE Mbl paccMaTpH-
Bann B npuMepax 4 u 5. 1 § 1 ron. 1L I'IpOBepKa TOTO, YTO B Ka-
KIOM M3 3THX CJIyuyaeB aKCHOMbI HOPMbI JeHCTBHTEIbHO BEITIOJHEHE,
He COCTaBJIsIeT TPYAA.

B xomniekcHoM n-mepHoM mnpoctpaHcTBe C™ MOXHO BBeCTH

HOpMY
lel=A/ Xl xef,

Han J106yto U3 HopM (2) nau (3).
3. B npoerpanctBe Cfa, b] HenpephiBHBIX GYHKUHHE Ha oTpeske
[a, b] onpenenum HopMy dopmMyoi

Ifil= max |f(@)]. )
asi<d

CooTBeTCTByIOLlEE PACCTOSIHHE YXKe pacCcMaTpPHBAJIOCh B npuMepe 6
n1§1rall

4. Tlyctb m — NPOCTPaHCTRO Ol‘paHH‘leHHbIX YHCJIOBBIX NOCJIENO-
BaTeJbHOCTEN X = (X1, X2, ..., Xn, ...). [10JIOXKUM

Ixll=sup] x, . (5)

Ycaosusi 1)—3) omnpenesyieHHs HOPMBI 31€Cb, OU€BHIHO, BHIIOJHEHEI.
MeTpuKa, KoTopasi HHAyLHpyeTCss B M 3TOH HOPMOH, CoBNajaer
¢ TOH, KOTOPYIO MH yXe paccMatpuBaau (ra. II, § 1, n. 1, npu-
Mep 9).

2. TMopnpocTpaHcTB2 HOPMHPOBAHHOIrO mMpocTpancTsa. Mul onpe-
Le/IHJIH TIOANPOCTPAHCTBO JHHEHHOro npoctpancTea L (He cna6xeH-
HOTO KakKoi-an6o TomoJsiorueil) Kak HelyCcToe MHOMeCTBO Lo, ofJsa-
Jampllee TeM CBOHCTBOM, 4TO ecau X, ye L, 10 ax 4 pye L,
B HOpMHpOBaHHOM NpPOCTPaHCTBe OCHOBHOH HHTepec NpeiCTaBJSIOT
3aMKHYTble JUHeHHbe TIOANPOCTPAHCTBA, T. €. MOANPOCTPAHCTBA, CO-
Jlepxallye Bce CBOM NpefleJbHble TOYKH. B KOHeYHOMepPHOM HOpPMi-
POBAHHOM INPOCTPAHCTBE BCSIKOE MOANPOCTPAHCTBO aBTOMATHYECKH
3aMKHYTO (HoKaxurte 3To!). B GeckoHeuHOMepHOM cJyyae 3TO He
tak.. Hanpumep, B npoctpanctee Cla, b] HenpephiBHbiX GyHKUHH C
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HopMO#t (4) MHOrousenbnl o6pasyioT NMOANPOCTPAHCTBO, HO He 3aMK-
nytoe ').
-~ Jlpyrofi mpuMep: B NPOCTPAaHCTBE M OrpaHHYEHHHIX NOC/]EN0Ba-
TeJbHOCTEH TOCNENOBATEJbHOCTH, COJEpXKallie JHIIb KOHEYHOe
yuCJI0 OTJIHYHBIX OT HYJS 4JeHOB, o6pa3yioT noanpocrpancrso. On-
HAaKO OHO He 3aMKHYTO mo HopMe (5): B ero 3aMblKaHHH COAep-
JKHUTCS, HANpHUMep, mocaefoBartenbHocts (1, 1/2, ..., 1/n, ...).

Kak npasuno, Mbl 6yneM paccMaTpHBaTbh TOJbKO 3aMKHYTble
NOANPOCTPAHCTBA, MO3TOMY E€CTECTBEHHO H3MEHHTb TE€PMHHOJIOTHIO,
Kortopas 6nu1a ycranosaena B § 1. [lodnpocTpancréom HOpMUPOBAH-
HOTO NPOCTpaHCTBA Mbl 6y/eM Ha3bIBaTb TeNepb TOJbKO 3AMKHYTOE
NOJANPOCTPAHCTBO; B YAaCTHOCTH, NMOANPOCTPAHCTBOM, MOPOXKAEHHBIM
JAaHHOH CHCTeMON 3/1eMeHTOB {Xg}, Mbl 6yJleM Ha3wBaTh HaHMeHb-
ee 3aMKHYTOe TOANPOCTPAaHCTBO, colepiKaluee {X,}. Mul Gyrem
FOBOPHTb O HEM, KaK O AUHelHOM 3ambikanuu cucteMul {x,}. CoBo-
KYNHOCTb 3JeMeHTOB (He 00s5i3aTesIbHO 3aMKHYTYIO), COJAEPIKAaMIyio
BMeCTe C X H Yy HX NPOH3BOJIbHYIO JHHelHYI0 KoMOHHanuio ox + By,
OyleM Ha3blBaTb AUHEURbIM MHO20006pa3uUeEM.

CucreMy 371eMEHTOB, JIeXallylo B HOpMHPOBaHHOM NpPOCTPAaHCTBE
E, Mpl GyneM Ha3bIBaThb NOAHOL, €CAH TOPOXKJAEHHOE €0 (3aMKHY-
Toe!) nomnpoctpancTBo ecth Bce E. Hanpumep, B cuiy TeopeMmbl
Befiepitpacca CoBOKYNHOCTb Bcex Gyuknui 1, f, £, ..., i, ...
noJjHa B NPOCTPaHCTBe HenpepbiBHbIX GyHknui Cla, b].

3. daxrop-npocTpaHcTBa HOPMHPOBAHHOIO npocTpancTea. [1ycTs
R — HopMupOBaHHOE NPOCTPAHCTBO H M — HEKOTOpoe ero moAamnpo-
crpanctBo. PaccMorpum dakrop-npoctpanetBo P = R/M. B coor-
BETCTBHH CO CKas3auHbiM B . 4 § 1 370l raasn P ectb JHHEHHOE
npocrpanctBo. OnpenenuM B HeM HOPMY, MOJOXHB LJAS KaXAOro
KJlacca CMeXHOCTH §

&= inf [ x]. (6)
xe§

IloxaxeM, uTO NpH 3TOM BHINOMHEHH cdopMyaHpoBaHHbe B 1. 1
aKCHOMBl HOPMHPOBAaHHOTO NPOCTpaHcTBa. SicHo, yto Bceraa HE(l = 0.
Ecnu & — HyneBoil snemeHT dakrop-npocrpanctsa P (T. e. & coB-
nagaer ¢ noanpocTpaHcTBoM M), To B KauectBe x € §y MOXHO
B3Tb HyJb NPOCTPaHcTBa R, H Toraa noayuaeM, uto ||Ell = 0. O6-
patno, ecan || £ 1] = 0, To u3 onpenenenns Hopmul (6) caenyer cyuie-
CTBoBaHHe B KJacce £ NOC/aeN0BaTeNbHOCTH, CXOAsLIEHCH K HYJIO.
Ho Tak kak M 3aMKHYTO, TO 3aMKHYT H KaX/blil KJ1aCC CMEXHOCTH,
3Hauut, 0 =&, a 3rto o3Hauaer, uto E =M, T. e. £ ecTb HyJeBOil
ajement B P. Hrak, | E|=0 u ||E§]l=0 aumb Torpa, xorga E—
HYyJb mpocTpaHcTBa P.

1) B cuny reopemnl Befiepmrpacca, raacsiel, 4To BcsKas HenpepHBHAf
QYHKIHA Ha OTpe3Ke ecTb TpeAe] PaBUOMEPHO CXONAIMIENCS NOCJAeAOBATENbHOCTH

kHorI;)]qneHon, 3aMblKaHHe NOANPOCTpaHCTBa MuorouseHoB B Cla, b] ectb Bce
al
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Hanee, nnsa BcsiKOro x & R # BCAKOro o UMeeM
laxl|=[al- |l x|
Bepsa B ofenx wacTsx 3TOro paBeHCTBA HMUXKHIOW I'PaHb MO X & E,
noJjyuaeM )
lal=lal-NEIl
Hakonen, nyctb §, n=P ux =g, y=n. Toraa
IE+ni<iix+ o<zl +lyl.

Bepsi B mMpaBOH YaCcTH 3TOTO HEPABEHCTBA HHIKHIOK TpaHb MO BCEM
X EE, y = n, moayyaem, uto

IE+nl<IEN+lnll

Hrak, Bce akCHOMBI HOPMHPOBAHHOTO NMpPOCTpPaHCTBA AJsl P BHIOJ-
gensl. ITokaxkeM Teneps, uto ecau R mosiHo, T0 u P = R/M mnosuo.
HeiictBuTenbuo, coraacuo (6) aas kaxpaoro &e R/M uahpercs
TaKoH »JieMeHT X & &, uTo

1
HEEFT

ITycrb {En} — dyHnaMentanpHas mocienoBaTenpbHocTs B P. Ilepe-
XOAsl, €CJH HYXKHO, K [OANOC/JeJOBATEbHOCTH, MOXHO CYHTaTh,
430 pAn

2 18— &l

cxonurcsi. No6asus K {E.} emte Eg— HyJieBOH 3JieMeHT NPOCTpaH-
ctBa P, —BuiGepeM xp EEnpi—En (=0, 1, 2, ...) T3K, uTO

1
I §n+1 - gn ”>?" Xn “-
Torna p}ln M lix,l| cXomurcs, a 3HAUMT, B CHJAY NOJHOTHI npo-
n=0

(o] 00
CcTpancTBa R CXOAUTCA H DAL Zx,,. ITosoXuB X = Zx,, H o6o-
n==0 n=0

sHaunB uepes § KJacc, comepxamui X, noayuyuM (MOCKOJIbKY

n
> xy =&, NpH KaxaoM n)
=t

15— & ll<

n
X — Zx,,{-—»O npH n—> 0,
k=0

T. e. £= lim§,. Hrak:
n—-»oo

DakTOp-npoCTPancT8o Ganaxo8a nPoCTPaHcTéa no atobomy ezo
(3amxHyTOMY) NOONPOCTPAHCTBY eCTb HAHAX080 NPOCTPAHLTEO.
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YnpaxHenuna 1. Tlyectb R — 6anaxoBo mnpoctpancTtBo, By DB, > ...
... DBn>D...—10CNeN0BaTENLHOCTD BJOXEHHBIX 3aMKHYTHIX WJapoB B HEM.
JlokaXHTe, YTO OHa HMeeT HenycToe NepeceyeHHe (He mpeianosiaraeTcs, yto pa-
JIAYCH STHX WapoB cTpeMaTca K 0; cp. ¢ ynpaxunenuem 3 Ha ctp. 70). IlpuBenute
npHMep TMOCNELOBATe/bHOCTH BNOKEHHBIX HENMYCTHIX OTPaHHUYEHHBIX 3aMKHYTHIX BBI-
NyKJbIX MHOXECTB B HEKOTOPCM B-NPOCTpaHCTBE, HMEIOMIHX NMYCTOE MepeceyeHHe.

2. Tlycte R — GeckoHeuHoMepHOe B-NpocTpaHCTBO; TOrAa ero adreGpauueckas
pasMepHOCTb (CM. ynpaxuenue 3 Ha cTp. 123) necuerna. .

3. Tlyctb R — nHHefiHOe HOPMHPOBAHHOE NPOCTPAHCTBO; A0KAa3aTb CIpaBeiu-
BOCTb CJEIYIOUIHX YTBEPXKACHHH:

1) BCIKOe KOHEYHOMepHOe sHHefiHOe MHOrooGpasue B R 3aMKHYTO;

2) ecntn M — nonnpocTpancTBo, a N — KOHEYHOMEPHOE NOANPOCTPAHCTBO B
R, TO HX CyMMa

MA+N={x:x=y+z yesM 2z N}

3aMKHYTa; NIDHBECT: NpPHMep ABYX (3aMKHYTHIX) JHHEAHKX MOANPOCTPAHCTB B lo,
CyMMa KOTOPBIX HE 3aMKHyTa;

3) nyctb Q — OTKPBITOE BLINIYKJOE MHOXECTBO B R, H mycTb x,& Q; Toraa
CYIIeCTBYeT THIEPIJIOCKOCTb, NPOXOMAIan Yepe3 TOUKY Xo H He mepecekaiowasn Q.

4. IIze HopMbl, [I-ll, u Il-lls, B JAHHefiHOM mpocTpaHcTBe R Has3bBalOTCA 3K6U-
BANCHTHLIMU, €CJH CYLIECTBYIOT TakKHe NMOCTOsiHHHeE a,b > 0, uto allxl, << lixl, <<
< blixll; nas Bcex x = R. IlokasaTb, YTO ecjaH NPOCTPAHCTBO R KOHEYHOMEpPHO,
T0 JoGHe ABe HOPMH B HEM 3XKBHBAJIEHTHHI.

§ 4. EBKAHIOBBI NMPOCTpaHCTBA

1. Onpenenende eBKJIHAOBBLIX mNpocTpaHcTB. OAHH M3 XOpOUIO
H3BECTHBIX CIOCOGOB BBEAEHHS HOPMBbI B JIMHEHHOM NPOCTPAHCTBE —
3TO 3aJaHHe B HeM CKaJsipHoro npousBefeHusi. HanomuuM, uro
CKAAAPHBIM npousgedenuem B NeACTBUTENbHOM JHHEHHOM NPOCTpaH-
ctBe R naswiBaercs JefictBurenbHas GyHKUMS (X, y), onpeleneHHad
Ui KaXJoH mapel 3/eMeHTOB X, ¥ & R M ynoBierBopsiolias cuae-
AYIOIHM YCJIOBUAM:

1) (%, y)={(y,x),

2) (xl +x2) y) = (xl’ y)+(x2, y)v

3) (Ax, y)=A(%.Y),

4) (x,x) =0, npuuem (x, x) =0 tonbko nmpu x = 0.

Jluneiinoe mpocTpaHCcTBO ¢ OUKCHPOBAHHBIM B HEM CKAaJsipHLIM
Npou3BefleHHeM Ha3biBAeTCA e8KAUC08bIM NPOCTPAHCTEOM. B eBKan-
JOBOM NpOCTpaHcTBe R BBOAHTCS HOPMa C MOMOILBIO HOpMYJIbl

xll=4/(x, x) .

U3 ceoficts 1)—4) ckaasipHOro NpOW3BeNEHHS CJENyeT, 4TO BCe
4KCHOMB! HOPMBI NIPH 3TOM BLINOJHEHHbI.

HeficTtBuTenbHO, BbiMoNHeHHe akcHOM 1) u 3) nopmur (m. 1 § 3)
OYEBHJHO, a BbINOJHEHHE aKCHOMbI 2) (HepaBeHCTBO TDPEYroJbHHKA)
BhiTekaer U3 Hepagencrsa Kowu — Byuaxkoeckozo

Lo ) ISTx -yl (1
KOTOpOe Mbl CeHyac JOoKaxeM.
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PaccmoTpuM KBafpaTHBIM TpexuJeH OT JeHCTBHTEJbHON mnepe-
MeHHOH A, HEOTpHUUATEJNbHbI NPHU BCEX 3HAYEHHUAX A:

e(A)=Ax+y, A+ y) =A% (x, ) + 24 (x, ) + (9, y) ==
—Hxlez+2(x y)h+ny

Tak kak 3ro BblpaxceHue npejcras/sieT co0OH CKaNSAPHBbIA KBajgpar
HeKoToporo BekTopa, 1o Bcerga ¢ (A) = 0. CrnenoBaTenbHO, AUCKPH-
MHHAHT 3TOr0 TPEX4/eHa MeHbllle MJH pPaBeH HY.Ii0.

Hepaseuctso Kown — Byusikosckoro (1) kax pas u Belpaxaer
He YTO HHOe, KaK HelOJOXXHTeJbHOCTb AWCKPUMHUHAHTA 3TOTO KBaj-
patHoro Tpexusena ¢(A).

" OTMeTHM, 4TO B €BKJHMJOBOM MNPOCTPAHCTBE CyMMa, NpOH3Beje-
HHe Ha 4HUCI0 M CKaJsipHOe NPOHU3BEJeHHEe HENPEPbIBHBI, T. €. €C/H
Xn=>X, Yn—>y (B CMbICJE CXOJUMOCTH NO HOpPME), An—>A (KaK
YHCJ0Bast MOC/Ie]0BaTeNbHOCTD), TO

Xt ya—>x+y,
AnXy —> AX,

(Xn, Ya) > (x, y).

JIlokasaTeabcTBO 3THX (AKTOB OCHOBAHO HA HCIOJMB30BAHHH He-
paBedcrBa Komu — Byusikosckoro (1) u mnpegocrasasercsa uuTa-
TeJl0 B KauyecTBe YIpa*kHeHHs.

Hanuuue B R cKansipHOrO NpOM3BeJdeHUS MNO3BOJSET BBECTH B
TOM NPOCTPAHCTBE HE TOJBKO HOPMY (T. €. JJIMHY) BEKTOpa, HO W
yroJl MexXay BeKTODaMH; MMEHHO, YTroJ ¢ MeXJy BEeKTOpaMH X H Y
onpenensiercs popmynon

. _(ny
COS @ = T~ T * (2)

TIpu aroM u3 HepaseHctBa Kowu — Bynskosckoro (1) smiTexaer,
4TO BbIpaXKeHHe, CcTosllee B (2) cnpaBa, N0 MOAYJIO He MPEBOCXO-
a4t 1 u, crnegosatelbHo, dopmysa (2) neficTBHTENbHO AN MIOGBIX
HEHYJIeBbIX X U y ONpefensieT HeKoTophil yroan @, 0 < ¢ < m.

Ecnu (x, y) =0, To 13 (2) nonyuaem, uto ¢ = n/2 B 3TOM CJy-
yae BEeKTOPHl X H Y HA3BIBAIOTCA OPTO2OHANLHBIMU.

CucremMa HeHYJeBb X BeKTOpoB {x,} u3 R HasbiBaeTca opro-
20HAALHOL, ecliH

(*a, Xg)=0 mpu a=4f.

Ecnu BekTopw {x,} OpTOrOHa/AbHBL, TO OHH JIHHEHHO HE3ABHCHMBI,
B camom gese, nycThb

aixe, + a2xe, + ... + Apxe, =
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“fI0CKOJIbKY {Xx,} — opToronaJ/ibHasi cHCTeMa, HMeeM
(x‘lv aiXe, + ... + a,,xan) =q, (xa‘, xa‘_) =0,

HO (Xo;, %o;) =0 u, sHaunT, @i =0 maa Beex i=1,2, ..., n

Ecan oproronanbHasi cucrema {x,} noana (T. e. HauMeHbllIee cO-
Jepixaliiee ee 3aMKHYTOe TNOJANPOCTPAHCTBO eCTh Bce R), To oHa
Ha3LIBAETCS OPTO2OHAAbHbIM Ga3ucosm. Ecau mpu 5TOM HOpMa Ka-
KJOro vJ1eMeHTa paBHa 1, To cHCTeMa {X,} Ha3biBaeTcsi OPTOLOHANL-
HOIM HOPMUPOBAHHOIM 6asucon. Boo6ue, ecain cucrema {x,} (mou-
Has WJH HeT) TakoBa, YTO

0 mpu az=B,

(Xa, xﬂ)={l npu a=24,,

TO OHA HA3bIBACTCS OPTOZOHAALHOU HOPMUPOBAHHOL (KOpoUe 0pTO-
Hopmarvroli) cucremod. Slcuo, uto ecau {x,} —oproronasnbHas cH-
Xa
cTema, TO{ m} — OpPTOroHaJbHask HOPMHPOBAHHAS CHCTEMaA.
a .
2. Mpumepbl. PaccMOTPHM HEKOTOPble MNpPHMEpPbl EBKJHIOBBIX
IPOCTPAHCTB H OPTOrOHAJIbHBIX 6a3HCOB B HHX.
1. n-mepHoe apudmeTnueckoe npocrpanctso R™, snementamu xo-
TOPOr0 CJYXAT CHCTeMbl AeHCTBUTEJNbHBIX uHceNn X = (X, Xy ...

..., Xn), C OOBIYHBLIMH ONMEPALUIMU CJOXKEHHS H YMHOXEHHS ¥ CKa-
JISPHBIM NpOH3BefeHHeM

9= xw, @)

npeacrasJseT cobofi Xopoulo H3BeCTHLIR NMPHMEp E€BKJIMAOBA IPO-
crpanctea. OpToroHasbHbi HOPMUPOBAHHBIA Ga3uC B HeM (OMUH H3
6eCKOHEUHOro YHCJIa BO3MOXKHBIX) 00pa3yloT BEKTOPbI

e, =(1,0,0,...,0),
2#(o 1,0,...,0),

e, =(0, 0,0, ... 1.

2. Mpocrpanctso /; ¢ s/eMeHTaMH

00

X=(X[, Xop o0y Xpy ++.), THE fo<oo,

i=l1

U CKaJIﬂprIM HpOI/ISBeﬂeHHEM
00
(x, y)= Zl XY (4)
==

€CTb eBKJHJ0BO NPOCTPAHCTBO. [leficTBHTE/NIbHO, CXOAUMOCTb psifia,
crosimiero B (4) cnpasa, cielyer u3z HepaBeHctBa (4) ru. II, § 1.
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CpoiictBa 1)—4) cKaJsipHOTO NPOH3BENEHHS MPOBEPSIIOTCA HENO--
cpeacrBenHo. Ilpocrefimnii oproronaabHEli HOPMHPOBaHHLIA Gaauc
B [2 06pa3yioT BEKTOpPH

e=(1,0,0,...),

e=(0,1,0,...), (5)

3=(0, 0’ l: "‘)
OproronaJbHOCT H HOPMHPOBAHHOCTb 3TOH CHCTEMbl iCHBI; BMecTe:
¢ TeM cucreMa (D) MoJHAa: nmycTb X == (X, X, ..., Xn, ...) — JIO-
6ot Bektop H3 lp M XM =(x1, X2, ..., Xn, 0, 0, ...). Torna x(»r
eCTb JHHeHHasi KOMOHHALHSl BEKTOPOB €, ..., € H |[|[x(™) — x| 0

npH n -» oo,
3. Mpocrpancreo Cyla, b], cocTosillee H3 HempephiBHLIX Ha [a, b},
JeNCTBUTE/bHBIX QYHKLHH, CO CKAaNSIPHBIM POH3BEAECHHEM
b

. e)=\ivewa (6)

a

TaKKe SIBJsieTcsl eBKJAUAOBBIM. CpelH pasJiMuHbIX OPTOrOHAJbLHBIX.
6a3HCOB, KOTOpble MOXHO yKa3aTb B HeM, BaxKHeHIUM sBJaAseTcA
TPHrOHOMETpPHUecKasl CHCTeMa, CoCcTosas H3 QyHKUHH
'217' cosn b—ri_:%, sinn brﬁ“ (n=1,2,...). (7)
OpTOoroHaNbHOCTb 3TOH CHCTEMblI NPOBEPSIETCS HENOCPEACTBEHHO.
Ecan paccmaTpuBaoTcs HenpepbiBHblE (YHKUMH Ha OTpe3Ke
AJHHBL 27, CKaXXeM, Ha [—m, 7}, TO COOTBETCTBYIONlAasi TPHIOHOMET-
pHYecKasi cHcreMa ecTb: 1/2, cosnt,
sinnt (n=1, 2, ...).
Cucrema (7) noana. HeficTeu-

-

I\\ TeNbHO, COrJlacHO Teopeme Beiiep-
{ \' wTpacca, Bcsikas HerpepLiBHAs Ha
i 1 orpe3ke [a, b] GyHKUHA ¢, npH-
! _ ! |  Humalomas B TOUKax @ u b oau-
a b-3 b pakoBble 3HAUYEHHS, MOXKET ObIThb

Pue. 17. Nnpe/cTaB/leHa Kak Npejel paBHoO-

MepHO cxojsineficsi nocaenoBaTenh-
HOCTH TPHTOHOMETDHYECKHX MHOTOUWIEHOB, T. €. JIMHEHHBIX KOM-
GaHauMii 371eMeHTOB cucTeMbl (7). Takas nocaenoBaTesbHOCTL H
NOAABHO CXOAHTCA K ¢ 1nO HopMme mpoctpaHcTtBa Cia, b]. Ecin xe
f—npoussoabnasn pyukuus us Cyla, b], To ee MOKHO npeacra-
JBHTb Kak npefen (no HopMe mpoctpancrsa Cyla, b]) nocieaosartenn-
HOCTH (YHKLHH Qn, KaXJ37 U3 KOTOPBIX COBNajaer ¢ f na orpesxe
[a, b — 1/n], nuneitna na [b — 1/n, b] v B Touke b MpHHHMaET To Xe
3HaYeHHe, 4TO H B Touke a (puc. 17). CnenoBaTesbHO, KaXKAbIH ane-
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ment u3 Cyfa, b] MOoXHO NpPUGIU3KTE CKO/Mb YyrOZHO TOYHO (B MeT-
pHKE 3TOrO NPOCTPaHCTBA) JIHHEHHBIMW KOMOHHALHMSMH 3/JeMeHTOB
cucteMbl (7), a 3TO ¥ 03HayaeT ee MOJHOTY.

3. CylulecTBOBaHHE OPTOTOHANbLHBIX GAa3HCOB, OPTOrOHAJH3ALHS.
Ha npoTsKeHHH OCTaBIIeHCcsl 4acTH 3TOro naparpada Mbl OrpaHi-
quMcsl cenapalesbHBIMH €BKJIHJOBBIMH MPOCTPAHCTBAMH, (T. €. CO-
gepkallUMH CYeTHOe BCIOLY IJIOTHOe MHOXecTBo). Kaxnoe us mpo-
CTPaHCTB, yKa3aHHHIX B NpelblgyllleM NyHKTe, cenapabespHo (n10-
kaxute 310!). [IpuMep HecenapaGenbHOro eBKJAHIOBA MPOCTPAHCTBA
MOXHO TOCTPOHTb TaK. PacCMOTpPHM Ha mnpsiMOH BCEBO3MOXHbIE
¢yHKUHY X, IJ19 KaXKJOH W3 KOTOPBIX MHOXECTBO Touek Iy, fy, ...,
B KOTOPbIX OHA OTJIHYHA OT HyJss, He Gosiee 4eM CUeTHO, a CyMMa
Zx2 (), B3siTas mo BceM TAaKUM TOouKam, KoHeuHa. Omepauuu cJo-
KeHUs U YMHOXEHHS Ha YHCJaa ONpeleSHM B 3TOM NPOCTPAHCTBE
Kak OOBIUHBIE CJIOXKeHHe H YMHOXKeHHe QYHKUHH, a CKaJspHOe Mpo-
H3BeJleHHe onpenesuM QopMyJaoH

x, =2 xDy),

TIae cyMMa Oepercsi MO MHOXECTBY TeX TOueK {, B KOTOPBIX
x(H)y () 0. JokasaTenbCTBO TOrO, YTO B ITOM I[POCTPAHCTBE HET
CYETHOTrO BCIOAY. IJIOTHOTO MOAMHOXKECTBA, Mbl MPeAOCTaBJsfEM YH-
tateaio. OTMETHM, YTO 3TO NPOCTPAHCTBO — MOJIHOE.
" Wrak, nyctb R — cenapabesibHoe eBK/AHAOBO NMpOCTpaHCTBoO. Ilo-
KaxKeM, 4TO 8 TAKOM NPOCTPAHCTEE BCAKASL OPTOLOHAALHAA CUCTEMA
He 6oaee wem CHETHA.

HefictBuTesibHO, 6e3 orpaHH4eHWsi OGIIHOCTH MOXKHO CUHTATDH
paccmaTpuBaemyio cucteMy {@,} He TOJBKO OPTOrOHaJIbHOH, HO H

HOpDMHPOBAHHON (MHauye Mbl 3aMeHHJIU OBl ee CHCTEMOM {ﬁiﬁ})‘
a

ITpu sTOM _
‘ loa—0pl=42, ecrn a8

PaccmoTpuM coBOKYNMHOCTb WapoB B(@g, 1/2). 3tu wapsl He me-
pecekalorcsi. Eciin cueTHoe MHOXKeCTBO {Yn} BCloay miaoTHo B R, TO
B KaXXJIOM TaKOM Illape ecTb MO KpailHed Mepe OJAHH 3JeMEHT U3
{$n}. CaenoBatenbno, yuc/IO TaKHX WApOB (a 3HAYMT, H JEMeH-
TOB ¢,) He GOJiee UeM CUETHO.

B kaxIoM M3 mpuBedEHHLIX BHIIE MPHMEPOB €BKJAHAOBBIX MPO-
CTPAaHCTB MBI yKasajH MO OpToroHasbHoMy O6asucy. Jdoxaxem re-
nepp caepymolmylo ofLyl0 TeopeMy, aHAJOTMYHYIO TeopeMe O CY-
ieCTBOBAHHH OPTOrOHAJbHOrO ©asuca B A-MEPHOM €BKJIMIOBOM
nipoctpaHucTse.

Teopema 1 (06 oproronaausanuu). [lycre

Fio Fos cons Ty ove 3)
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— JMUHEUIHO He3aB8UCUMAA CUCTEMQ 3AEMEHTO8 8 e8KAUO0BOM Npo-
crpanctee R. Toeda 8 R cywecreyer cucrtema sremenros

P, Poy o0 ey (pn)""_ (9)

yOO0BAETBOPAIOW,AR CACOYIOWUM YCAOBUAM:
1) cucrema (9) oprozonarvHan u HOpmMUpPOBAHHASA,
2) KaxObll 3NEMEHT Gn eCTo AUHEUHAR KOMOUHAYUA INEMEHTOE

fh f2s esey fn:
(Pn=anlf]+ s +annfm

npuvem ann 5= 0;
3) kascoviil arement [n npedcrasanercs 8 sude

fa= bui®1 + ... + bun@n, npudem  b,, 0.
Kaocooviid anemenr cucremor (9) onpedearserca ycaosuamu 1)—3)
OOHO3HAKHO € TOYHOCTHIO 00 MKOMCUTEAR 1.

JokasarteabcTBO. DeMEHT @ HIIETCI B BHAE @) = ayf;
IpPH 3TOM @); ONIPENENSIeTCS. U3 YCIOBHS

(‘pl’ (pl)=a%l (fl’ f|)= 1,

OTKYjRa
+1

V(i f)
ﬂCHO, 4TO @) onpepessaercs 3THM OINHO3HA4YHO (C TOYHOCTbIO A0

snaka). Ilyctb anemenTh @x(k << n), yAoB/IeTBOpSAIOUIHE YCJIOBHAM
1)—3), yxe nocrpoennl. Torza fn MOXHO NpeacTaBuTb B Buile

fn=bnlq)l+ e +bn.n—lq)n-l+hm

(hy, 92)=0 mpn k<n.

JefcTBUTENBbHO, COOTBETCTBYIOMHE KO3DPHUHERTBI bap, @ 3HAUUT, B
371eMeHT fin, 0OAHO3HAYHO ONPEfeNAIOTCS M3 YCJIOBHIA

(B, @p)=(fa—bni®1— - . — by, n=1@n—1, )=, P1)—brs (Ps, P1)=0.

OueBupHo, uto (hn, hn) > 0 (npexnonoxenue (An, ha) =0 npo-

THBOPEYHJIO Obl JIHHEAHON He3aBHCHMOCTH cHcTeMbl (8)). Ilonoxum
O s )

W3 HHAYKTHBHOrO TNOCTPOEHHS SICHO, YTO Hn, @ 3HAUMT, U @n,

pbipaxkalorcs uepes fi, ..., fn, T. € @n = amifi +...+ annfn, rae
1

= s i)

Q= 1
n= =
b

rae

a #0. Kpome Ttoro,

(@, @) =1, (@n @)=0 (E<n)

fn = bnl(Pl + ... + bnn(Pn (brm = ’\/(hm hn) = 0)’
T. €. @n YRAOBJETBOPsAET YCJIIOBHAM TE€OpEMBLI.

"
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Iepexon ot cucremn (8) k cucreme (9), ynoBaerBopsiioiileh
yC/0BHAM 1)—3), Ha3bIBaeTCsA NPOYECCOM OPTOCOHAAUIAUULL.

$lcHO, 4TO MOANpPOCTPAHCTBA, NMOPOXKJAeHHble cucteMaMu (8) H
(9), coBnaznaior Mexay coboil. Cief0BaTeNbHO, 3TH CHCTEMbI TOJIHbI
. JJIH He TIOJIHBI OLHOBPEMEHHO.

CanenctBue. B cenapabenrvrom e8Kaudosom npocTpancree R
CYWECTBYRT OPTOZOHANLHLUL HOPMUPOBAHHbLL 6A3UC. '

HefcTBUTEeNbHO, TYCTb Yy, VY2, ..., Pn, ... — CUETHOE BCIOAY
na0THOE MHOXecTBO B R. BhiGepeM H3 HEro MOJIHYIO CHCTEMY JIH-
HeflHO He3aBUCHMBIX 3JeMeHTOB {fn}. Jas 3TOr0 m0CTAaTOUHO H3 MO-
¢1e[I0BaTeJbHOCTH {\Pn} MCKJIOUHTb BCE TE 3JEMEHTbl Y, KaXKIbIi
H3 KOTODBIX MOXeT ObiTb NpeJACTaBJNeH KaK JHHeHHast KoMOuHAaLus
P; ¢ { < k. IlpuMeHHB K MONYyYeHHOH TakMM 00pa3oM MOJHOH CH-
cTeMe JIHHEiHO He3aBHCHMBbIX 3JIEMEHTOB INPOLLeCC OPTOrOHAIU3AllHH,
Mbl H IOCTPOHM OPTOTOHAJbHBIA HOPMHUPOBAHHbHA 6asuc.

VYnpaxHenusn. 1. IlpuBectu npumep (HecenmapaGe]bHOT0) €BKJHAOBA IPO-
CTPaHCTBa, B KOTODOM HeT HH OAHOr0 OPTOrOHaJAbLHOIO Gasuca, ﬂOKaSBTb, qTo
B NOJHOM eBKANIOBOM NpOCTpancTBe (He 00s3aTesbHO cenapaGesbHOM) cyuie-
CTBYET OPTOTOHAJbHBA HOPMHUPOBAHHHH 6a3uc.

2. Jloka3aTh, YTO B TOJHOM €BKJHIOBOM TDPOCTPaHCTBe (He 06A3aTeNbHO ce-
nap36EJll>HOM) BCAKasa NOCAe0BAaTEJNbHOCTE HENYCThIX BJOXKEHHBIX BBINYKJBLIX 3aM-

RHYTHIX OTPAaHHYEHHHX MHOJXKECTB HMEET Henycroe nepeceueHe (Cp. ¢ ynpamHue-
HHsAMH Ha cTp. 70 u 143).

4. HepaBenctso Becceass. 3aMKHyThieé OPTOroHaJlbHBIE CHCTEMBI.
BriGpaB B 7n-MEpPHOM €BKJHJOBOM INPOCTPAHCTBE OPTOTOHAJbHBIN
BODMHPOBAHHHIA 6asuc ey, €z, ..., €5, MOXHO KaXJAuHA BeKTOp
x = R» 3anucarb B BHIE 4

B3

x= 2, Cxt, (10)
e

cr=1(x, ep). (11)
BuisicanM, xax 06061UHATH pga.nox(euue (10) nHa cayuai eBKJAMIOBA

GeckoneunomepHoro npocrpauncraa. ITycrs
‘ph ‘p?’ s ey cpn, e . (12)

— OpPTOrOHaJIbHa HOPMHPOBAHHAas CHCTeMa B €BKJAWJIOBOM IPO-
crpancrse R u f— npou3BosbHbli 3;meMeHT U3 R. ConoctaBuM sie-
MeHTY [ & R noc/ie10BaTe€NbHOCTH YHCEJ

0k=(f, (Pk), k=1, 2,..., (13)

KoTopble Mbl 6y/leM Ha3blBaTh KOOPOUHATAMU, UIH KO3PDUuyuenTanu
Pypoe snementa [ no cucreme {@p), n psx (noKa GopMasbHblil)

2 i, (14y

KOTOpHIA Mbl Ha3oBeM padom Pypeve sneMeHTa f 1o cucreme {@n}.

i
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EcrectBeHHO BO3HuKaeT Bompoc: cxomutca Ju pan (14), T. e.
‘CTPEMHTCS JIH MOC/JAEeN0BATENbHOCTb €r0 YaCTHYHBIX CYMM (B CMBIC/e
MEeTPHKHM mpocTpanctBa R) K KakoMmy-1#60 Tpejneny, U eclH OH
‘CXO[MTCSA, TO COBMNAJAeT JU ero cyMMma ¢ HCXOIHbIM 3JeMeHTOM f?

HTo6bl OTBETHTb HA 3TH BOMPOCH, PACCMOTPUM IIPEBaPHTEJbHO
CJAelyiOIyi0 3a1ayy: NpH 3aJaHHOM R TofoOpaTh KO3GG HUHEHTDI
ar (R=1, 2, ..., n) TaK, 4To6b pPacCTOsIHHEe MeXAY [ H CyMMOo¥

Sp= k};‘l APy . (15)

‘6blI0 MHHHMaJbHBIM. BbluncauMm 310 paccrosinme. Tak kKak cH-
crema (12) oproronaJsibHa 1 HOPMHPOBAHA, TO

1f— S, =‘-(f - k;[akq)k» f— ;lak%) =

=, =21 & ww) +(Z won 3 m)=

=l
=uf||2—2k§,l @, +k5;:l o =llz‘lF—k§l ci +k‘§1(“k — ¢, )

$IcHO, YTO MHHHMYM 3TOr0 BBIPAXK€HHS JOCTHUTAETCA TOrjga, Koriaa
nocJjennee caaraemoe pasHo 0, T. e. npH

a=c, (k=12 ..., n). (16)
B stoMm ciyuae

1~ Suf=1fE— 3 ct. (17)

Mul nokasasnu, 4to cpeau Bcex cyMM Buaa (15) mpw maunom n
HaiiMeHee YKJIOHfeTcs OT [ uacTHuHasa cymMa pspa Pypee 3ie-
menta f. TeoMeTpuyecku 3TOT pe3ysabTaT MOMKHO MOSICHHThL CJEAYIO-
IIHM 06pa3oM. DeMeHT

n
f— Z Az Qp
E=1
OpTOTOHAJIEH BCeM JIUHEHHbIM KOMOHHALHAM BHIA
n
Z Br®e,
k=1

T. €. OPTOrOHaJieH MNOANPOCTPAHCTBY, MOPOXKIEHHOMY 3JE€MEHTAMHM
®1, @2, -5., Pn, B TOM H TOJbLKO TOM CJyyae, Korjga BbIMOJHSETCH
ycnosue (16) (mposepbte 310!). TaKHM 06pa3om, NOJTyUYEHHBIH HAMH
pe3ysbTaT npejcraiser co6oit 0600LeHHe H3BECTHOH TEOpeMbl 3Jie-
MEeHTapHOH reoMeTpUH: IJIHHA TepHeHIUKYyJaApa, OMNYIIEHHOro W3
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JAHHOM TOYKM Ha NpSMYIO HJH IJIOCKOCTb, MeHbllle, YeM JJIHHA JIIO-
60!1 HaKJIOHHOM, NIPOBEEHHON U3 TOM e TOUKH.
Tak kak Bcerfa [If —Snll2=0, T0 u3 pasedcrsa (17) cie-

JIyerT, uTo
X a<IiF.

3necb n NpoH3BOJIbHO, @ NpaBasi 4YaCTb HE€ 3aBHCHUT OT 1; CjenoBa-:
o0

TENbHO, PAL D, €} cXomuTCA H
k=1

T a<Iir (1)

1o HepaBeHCTBO HasbiBaercsi Hepasencréom bBecceas. Teomerpu-
geCKH OHO O3HauaeT, YTO CyYMMa KBaJpaTOB MNpPOCKIHHA BEKTOpa
Ha B3aUMHO OPTOroHaJbHble HaNpaBJeHHsl He MPEBOCXOAHT KBaiI-
paTta JJIHHBI caMoro BekTopa f.

BBeneM ciepyioliee BaxHoe NMOHATHE.

Onpenenenne 1. OproronasbHasi HOPMHPOBaHHAsl CHCTEMA
(12) nasbiBaercs 3amknyTod, ecan s moboro f & R cnpasennnso:
PaBEHCTBO

z—lle (19)

TTM 8

Ha3bIBaeMOe PABEHCTBOM Hapceea/m
U3 TtoxpnecrBa (17) caenyer, 4To 3aMKHYTOCTb CHCTeMbl (12)
PaBHOCH/ILHA TOMY, HTO L/ KAXKOTO f = R uactuynble cymmbl psifia

Qypoe Z C,®, cxomsTcs K f.
n=1

TTonsiTHe 3aMKHYTOCTH OPTOTOHAJbHOH HOPMHPOBAHHOH CHCTEMbI
TECHO CBSI3aHO C BBEJ€HHBIM BbIllle MOHATHEM MOJHOTH CHCTEMbI.

Teopema 2. B cenapabeabnom egxaudosom npocTpancrse R
8CAKAA NOAHAA OPTOZOHANbHASL HOPMUPOBAHHAR CUCTEMA ABAACTCS
samkHyToll, u 06parHo. :

HoxasatenbctBo. Ilycte cucrema {¢n} samruyra; Toraa,
KakoB Gbl HH Obla 3jeMeHT [ & R, moc/e0BaTebHOCTb YaCTHYHBIX
cymm ero psiga Pypbe cxoputcs K f. ATo o3HAYaeT, YTO JHHeHHbIe
KOMOGHHALMH 3JIEMEHTOB' CHCTEMBI {(¢n} BCIOAY MJIOTHH B R, T. e. cH-
creMa {@,} nonHa. O6paTHO, nycTh cucteMa {@,} MosaHa, T. e 060
3JeMeHT [ & R MOXHO CKOJMb YrOJHO TOYHO aNNpPOKCHMHPOBATh JH-

n

HellHO#l KOMOHWHAIHEH Zakcpk 3JIEMEHTOB CHCTeMHl {Qn}; "acTHU-
k=] .

n
Hasg cymma kE Cr@r pAdA (I)ypbe s f JaeT HE MeHee TOYHYIO
=]
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annpokcuManuio. CleoBaTenbHo, PAL D, C4@p CXOLHTCH K f, H pa-
E=l

BencTBo [lapceBans umeer mecro.

B npeabiayieM myHKTe Mbl [0Ka3aJH CYUIeCTBOBAHHE IMOJHbBIX
OPTOrOHaJbHLIX HOPMHPOBAaHHBIX CHCTeM B cenapalesbHOM eBKJIH-
JIOBOM 1pocTpaHcTBe. I10CKOMBKY JJ11 OPTOrOHAJbHBIX HOPMHPO-
BAHHBIX CHCTeM MOHATHSI 3aMKHYTOCTH U IIOJHOTH COBIAJalOT, Cy-
IIeCTBOBAHHE 3aMKHYTHIX OPTOrOHAJbHBIX CHCTEM B R He HyxJaeTcst
B HOBOM J[0Ka3aTeJbCTBe, a NPUBEJEHHbIe B NpelblAyilleM NYHKTe
IpHMepHl NOJHBIX OPTOrOHAJNbHbIX HOPMHPOBAHHBIX CHCTEM $fIBJSIOT-
Csl B TO e BpeMsl IpUMepaMU 3aMKHYTBHIX CHCTEM.

Bhiuze Mbl Bce BpeMsi NpeanoJsaranu paccMaTpHBaeMble OPTOro-
HaJblible CHCTEMBl HOpMHpOBaHHBIMH. MoXxHO mepedopMynHpoBaTh
nousitTusi Kospdunuentos Pypoe, psina Pypne u T. 4. U 445 JIOOBIX
.OpTOoroHaNbHbX cucteM. Ilyeth {@a} — npousBosbHasi OpTOroHaJb-
Has cucreMa. ITo Hell MOXKHO IOCTPOHTH HOPMHPOBAHHYIO CHCTEMY,

COCTOSIILLYIO H3 3JEMEHTOB P, = Haa moGoro f = R umeem

Pn
| 9a ﬂ )
n=(f: ‘bn) "(P I (f q)n)

ch‘pn Z "(p " (Pn Z nq)m

n=|
rune
Cn (f, (Pn) (20)

=Tl = Tonl®

Kosdguunentst an, onpeneiasembie (opmynaon (20), mbl HaszoBem
xosppuyuentany Pypee snemenra f no oproronanbHO# (HeHOPMHU-
poBauuoil) cucreme {¢n}. Iloacrasus B HepaBencTBO (18) BMecTO Cn
HX BbIpaxKeHHs Ca = aall@all U3 (20), monyuaem

2o fa<Ifr @1)

— HepaBeHCTBO Deccess /51 NPOH3BOJLHOH OPTOrOHAJbHOA CH-~
CTeMBbL.

5. MoaHsie eBKAHAOBBLI mNpocTpaHcTBa. Teopema Pucca — ®du-
wepa. Hauyunast ¢ n. 3 Mbl paccmMaTpHBa/H cenapabesbHble €BK/H-
JIOBbI IPOCTPIHCTBA; C STOFO MOMEHTa Mbl GyleM, KpoMe TOro, npej-
noJiaraTh, 4TO paccMaTpuUBaeMble NPOCTPAHCTBA MOJHLL.

Urak, nycts R — nonHoe cenapalesbHOoe €BKAHLOBO NPOCTPaH-
¢TBO H {®a} — HeKoTOpas oproromasjbHas HOPMHPOBAHHAs CHCTeMa
B HeM (He oGsizaTesbHO mosnasi). M3 uepasencta DBeccens cie-
JlyeT, 4TO AJIsi TOTO 4YTOGbl YHCAA Cf, €2, ..., Cn, ... CAYKHJIH KO-
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sdpduuuentamu Pypre Kaxoro-1u6o sieMenta f& R, neobxo-
JUH M 0, uTOOHI pAX

00

Yc

n=1

cxoauacs. OxkasbiBaeTcs, UTO B INOJHOM NPOCTPAHCTBE 3TO YCJIOBHE
He TOJbKO HeoGXoAuMo, HO M JocraTouHo. MMeHHo, cnpaBeiuBa
ceflyiolias TeopeMa.

Teopema 3 (Pucc— dumep). Tycre {p.} — npoussosrvran
OpPTO2OHAALHAS HOPMUPOBAHHAA CUCTEMQ 8 NOAHOM e8KAUO08OM
npoctpanctse R, u nycts wucaa

3w

Cly €y «eoy Cpy ous
TaKosbl, 4170 PO .
2 22
kz=:l U ( )
cxodurca. Tozda cywecreyer Takol srement f R, uro
cr="_}, o)
u
Y ci=(, h=IFI
k=1
JoxkasartenbcTBo. [Tonoxnm
n
fn = k; CrPg-
Torpa
n+p
" fn+p_fnJF=” Cn+1Pn+1 + ... +cn+p(pn+p"2 Z+ Ck.
k=n

Tax xak pan (22) cxoautcs, TO OTCIOAA B CHJAY MOJHOTH R BhITe-
KaeT CXOAHMOCTb NOC/IeI0BATeNbHOCTH {fn} K HEKOTOpOMY 3JeMeHTy

f=R. lanee
(f» q)i)=(fm (pl)+(f_fn’ cpi)r (23)

NpuyeM cIpaBa IepBoe cJaraeMoe Npu 7N =i PaBHO Ci, a BTOpOe
CTPEMHTCA K HYJIO NPH A —> 00, TaK KakK

[(F—Fa @) ISUF— Fall- Nl @il

Jleas uyacTh paBeHcTBa (23) OT n He 3aBHCHT; NO3TOMY, mepe-
X0/l B HEM K Npejlesly IpH fL —> 00, NoJlyuyaeM, UTo

(f’ (pl)= C;
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‘Taxk Kak, no onpejesesuio f,

If—f.l=0 npu n-—>oo,
10

M3

i =1, .

k

JleficTBuTeNbHO,
O—Z%%f—zmﬁ=mn—24»o
k=| k=1 k=1

npu n —> oo,

YCTaHOBHM B 3aKJIOUeHHe CJAeAYIOILYIO [OJIE3HYIO TeOpeMy.

Teopewma 4. Jaa 1020 4TOGbL OPTOCOHANLHAR HOPMUPOBAHHAR
cucrema {Qn} 8 noanom cenapaberoHom es8KAUG0BOM NPOCTPAHCTSE
6oina noAHa, HEO6x00UMO U JocTaTouHo, 4robul 8 R ne cyuwjecrso-
-8AA0 HEHYNeB020 INEMEHTA, OPTOZOHANLHO20 BCEM 3NEMEHTAM Cu-
cremot {Qn}.

HdokasarteanbctBo. Ilyctb cucreMa {pn} nosHa u, cjefoBa-
‘TesibHO, 3amkuyTa. Ecau f oproronasien BceM 3/JeMeHTaM CHCTEMBI
{pn}, TO Bce ero xoapduuuentot Pypbe paBusl Hyaio. Toria u3 pa-
BeHcTBa Ilapcesasia mosyuaem

G, =5 3 =0,
T.e. f=0.

O6GpaTtHo, nyctb cuctema {¢n} He mosua. Toraa B R cyulecrsyer
‘TakoH sneMent g 7= 0, uto

(g, 8)> 2 ci (e o= (g o))

Ha ocHoBauun teopemnr Pucca — Quiiiepa cyliuecTByeT Takol sJje-
Meut f =R, ut0

(F o =cs u (f, =2 ci.

Onement f — g opToronaseu Bcem ¢;. V3 HepaBeHcTBa

. H=2Zc<@e
.caenyer, uto f — g # 0.

Ynpaxuenns 1. [lycts H —nonHoe eBKAMZOBO NMpocTpaucTso (He 06a-
.3aTeqbHO cenapaGesbHOe); TOTKA B HeM CyllleCiBYer MOJHAs OPTOroHasbHass Hop-
MHpOBaHHas CHcTeMa {Qg} (cM. ynpaxcHeHme 1 Ha cTp. 149). IlokasaTb, uTo M
BCAKOrO BekTopa f & H cnpaBefHBH! pa3foXKeHus

F=> o) 9a 1HR=Y (f 9a)s
a a
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rAe B CyMMaXx, CTOSIIHX ClpaBa, HMeeTcfl He Gojiee CUETHOrO uucJa OTJIHYHBIX OT
0 caaraeMuix.

2. CucteMa {Qg) BEKTOPOB €BKJHIOBA NPOCTPAHCTBA R Ha3LIBaeTCsl TOTAAL-
fod, eI B R He CyLIeCTBYeT OTJHUHBIX OT 0 BEKTOPOB, OPTOrOHAJBHBIX KO BCEM
@q. TeopeMa 4 o3HavaeT, YTO B NOJHOM €BKJHIOBOM NDPOCTPAHCTBE TOTAIbHOCT-
CHCTEMBl BEKTODOB 3KBHBaJIeHTHa ee noJjHoTe. I1oka3aTb, 4TO B HENOJHBIX Npo-
CTPAHCTBAX MOTYT CYIIeCTBOBATb TOTAJbHble, HO He TNOJHEE CHCTEMEL

6. 'uab6eproBo mpocrpancTBo. Teopema 06 niomopduame. Ilpo--
JIOJIKMM pacCMOTPEHHe IOJHBIX €eBKJMIOBBIX INpocTpaHcTB. [lpw
3TOM Hac, KaK W 10 CHX nop, 6yayT uHTepecoBaTh GeCKOHeUHOMep-
HBE [POCTPAHCTBA, a4 He KOHEUHOMepHble, HCUeprhIBalolllee OnMca-
HHEe KOTOpBIX HaeTcsi B Kypcax JuHeHHoH aJjre6pbl. [lo-npexuemy
MBI, KaK npaBujo, 6yneM npeinoJaratb HajJu4yHe B paccMaTpHBae-
MBIX NPOCTPAHCTBAaX CYETHOTO BCIOAY IJIOTHOTO MHOXecCTBa. Bse-
JIeM cJefyioliiee onpesiesieHHe.

Onpenenenne 2. [lojHOE €BKJIMIOBO NPOCTPAHCTBO GeCKo-
HEYHOTO YHCJa H3MepeHHH Ha3blBAeTCs 2uAbbepTosbim NPOCTPAH-

creoml).
Takum 06pa3oM, THALGEPTOBHIM NPOCTPAHCTBOM Ha3hLIBaeTcs Co-
BOKYNHOCTb f 3/7eMeHTOB f, g, ... NPOH3BOJILHOH IPHPOABI, YilOB--

JETBOpSAIONIas CJAelyIOIHM YCAOBHAM (aKcHOMaM).

1. H ecTb €BKJHAOBO NPOCTPAHCTBO (T. €. JIMHeHHOE NpPOCTpaH--
CTBO C 3a/laHHBLIM B HEM CKaJIsipPHBIM NPOH3BENEHHEM).

I1. Tlpoctpancteo H nosnaHo B cMbicie meTpurn p(f, g)=
=|f —gl.

II1. TIpoctpancTBo H 6ecKOHeYHOMEpPHO, T. . B HEM AJs
mo6oro 1 MOXKHO HAHTH N JIMHEHHO He3aBHCHMBIX 3JIeMEHTOB.

Uamie Bcero paccMaTpHBaloTcesl cenapalesbHble THAbOEPTOBH
NpPOCTPAHCTBA, T. €. NMPOCTPAHCTBA, yIOBJETBOPSIOLLHE elle OJHOH
aKCHOMe.

IV. H cenapa6eabHoO, T. e. B HEM CYLIECTBYET CUETHOE BCIO-
Iy TJIOTHOE MHOXKECTBO. '

ITpumepom cenapabesbHOro ruabL6epTOBa NMPOCTPAHCTBA MOXKET
CJIyKHTb A€HCTBHTEIbHOE NPOCTPAHCTBO lo.

B nanbueiimeM Mbl 6yieM paccMaTpHBaTb TOIbKO cemapabeb-
HBIA cayuaf.

Ananornudo onpefeneHuio 2 u3 § 1 ABa eBKJHAOBBIX MPOCTPaH-
cTBa, R u R*, Ha3bLIBAIOTCA UBOMODPHbIMU, €CJIH MEXIY HX dJeMeH-
TaMH MOXHO YCTAaHOBHTb B3aHMHO ORHO3HauyHOE€ COOTBETCTBHE TaK,
4TO ecJH

x<>x", yy

(x, yER; x*, y*ER"),

) Mo umeHn 3uamennTorc HeMemkoro MateMatuka JI. FuanGepra (1862—
1943), KOTOpbLIA BBEJ 3TO NMOHATHE.
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TO

Kty x+ 4,

ox <> ax”*

H

(x, y) =", ").
Hnaue rosopsi, H30MoOpdH3IM eBKJIHAOBBIX HPOCTPAHCTB — ITO B3aHM-
HO OXHO3HAYHOE COOTBETCTBHE, COXpaHsiollee KaK JHHEHHblE oOlle-
pallii, ompejieseHHble B 3ITHX MNPOCTPAHCTBAX, TaK M CKaJsIpHOe
IIpPOU3BeEHHE.

Kak u3BecTHoO, J106ble [Ba 1-MEPHBIX €BKJIHIOBBIX NPOCTPAHCTBA
H3o0MOp®hHBI MeXny co6of H, cieqoBaTesbHO, KaXiI0e TaKoe MNpo-
CTpaHCTBO H30MOpdHO apHdMeTHueCKOMY npoctpaHcTBy R™ (mpu-
mep 1, m. 2). EBkanHoBB mnpocTpaHcTBa GeCKOHEUHOro 4YuCIa H3-
Mepenuil He o6s3atesapHo uzomopduwet npyr apyry. Hanpumep, npo-
crpaHctBa Iy u Cola, b] mexnay co6Goil He H30MOpGOHBL. DTO BHAHO,
HanpuMep, U3 TOrO, UTO IIEPBOE H3 HHX MNOJIHO, @ BTOpPOE — HeT.

OJgHaKo HMeeT MeCTO CJeAyOIIHi dakr.

Teopewma 5. Jwbvle 0sa cenapabesvrolx 2urbbeprosoix npo-
cTpancTsa uzomopdrol mexdy coboll.

Hdokaszareabctso. [lokaxeM, 4To Kaxaoe runb6epToBO Ipo-
crpanctBo 1 uzomopdHo mpocrpanctsy lo. Tem cambiM 6yner no-
Ka3aHo yTBepxkaeHHe TeopeMbl. BeibepeM B H IpOH3BOJIBHYIO MOJ-
HYIO OPTOTOHAJbHYIO HOPMHPOBAHHYIO cHCTeMYy {@n} M mocTraBHM B
COOTBeTCTBHE 3JeMeHTy [ & H COBOKYNMHOCTb Cy, C2, ..., Cn, ... €FO

o
Koadpduuuentos Pypbe no atoit cucreme. Tak Kak kzlcz < o0, TO

nocaefoBaTeabHOCTb (Cy, C2, ..., Cn, ...) €CThb HEKOTOPBIH 3JE€MEHT
u3 l,. O6partno, B cuay teopembl Pucca— Pumepa BCIKOMY 3Je-
meHnty (ci, €2 ..., Cn, ...) U3 Iy OTBEYAeT HEKOTOPLIH 3IJEMEHT
f = H, umeromuii uucaa ¢y, €3, ..., Cn, ... CBOUMH Ko3dduuuenra-
mu Dypbe. YcranosaeHHoe COOTBETCTBHE MeXAy 3jeMentaMu u3 H
B I; B3auMHO oaHo3HauHo. [dasee, ecau

fe>(cy, coy ooy Cpy o)
H
ge(dl, d2, ceey dn’ ...),
TO
f+g<—>(cl+dh Ci’+d2’ vevy Cn+dn: '°')
H
af <> (acy, acg, ..., OCph, .. .),

T. €. CyMMa NepexoiuT B CYMMY, a IPOH3BEJCHHE HA YHCJIO — B NPO-
H3BeJeHHe COOTBETCTBYIOUIEro 3djeMeHTa Ha 3TO XKe 4uca0. Hako-
Hell, u3 paBeHctBa IlapceBass caenyer, yto

(=X cadn. (24)
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JlefcTBUTENBHO, U3 TOTrO, YTO

¢ h=%c @o=3a

H
d+te f+a=FDN+2( g+ (g 8=
=nz=:l(cn+dn)2=r§lci+2nz=:lcndn+r§::l d'%

poiTekaer (24). Takum o6pasoM, yCTaHOB/EHHOE HAMH COOTBETCTBHE
MeX1y sJeMeHTaMu npoctpaHcTB [ u Iy meficTBUTeNbHO siBAsieTCS
H30MOpdH3MOM.

HokazanHass Teopema O3Ha4yaeT, 4TO, C TOYHOCTbIO MO H30OMOp-
4buaMa, cymiecTByeT N HIlb OAHO (cenapabenbHoe) rHAbBOEPTOBO
npoctpanctBo (T. e. cucrema akcuoM I—IV noauna) u urto mpo-
CTPaHCTBO lp MOXKHO paccMaTpHBaTh KaK €ro «KOOPAHHATHYIO pea-
JAU3aluio», NOLO6GHO TOMY KaK n-MepHoe apHdMeTHYeCKoe MpoCTpaH-

n

CTBO CO CKaJsipHBIM MpOM3BEIEHHEM 2. X;Y; NpeiCTaBasieT co6oil
¢ i=

KOOPAHHATHYIO Peaqu3aliuio eBKAHAOBA NPOCTPAHCTBA N U3MEpPEHHUH,
3aJlaHHOTO aKCHOMAaTHUYeCKH.

Jpyryo peanusaunHio raibGepToBa MPOCTPAHCTBA MOXKHO MOJAY-
uuTh, B3B (yHKUHOHAaNbHOe npoctpaHcTBo Cola, b] u paccmorpes
‘ero nomnoJdeHue. [ eficTBUTe/bHO, JIETKO NPOBEPUTb, UTO MOMOJIHE-
HHe R* BCSIKOTrO €BKJAMJOBA mpocTpaHcTBa R (B TOM cMbicie, Kak
Mbl OMpefe/U/IH IONOJHEHHEe METpPH4ecKoro mnpocrpaHcrea B § 3
ra. II) cTaHoBHTCA JHHEHHBIM €BKJIHAOBHIM MPOCTPAHCTBOM, €C/IH
B HEM OIlpelesUTb JHHENHbIe ONnepalud H CKaJspHOe MpOU3BEeleHHe,
TpoAOJXKAasi HX MO HENpepbIBHOCTH C INPOCTPaHCTBa R, T. €. 10-
Jaras

x+y=lim (x, +y,), ax=limax,
n=»oo n-»o

(x, y)= lim (x,, ys,),
n-»oo

rle Xn—>X U Yn—>Y, Xn, Yyn € R. (CymecTBoBaHHe BCeX 3THX mpe-
JeOB H HX HE3aBUCHMOCTb OT BbI6Opa nocnenoBatenbHocTed {Xn} H
{y»} nerko ycranaBausaerca). Torga mnonosHeHHe NpPOCTPaHCTBA
Csla, b] 6yner NOJHBIM €BK/IMAOBLIM MPOCTPAHCTBOM, 04EeBHAHO, Gec-
KOHEUHOMepHBbIM M cenapabenbHbIM, T. €. THJAbGEPTOBLIM MPOCTPAH-
cteoM. B rsase VII Mbl BepHEMCS K 3TOMY BONPOCY ¥ 1OKa)KeM, 49To
Te 5JIeMEHTbI, KOTOpble HYKRHO npucoeiuHutb K Cjla, b], arobur mno-
JYYHTb [10JHOE MPOCTPAHCTBO, TOXKE MOXKHO NPeACTaBUTb KaK GyHK-
UUH, HO TOJILKO YXKe He HelpepbiBHble (a HMeHHO, KakK GYHKIMH,
KBajipaT KOTOPbIX CyMMHpPYyeM B cMbicie JleGera).
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7. NMopnpocTpaHcTBa, OPTOrOHaJIbHbIE JOMOJHEHHs, mOpsAMas
cymMma. B cootBeTcTBHH ¢ 06mHMH onpeleneHuaMHu § 3 sunednoun
MmHoeoobpasuem B rupbepToBoM npocTtpaHcTse / Mbl HazoBeM Ta-
Kyl0 COBOKyNmHOCTb L 3nementoB u3 H, uto ecau f, gL, 1o
af +Bg=L ana mo6bix uncen @ u PB. 3aMKHYTOe JHHEHOe
MHoroo6pasue HasbiBaerca nodnpocrparcrsom. IlpuBenem HekoTO-
pble IpUMephbl NOANPOCTPAHCTB rUIL6EPTOBA NPOCTPAHCTBA.

1. ITycts b — npousBonbubi 3neMent u3 H. CoBOKyNHOCTL BCex
saeMeHTOB f & H, oproronanbubix K h, o6pasyer B H noxnpocTpaH-
CTBO.

2. ITycts H peann3oBano Kak [y, T. €. ero 31€MeHTH CyTb TaKHe

N0CJ1eI0BATeIbHOCTH (X1, X2, ..., Xn, ...) UHCEJ, YTO Zxﬁ < oo,
- k

dieMeHTH, NOAYHHEHHblE VCJOBHIO X; = X, 06pasyioT MNOANPO-
CTPaHCTBO.

3. Ilyctb cHoBa H peanu3oBaHO KaK NPOCTPAHCTBO lo. DiieMeHTht
x=(x1, X2, ..., Xn, ...), Y KOTOPHX X, =0 npu n=2, 4, 6, ...
(¥ x» NpousBoJBHH Npu n =1, 3, 5, ...), 06pa3yOT NoANpOCTpaH-
CTBO.

UuraTenio peKOMeHAyeTCs NPOBEPHTb, YTO YKa3aHHble B MpHMe-
pax 1—3 COBOKYNHOCTH BEKTOPOB [EHCTBUTEJbHO SIBJSIOTCS MOJ-
MPOCTPAHCTBAMH.

Bcsikoe noAnpocTpaHCTBO ruib0epToBa NpOCTpaHCTBa JUOO SB-
JeTCs KOHEYHOMEPHBIM €BKJHAOBBIM TNPOCTPAHCTBOM Ju60 caMo
ipeAcTaBasieT co060H ruibGepTOBO NPOCTPAHCTBO. JlefCTBUTENbHO,
cupaBennuBoctb akcuoM I—III aas Kaxjaoro Takoro NOAMpPOCTpaH-
CTBa OueBH/IHA, a CIPaBelJHBOCTb aKcHoMbl IV BhiTekaer u3 cie-
IyIOILeH JIeMMBI.

Jlemma. Jlioboe nodmuoscectso R’ cenapabeavrnoco merpuye-
ckoeo npoctpancrea R camo cenapabervHo.

HokasatenbctBo. Ilycts

§l; §2y ERE) gn’ see
— CYETHO€ BCIOAY IIJIOTHOE€ MHOXECTBO B Rn
a,= inf p (&, n)
neR’

Jns mo6bIX HATYPANbHEIX N'W M HalilleTCs TaKas TOUKA Na, m < R/,

uTO
0 En Mo m) <, + 1/m.

IMycts € >0 u 1/m << ¢/3; ana mo6oro 1 & R’ Hafijercs takoe n,
uto p(En, m) << &/3 H, clef0BaTeNbHO,

0 (En Mo m) < ap + 1/m < /3 + &/3 = 2¢/3;

HO Torda pP(M,Nn, m)<<E, T. €. He 6OJiee ueM CUETHOE MHOXKECTBO
{Mn, m} (n,m=1,2, ...) Bcrofy mJoTHO B R’.
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[TonnpoctpancTBa ruibGeproBa NPOCTPAHCTBA 06JaLalOT HEKO-
-TOPBIMH CIELHAJbHBIME CBOHCTBAMH (HE HMEIOWMMH MecCTa MJIsi
TOANPOCTPAHCTB MPOU3BOJLHOTO HOPMHPOBAHHOIO MPOCTPAHCTBA).
97U CBOACTBA CBfI3aHbl C HAJHYHEM B IHAb0EDTOBOM NPOCTPAHCTBE
CKaJIIPDHOrO NPOHM3BEJEHHS H OCHOBAHHOTO HAa HEM MOHATHS OpPTO-
FOHAJIbHOCTH.

[IpuMeHHB mpoliecC OpPTOroHaJM3aliHH K Kaxoxwméo CUETHOH
BCIOAY TJIOTHON MOC/AELOBATENbHOCTH 3JEMEHTOB MPOU3BOJLHOTO
NOATNPOCTPAHCTBA THIbGEPTOBA NPOCTPAHCTBA, MNOJYyuaeM CJeLylo-
ILYIO TEOpEMY.

Teopema 6. B kaxdom nodnpocrpancrse M npocrpancrea H
£O0CPAHUTCA OPTOSOHANBHAR HOPMUPOBAHHAA cucTema {Qn}, auHel-
Hoe 3amelkaHue KoTopoil cosnadaetr ¢ M.

[Iycte M — nopmpocTpaHCTBO ru/abGepToBa mnpoctpanctsa H.
O603HauuM uepes

ML=HOM

MHOXECTBO 3JIeMEHTOB g & [, opTOroHa/lbHbBIX KO BCEM 3JieMEHTaM
f =M, u nokaxkem, uto ML ToXXe eCTb MOANPOCTPAHCTBO MPOCTPAH-
ctBa H. Jluneiinocts M' oueBuznHa, Tak Kak u3 (g, [)=(g2[)=
= 0 BbiTekaer (o1g) -+ aefs, f)=0. Odna nokaszatennctBa 3aMKHY-
TOCTH NONYCTHM, YTO 3JeMeHThl gn NpuUHajpjaexat ML u cxoupsatcs
k g. Torpa nns mo6oro fe&e M

(gﬂ=££@mﬁ=a

¢ NI0TOMY g TOXe BXOAHT B ML,

[Moanpocrpancteo M+ HasbiBaercs OPTOZOHAAbHbLM donoane-
Huem mopmpocTpaHcTsa M.

U3 teopembl 6 Jierko noJyuaercs ciaenyriouas TeopeMa.

Teopema 7. Ecau M — (3amknyroe!) auneilnoe nodnpocrpan-
€180 npoctparcTea H, 10 at0b0oid arement f & H eduncrsennoin 06-
pazom npedcTasum 8 sude f=h+h, e0e heMuh =M~

HokaszatenbctBo. JokaxeM cHauasna cyulecTBOBaHHe Ta-
Koro pasjoxenus. Ias atoro Hafinem B M mosHYI0 OpPTOrOHaNbHYIO
HODMHPOBAHHYIO CHCTEMY {@n} U MOJOKHM

h=r§l CnPr» Cn=(f: q)n)-

; 2 .
Tak kak (mo nepaBenctBy Deccensi) psg ;lcn CXOIHTCS, TO 3Ji€

MeHT h cymecTByeT H npuHafnexkuT M. [TonoxHM

W=f—h.
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OueBnano, uro aas Bcex n (A, @n) = 0 H, NOCKOJIBLKY NPOHU3BOJIb-
Hbll 3JeMeHT § U3 M npencrasuM B BHJE

o0
t= ). 0,9n
n=1
uMeeM

(', )= ,g“" (', @n) =0,

T. e. =ML
IonycTtuM Tenepsb, YTO, KpOME MOCTPOEHHOTO HAMH Pa3JfOXKeHHs
[ = h+ K/, cyliecTByeT Apyroe passoxeHHe:

f=hi+h, mneM, hesML

Torna npu Bcex n
(hlx ‘pn) = (fr ‘pn) = Cp,

OTKYZa CJAEAYyeT, UTO
hi=h, hi=H.

W3 rteopeMbl 7 BHITEKAIOT HEKOTOPHIE MOJIE3HbIE CAEACTBHS.

Cneancrsue 1. Oproeonaroroe Oonosnenue K OPTOZORAALHOMY
donoanenuro aunelinoeo noonpocrparcrea M cosnadaer ¢ camus M.

TakuM 06pa3oM, MOMKHO FOBOPHTb O B3aHMHO HOTOJHUTEJbHBIX
noanpoctpaHcteax npoctpaHctsa H. Eciu M w ML — nBa rtakux
JONOJIHSIOMWHMX JAPYT ApYra AoanpocTpanctsa M {@,}, {¢,}—rnonse
(cootBeTcTBeHHO B M u M-) opTOroHa/bHble CHCTEMBI, TO COEJHHe-
Hue cucreM {9} u {p,} NaeT NOJHYIO OPTOrOHAJbHYIO CHCTEMY BO
Bcem npocTpancTBe . [TosToMy UMeeT MeCTo CAeACTBHE:

Canencteue 2. Kaxdas oprocoHasbHas HOpMUPOBAHHAA CU-
crema mosceT 66iTy pacuiupena 0o cucremsl, noanoti 8 H.

Ecin cucrema {gpn} KOHeuHa, TO uMC/JO BXOASIIHX B_Hee 3Je-
MEHTOB PaBHO Pa3MepHOCTH MNOANPOCTPaHCTBa M, NOPOKIEHHOTO
{¢n}, 1 KOpasmepHocTH moanpocrparcTBa ML, Takum o6pasoM, no-
JyuyaeM elile OJHO CJeICTBHE:

Cnenctsue 3. OproconarvHoe OOnoAHeHue K NPOCTPAHCT8Y
KOHE1HOU pa3mepHOCTU N umeeT KOPA3MEePHOCT6 N, U HAo60opoT.

Ecan xaxawit Bekrop fe H npeacraBim B Bufle f = h + H’,
heM, ¥ =ML (M- —oproronansHoe jpononHenue M), To roso-
psaT, uTo H ecTb npamasa cymma B3aNMHO OPTOTOHAJbHBIX MOANpO-
cTpadcts M u M+ u numyt

H=M®M*.

SIcHO, YTO NOHATHE NpPAMOH CyMMBl MOXeT ObITb HEeNOCPeACTBEHHO
06061eH0 Ha J1060e KOHeyHOoe MJIH JaxKe CUeTHOe YHCJIO IOANpPO-
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CTPaHCTB; HMEHHO, TOBOPAT, YTO H ecTb mpsiMasi cyMMa CBOMX MOA-
npoctpaucTs My, My, ..., My, ...

H=M &M ... DM, B ...,
ecJsn

1) mommpoctpanctBa M; momapHo OpPTOTOHAJBHH, T. €. JNIOGOH
BeKTOp U3 M; oproronasnen n06oMy BeKTOpY u3 My mpu i'5= k;
2) Kaxipiit saeMent f & H MoxeT GbiTb NpeACTaBieHd B BHME

f=h+h+ ... +h,+ ..., hnEM,,
npHYEM eCJIH YHCIO MOANpPOCTpancT® M, GecKOHEUHO, TO Yl 2 —

CXOAsIIIHACS psA. Jlerko MPOBEPHTDH, UTO €CJH TAaKOE€ NPEACTaBJICHHUE
3JIEMEHTa f CyHiecTByeT, TO OHO €AHHCTBEHHO H 4TO

IFIR= 20 Ayl

Hapsiny ¢ npsiMoii CyMMOH NOANPOCTPAHCTB MOXKHO TOBOPHTb
O NpsIMOH CYMMe KOHEUHOTO HJM CYETHOTO YHCJa MPOHU3BOJBHBIX
ruab6epTOBLIX NMpocTpancTB. MiMenHo, ecnu Ay u Hy — nBa runs6ep-
TOBBIX TPOCTPAHCTBA, TO HX npsimMasi cymMma [ onpenensiercs cie-
AYIOIKM 06pa3oM: 3/1eMeHThl IPOCTpaHcTBa [ — 3TO BCEBO3MOKHEIE
napet (hy, he), rne hye H,, hye= H,, a ckalsipHoe npou3BejleHHe
IBYX TaKUX TMap paBHO

(A1, ho), (hi, h3)) = (1, hi) 4 (he, h3).

B npocrpanctee H comepxaTtcsi, OYeBHIHO, B3aMMHO OPTOrOHAJb-
HBlE TIOANMPOCTPAHCTBA, cocTosine U3 nap Buma (h;, 0) u (0, hy) co-
OTBETCTBEHHO; MEPBOE U3 HHX MOXKHO eCTECTBEHHBIM 06pa3oM OTO-
KIECTBHTb C TPOCTpaHcTBOM Hi, a BTOpoe — ¢ mpocTpaHcTBOM H,.

AnanornuHo omnpenensiercst cymma J060ro KOHEUHOI'O YHCaa
npoctpancts. Cymma H =) @H, CueTHOro uucia HPOCTPAHCTB
Hy, Hy, ..., Hy, ... onpefenserca TaK: 3JeMEHTb MpOCTPaHCTBA
H — 370 BCeBO3MOXHBIEe TOC/IEN0BATEJBHOCTH BHA

h=(hh hg, ey hm "') (hnEHn),
TakKue, 4TO ZII h, P < oo. CkansipHoe npousBenense (h, g) asie-

Mmentos 4 u g u3 H pasHo

Zﬂl (A}

8. XapaKTepHCTHYECKOe CBOACTBO E€BKJAMJOBBIX MPOCTPAHCTB.
Paccmorpum caenyromuit Bonpoc. Ilycte R — HOpMupoBaHHOe npo-
ctpancTBo. KakuM JONOJHHTENBHBIM YCJIOBHSIM JOJAXKHA YIOBJETBO-
pATH HOpMa, onpejeienHass B R, uro6bl NpocTpancTBo R 6bl1o eB-
KJAHIOBHM, T. €. uToOb HOpDMa B HeM ONpeLe/fANach HEKOTOPHIM
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CKaasapHBIM npousBeleHHeM? MHaue roBops, KaK 0XapaKTepH30LaTL
€BKJHUJOBBl TNPOCTPAHCTBA B KJacce BCeX HOPMHPOBAHHBIX MPO-
crtpaHcTB? Takylo XapaKTepHCTHKY faer Clefyioliasl Teopema.

Teopema 8. Jaa rozo uto6or HOpMUPOBAHHOE NPOCTPAHCTBO R
66110 e8KAUO0BbIM, HEOOXO00UMO U OOCTATOYHO, UTOObBL 0Af At0ObIX
d6Yyx 34eMeHTO8, [ U g, BLINOAHAAOCH PABEHCTBO

IF+elF+If—glfF=20FF+1gP. (25)

Nockonbry f+ g u f— g — 310 guaronanu napassenorpamma,
TIOCTPOEHHOTO Ha CTOpoHax [ u g, paBeHcTBO (25) BBIpa)aer us-
BECTHOE CBOMCTBO NapaJjijieJorpaMMa B €BKJHJOBOM NPOCTPAHCTBE:
cymma Ksaodpatos Ouaeonaiell NAPALLEA02PAMMA PABHA Cymme
K8adparos scex e2o cropox. TakuM 06pa3oM, HEOGXOAUMOCTb YCJIO-
Busl oueBHHa. [lokaxem ero gocratouHocTs. [TosoxuM

(f, =~ UT+gP—If—gP, (26)

U TIOKaXKeM, UTO eCJIH PaBeHCTBO (25) BbimoJHeHO, TO PyHKuus (26)
YyIOBJETBOPSIET BCEM AaKCHOMaM CKaJasapHoro npousseaenus. Ilo-
CKOJIbKY TIpH [ = g nMeeM

(, D=7 U2FP—IF =R =1, (27)

3T0 U OyAeTr TO cKa/lApHOe NpOU3BelleHHe, KOTOPOe MOPOXKAaeT B
npocTpaHcTBe R 3a7laHHYIO TaM HOPMY.
ITpexne Bcero, u3 (26) cpasy BUIAHO, YTO

(f, &)=(g )

T. €. CBOHCTBO 1) CKaJsApHOrO nNpPOH3BeleHHsl BbIMoOJHeHo. Kpome
Toro, B cuy (27) uMeer Mecto u CBOHCTBO 4). Ilasi ycTaHOBJIEHHS
CBOUCTBA 2) paccMOTPHUM (YHKIHIO TPEX BEKTOPOB

T. €.

O, g H=If+g+hrP—If+g—hIF—
—If+hPHIF—hIF—llg+hrIP+1g—RIP, (28)

W MOKAaXeM, YTO OHa TOX/JEeCTBEHHO paBHa HyJa0. B cuny (25)
HMeeM

W +gx=hiP=21fxhF+21gP—IfxEh—gl"
IToacraBus cooTBercTBYIOLIME BbipaxeHus B (28), nonyuum

O, g h=—li+h—gP+If—h—glP+
+UF+hP—UIf—hIP—lg+AaP+lIg—RIE (29)
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BasB noaycymmy (28) u (29), umeem

O, & N=r(lg+h+iF+Ig+h—fP)—

—sUlg—h+fE+Ig—h—fP~lg+hP+Ig—hl
: .

B cuay (25) neproe caaraeMoe paBHO

lg+hrE+IFIR
a BTOpO€ — PaBHO
—llg—hrIF—IFIR
TakuMm o6pasoM,
: O(f, g, h)=0.

YcraHoBMM, HaKOHEl, CBOMCTBO 3) — OZHOPOAHOCTb CKaJsPHOro
npoussenenus. PaccMoTpuM Ass 3TOro npH JMio6bX GHKCHPOBAHHBIX
fu g dynxunio

@ (c)=(cf, & —c(f, 8).

H3 (26) cpasy caenyer, uto
o) =~ (lgk—IgPH=0
B @(—1) =0, nockoabry (—f, g)= —(f, g). losromy aas aw6oro
nenoro n
(nf, gd=(sgnn(f+ ... +/), =
=sgnn([(f, @+ ... +(, dl=Inisgnn(f, =n(f, g,
T.e.@(n)=0. Ilpu vennvix p, g u g+ 0

(21 8)=p(+h &) =Lq (31 &) =20, o,

T. . @(¢)=10 npu Bcex palHOHAJbHBIX C; NOCKOJbKY QYHKUHA ¢
HenpepbiBHA,

@ (c) =0.
Tem caMbiM Mbl noKasanu, uto Oyukuus (f, &) obGaajgaer BceMu
CBOHCTBAMH CKaJIsIPHOIO MPOH3BEAEHHS.

IMpumepsn. 1. Paccmorpum n-mepHoe mpoctpaHctso Ry, B kKo-
TOpOM HOpMa onpefeseHa Gopmyaon

n I/p
i, =( S 1ap)

Ipu p > 1 Bce aKCHOMBI HOPMBI BHINIOJIHEHE!, OJJHAKO €BKJHIOBLIM
npocrpanctBoM R, 6yner Toabko npu p = 2. JleACTBHTEBHO, pac-
cmotpuM B R; 7Ba BekTOpa:

Jf=(1,1,00,...,0),

g=(1,—1,0,0,..., 0);
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HMeeM
f+¢=2,00,...,0),

f—e=(,20,...,0),
OTKYAa

Iflb=lgl,=2", (f+gl,=If—gl,=2,

TAaK YTO TOMAECTBO NapaJJienorpamma (25) mpu p 5= 2 He BbINOJ-
HAeTCs.

2. PaccMOTpHM NMpPOCTPAHCTBO HeNMpephIBHbIX (YHKIUA HA OTpes-
Ke [0, /2], TlosoxuM

f(t)=cost, g(t)=sint.
fll=iegll=1

If4+gll= max [cost-+sint|=4/2,
0<i<n/2

if—gll= max |cost—sint|=1.
o<i<n/2

HimeeMm

H

OTciona BHAHO, YTO
N+glP+0F—glP==2UFfIF+1glP.

Takum oGpasom, HopMy npoctpasctBa C[0, n/2] Heab3s 3amgath c
NOMOLIbI0 KaKoro Obl TO HH ObLIO CKaJsipHOrO NMpoH3BeleHHA. Jlerko
BHJETb, UTO H MPOCTPAHCTBO HempepblBHbIX GyHKuuH Cla, b] Ha aio-
60m oTpeske [a, b] He ecTb eBKJIHA0BO MPOCTPAHCTBO.

9. KomnuekcHble eBKJAHAOBH npocrpaHcrBa. Hapsay c aeiictsu-
TeNbHBIM MOXeT ObiTb BBEJEHO M KOMIJIEKCHOE €eBKJAHIO0BO MNpo-
cTpaHcTBO (T. €. KOMILIEKCHOe JIHHeHHOe NPOCTPAHCTBO CO CKaJsp-
HbIM mpou3sBefenneM B HeM). OpHako akcuombl 1)—4), chopmynn-
poBaHHBle B HayaJe 3toro naparpada, He MOryT ObITh B KOMIJIEKC-
HOM TPOCTPAHCTBE BBINMOJIHEHB! OfHOBpeMeHHO. JleficTBHTeNbHO, U3
1) u 3) cnenyer

(Ax, Ax)=2%(x, x),

OTKyZa npu A = [ uMeeM

(ix, ix) = —(x, x),

T. €. CKaJspHble KBaJpaThl BEKTOPOB X M (X He MOryT ObITb OJXHO-
BpeMEHHO MOJOXHUTeabHB. HHbIMH cioBamu, akcuombl 1) u 3)
HecoBMeCTUMBl ¢ akchomoli 4). [TosToMy akcHOMBI, C MOMOLIbIO KO-
TOPBIX OlpeJensieTcs CKa/dspHOe MNpOH3BeJeHHe, B KOMIJIEKCHOM
cjaydyae AOJKHBL ObITh HECKOJBKO H3MEHEeHBbl 10 CpPpaBHEHHIO C Jei-
CTBHTEJbHBIM. B KOMNJIeKCHOM NpoCTpaHCTBe CKaJsipHOe NpoH3Be-
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JieHHe Mbl ONMpeJeJHM KaK YHCJIOBYIO (KOMIIEKCHO3HauHYI0) (YHK-
1IMI0 IBYX BEKTOPOB, YAOBJETBOPSIOWIYIO CJENYIOUIHM yCJIOBHSIM:

1) (x,y)=(y, X),

2) (Ax’ y) = A'(xi y)»

3) (x1 4 x2, y) =(x1, ) + (x2,9),

4) (x,x) =0, npuuem (x, x) >0, ecin x % 0. (Takum oGpasom,
Mbl BHECJH NONpPaBKy B MEPBYI0 aKCHOMY, COXPAHHB TPH OCTaJbHbIE
6e3 uamenennit.) Hs ycnosuit 1) u 2) caenyer, uto (x,Ay)=
= A (x, y). leficTBuTeNBHO,

(x, Ay)=(ry, X)=21(y, x) =A(x, y).
Xopoulo H3BECTHBIH NpPHMep KOMILIEKCHOTO €eBK/JHI0BAa INPOCTpaH-
€TBa n H3MepeHu# — 310 JHHeiiHOe npocTtpaHctBo C» (§ 1, npu-
Mep 2), B KOTOPOM CKaJisipHOe NPOH3BeLeHHe 3JeMEeHTOB
x=(x11 x2y seey xn) H y=(y1, !/2,---, yn)
onpeneasercsd GoOpMyJon

(x’ y)= ; xkgk'

Kak uspecTHO, BCSIKOE KOMIJIEKCHOE €BKJHAOBO MPOCTPAHCTBO pa3-
MEPHOCTH 1 H30MOP(HO 3TOMY IIPOCTPAHCTBY.

TMpumepaMu 6eCKOHEYHOMEPHBIX KOMIIEKCHBIX €BKJIHIOBBIX MPO-
CTPAHCTB MOTYT CJYXHTb:

1) KommJeKcHoe NpOCTPaHCTBO I, B KOTOPOM 3J€MEHTH — 3TO
110C/1e0BaTENbHOCTH KOMIIEKCHBIX YHCeJ

X=(X1, X9, v0vj Xpy «2:),

ynoanemopmomue yC.fIOBHlO
e ]
ZI| Xp P < 00,

n=

a cKaJIsipHOe Npou3BeleHHe onpejesercs GopmyJoi

o0
(5, )= 3, xad
n=
2) npoctpaHctBo Cola, b] KOMIIEKCHO3HAYHBIX HeENpepPBIBHBIX
$yukuuit Ha oTpeske [a, b] co cKaAAPHBIM NIPOH3BEfEHHEM
b
t, &={roe@ar
a
B KOMIJIEKCHOM €BKJHAOBOM NPOCTPAHCTBe JJHHA (HOPMa) BeK-
TOpa onpejensercs, Kak H B AeHCTBUTENbHOM Cyuae, hopMymok

Il xll=1/(x, x).
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ITonsiTne yria Mexay BEeKTOpaMH. B KOMIUIEKCHOM CJyuae OOBIYHO:
x
He BBOAAT (MOCKOJbKY BeJHYHHA Tz(tll’-%' BOOGHle roBOpS,, KOM-

MJeKCHa W MOXeT He ObiTb KOCHHYCOM KaKoro-au0Go JefCTBHTeJb-
HOro yrsa); OoJHaKO MOHSITHE OPTOrOHAJbHOCTH COXPaHsieTcs: 3Je-
MEHTbl X H y HA3bIBAIOTCS 83AUMHO OPTO20HAAbHbLIMU, €CNH (X, Y) =
= 0.

Ecan {¢n} — kakasn-1u60 OopTOroHa/bHasi CHCTEMa B KOMILJIEKC-
HOM eBKJIHI0BOM TNpocTpaHcTtBe R, H f-— NpPOH3BONBHHIA 3/eMeHT
H3 R, 10, KaK H B 1eHCTBHTEJbHOM CJyyae, YHCIAA

1
an=m(f, (Pn)

Ha3hBalOTCs Kosghuyuenranu Pypoe, a pan
2. 4,9,
n

— padon Pypve sneMenta [ mo oproroHanbHo# cHcreMe {gn}-
HNmeer MecTo HepaBeHCTBO Beccens:

)ﬂ:u«» Pla. R<(F, ).

B yactHocTH, ecnn cucreMa {@.} OpTOroHa/sbHAa H HOPMHPOBAHA, TO:
Ko3bpdpuunentsl Pypbe mo TaKod cHCTeMe onpeneasiiorcss Gopmv-
JlaMH ‘

. Cn = (f? (pn),

a HepaBE€HCTBO Beccens umeer BuI

anm < (f, )

IlonHoe KoMNJeKCHOe €BKJAHIO0BO NPOCTPAHCTBO GE€CKOHEUHOH pa3s-
MEpPHOCTH HA3hIBAETCS KOMNAEKCHbIM 2UAbOEPTOBLIM NPOCTPAHCTEOM.
Ha koMnuekcHbIfi cayyali nepeHocHTCs TeopeMa 06 H3oMOp(hH3Me
rHIbOEpPTOBLIX MPOCTPAHCTB!

Teopema 9. Bce cenapabeabrble KomniexcHote 2urbbeprosst.
npoCcTPAHCT8a u30MopPHoL Mendy cob60l.

Ipocrefilieii peasnsauuedl KOMIUIEKCHOro ruJab0OeproBa mnpo-
CTPAHCTBa fIBJSIETCA KOMIJIEKCHOe NpoCTpaHcTBo lp. C apyroi, ¢pyHK-
IIHOHAJIbHOH, peasH3alliell KOMIJIEKCHOro ruab6epToBa NpoCTpaH-—
CTBa Mbl mO3HaKoMuMcs B 1. VII

IIpenoctaBisieM YHTaTeJl0 TPOBEPHTb, YTO BC€ TEOPEMbI, N0~
Ka3aHHBIE BHIle [/ JeHCTBHTENbHBIX €BKJHAOBBIX, B YaCTHOCTH:
runb6epTOBEIX, TPOCTPAHCTB, CINPaBENJHBH (C HE3HAYHTEJbHbLIMM
H3MEeHEHHSMH, YYHUTBHIBAIOMIMMH KOMIJIEKCHOCTb CKaJIfipPHOrO NPOH3-
BelleHHs) M ISl KOMIIJIEKCHBIX NMPOCTPAHCTB.
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§ 5. Tononoruyeckne JHHEiliHbIE NPOCTPAHCTBA

1. Onpepenenne u npumepbl. 3aJaHHe HOPMBI — JIMIIL ONHMH H3
BO3MOXKHBIX CMOCOG0B BBEJEHHS TOMOJOTHH B JIHHEHHOM MPOCTpaH-
<rBe. Pa3Butue Takux obaacrell QYyHKUHOHAJBLHOTO aHaJd3a, KakK
Teopus o6o6umeHHBXx QYHKLUHH (0 HUX OygeT CKa3aHO B
chaefyioulefl raase), NMoKasaso, YTO BO MHOTHX CJydyasix MOJIE3HO
paccMaTpHBaTh JHHeHHble NPOCTPAHCTBA C TOMOJOTHeH, 3alaBaeMoi
#He C MOMOIbIO HOPMBI, @ KAKHM-JAHO0 HHBIM COCOGOM.

Onpenenenue l. MHoXecTBo E HasblBaercst TON0A02UHECKUM
SUHEUHbIM RPOCTPAHCTBOM, €CTH

I. E npeacrasasier coGol JuHeldHOe MPOCTPAHCTBO (C YMHOXe-
HHEM 3/JeMEHTOB Ha JEeHCTBUTE/bHbIE HJIH KOMILJIEKCHBIE YHC/A).

I1. E siBAisieTCs1 TOMOJIOTMYECKUM TPOCTPAHCTBOM.

111. Onepaunu cnOXeHHS U YMHOXeHHs1 Ha uucia B E Henpe-
PHIBHBI OTHOCHTENBHO 3anaHHod B E tononoruu. Ilogpo6uee nocaen-
Hee YCJI0BHe 03l1aYaeT CleAYIollee:

1) ecnu 2o = %o+ Yo, TO AJisi KaKAOH oKpecTHOCTH U ToukH 2
MOXHO YKa3aTb TakHe okpecTHOCTH V u W Touek xo u Yo coOT-
BercTBeHHO, yTo X +y=s U npuxsV, y=s W,

2) ecau @oXo == Yo, TO AJs J06o# oxpectHocTH U TOUKH Y, Cy-
ILECTBYIOT TaKasi OKPECTHOCTb V TOUKH Xo H Takoe uyuciao e >0,
yroaxeUnpu |a—o|<<enxes V.

M3 cBsA3W, cyulecTBylomiefl B JIMHEHHOM TOIOJOTHYECKOM IIPO-
CTPAHCTBE MeXJAy aJjre6paHyeCcKHMH ONepalHsIMH H TOIOJIOTHEH,
BBITEKA€ET, YTO TOMOJIOTHSI B TAKOM INPOCTPAHCTBE MOJHOCTHIO OIpe-
llensieTcsl 3aJaHUEM CUCTembl OKpeCTHOCTel Hyas. JlefiCTBHTENbHO,
NyCTb X — TOYKA JIMHEHHOrO TOMOJIOrHYeCKoro npocrpanctsa E, u
U — nekoropas okpectHocts Hysass B E. Torga U 4 x — «casur»
3TO#l OKPECTHOCTH HA X — eCTb OKPeCTHOCTb TOUKH X; OYEBHJHO, YTO
J06asi OKPECTHOCTh JI000# TOYKH ¥ & E MOXeT GbITh MOJy4yeHa Ta-
KHM CNIOCOOOM. ' -

M3 HenpepbIBHOCTH Onepauuil CJOMKEHHS H YMHOXEHHs Ha yucJa
‘B TOIOJIOTHYECKOM JIHHEAHOM mpocTpaHcTBe E HemocpeACTBEHHO Bbl-
“TEKAI0T CJeYIOllHe YTBepXKAeHHUS.

1. Ecau U, V—ortxporeie muoxecrsa 8 E, 10 u mHO¥MecTso
U4V (1. e. cOBOKYNHOCTb BCeX 3JIeMeHTOB BUaa ¥+ y, x= U, y =
< V) orkpoiro.

2. Ecau U orxpoiro, 10 u muoxectso AU (T. e. COBOKYINHOCTb
BCex 371eMeHTOB BHAA Ax, x = U) npu awbom X 5= 0 oTkpoiTO.

3. Ecau F samkxuyroe mnoscecrso 8 E, To u AF 3amxuyTto npu
A1060M .

ITpumepsr. 1. K ronosoruyeckuM JiiHeHHBIM IPOCTPAHCTBAM
OTHOCATCS MpeXJe BCero BCe HODMHPOBaHHbIe MPOCTPaHCTBA.
JeficTBUTENbHO, H3 CBORCTB HOPMbI Cpa3dy cjejlyeT, YTO OlepalHH
CJIOXeHHs] BEKTOPOB M YMHOXEHHS HX Ha YHc/Ia B HOPMHPOBAHHOM
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NPOCTPAHCTBE HENPEepLiBHBI B TOH TOMOJOrHH, KOTOpasi onpefle-
JIsieTCsl HOPMOH.

2. 3apanuM onpefeNsIOUyI0 CHCTEMY OKPeCTHOCTeH HyJsl B NpoO-
cTpaHcTBe R® BCEBO3MOXKHBIX YHCJIOBBIX MOCJENOBaTeNbHOCTEH X =

= (X1, X2, ..., Xn, ...) Tak. Kaxnasi okpectnoctb U(Ry, ..., ks €)
onpelessieTCs UeJbIMH YHCaaMHu Ry, ..., kB u udcaoM € >0 u co-
(o]
CTOHT M3 Bcex TeXx X & R™, Kotopble YA0BIETBOPSIOT YCAOBHSIM:
[xe, | <e, i=1,2, ..., 1

Jlerko npoBepHTb, UTO 3ajaHHe 3TOH CHCTEMBl OKpecTHOCTed mpe-
Bpaulaer R* B JHHeliHOe TomoJsoruueckoe mnpocrpaHcTBo. (Hapspy
¢ R* MoxHo paccmatpuBaTh npocrpaHcTBo C* Bcex KOMI ek c-
H bl X TIOC/TeloBaTeNbHOCTEH. )

3. Ilyctb Kla, b] — npoctpancTBo GeckoHeuHo aubbepeHuupye-
Mbix ') ¢yHkuui Ha orpeske [a, b]. Tononoruio B K{a, b] onpenenuv
C NOMOLLBIO caefyioulell cHCTeMBbl OKpecTHocTed Hysd. Kaxnas ta-
Kasi OKpecTHOCTh Um, ¢ oOmnpefensieTcsi HOMEPOM M M YHCIOM & > O
H COCTOUT U3 BCeX DYHKUHH ¢, YIOBJETBOPSIOIIHX HEpAaBEHCTBAM

oW ()| <e, k£=0,1,2 ..., m,

rae ¢® —npousBoaHasl k-ro mopsiika oT QYHKIHH Q.

Tot ¢akT, yTO B TONOJOTrHUECKOM JIHHEHHOM NPOCTPAHCTBE TOMO-
JIOTHsl CBsi3aHa C JHHEHHBIMH ONepanusiMH, onpelleJeHHEIMH B HeEM,
HaKJa[blBA€T Ha €ro TOIOJOTHIO JOBOJIBHO XKECTKHE OrpaHHueHHs.
ViMenno, 8 Tonosoeuveckom auxeidnom npoctpancree E Touka x u
He codepacauiee ee 3AMKHYTOEe MHONCECTBO UMEIOT Henepecekaro-
wjuecs OKpecTHOCTU.

IIpu mokasaTeNbCTBe 3TOT0 YTBEPKIAEHHS AOCTATOYHO PaCCMOT-
petb Touky x = 0 u J1060e He comepiKalliee ee 3aMKHYTOe MHOXKe-
c¢tBo F. Tlonoxum U= E\ F. B cuny HenpepblBHOCTH OMepanuu
BhiunTaHus B E wgaifimerca Takas okpectHocTh Hyas W, uto
W — W c U. B xauectBe W MoOxHO B3Th IepeceueHde OKPECTHO-
creit Hyns W, u We tagux, uto x—y=U, ecmn xeW, 1 yes W,.
IlpoBepuM, uTOo 3aMbikaHue oxpecTHoctH W comepxurcs B U,
Ilycts y =[W)]. Torna xaxpmasi OKPeCTHOCTb TOYKH Y, B UAaCTHOCTH,
y+ W, comepxHuT Kakyw-nu6o Touky 2 u3 W. CuenoBarenbHo,
z—yeW, r.e.yes W—Wc U, uto u yrBepxaanocs. [Ipu stom
W u EN\ [W]— nckombie okpectHoctH Touku 0 ¥ MHOXecTtBa F co-
OTBETCTBEHHO.

Tomosiornueckoe MPOCTPAHCTBO HasblBaeTcss I-NPOCTPAHCTBOM,
ecJIi OHO YJOBJETBOPSIET 2aKCHOME OTAeNUMOCTH T, T. €. ec/u Jio-
60e ero OQHOTOYEUHOE MOJMHOXKECTBO 3aMKHYTO; OYEBHIHO, U4TO JIH-
HeHHOe TOMOJIOTHYECKOe NMPOCTPAHCTBO ecTh [1-NPOCTPAHCTBO TOrIa

1) T, e. uMeIOWKHX NPOH3BOAHLIE BCEX TNOPAAKOB,
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¥ TOJBKO TOTAA, KOTJa NepeceyeHHe BCEX OKPECTHOCTEH HyJs He
COJIePKUT HeHyJeBbIX 3aeMeHTOB. Tomosoruueckue mnpoctpaHcTBa,
YAOBNETBOPSAIOLIHE aKCHOMaM OTAeauMocTd Ty u T3, MBI Ha3BaJju
B rJ. Il peeyaspuoimu;, 3 noKasaHHOro B mpenbiayilem ab3ale cJje-
ZIlyeT, uTo Tonoso2udeckoe Aurelnoe T-npoCTPAHCTEO pe2yrspHO.

B HOpMHpPOBaHHBIX NPOCTPAHCTBAX BAXHYIO POJib UrpaeT NOHSA-
THe OrPaHHYEHHOTO MHOXKeCTBa. XOTA TaM 3TO MOHSITHE BBOAMTCA
TIPY TIOMOLUH HOPMbI, OHO MOXeT ObITb €CTeCTBEHHO CHOpPMYJIHpO-
BAHO M LIS JIOGHIX JHHEHHbIX TOMNOJOMMYECKHX MPOCTPAHCTB.

Muoxectso M, nexalllee B TOMOJOrHYECKOM JHHEHHOM MpO-
cTpaHcTBe E, Ha30BEM 02PDAHUHEHHbIM, €CNH JUISl KaXIOH OKpe-THO-
ctu nyas U cymecrsyer takoe n >> 0, uto AU > M npu Bcex |A|>
=n.

SIcHO, UTO IS HODMHPOBAHHBIX MPOCTPAHCTB 3TO NMOHSITHE Orpa-
HHUEHHOCTH COBIAAdeT ¢ OFPAHHYEHHOCTbIO MO HOPMe (T. €. C BO3-
MOKHOCTBIO IIOMECTHTb JAaHHOE MHOXECTBO BHYTPh HEKOTOPOTO
wapa |lx|l << R). IlpoctpancTBo E Ha3bIBaeTCS A0KAAbHO 02PAHUHEH-
HbiM, €CNH B HEeM CYyIeCTBYeT XOTs Gbl OIHO HEMyCTOe OTKpPHITOe
OrpaHUYEHHOE MHOXEeCTBO. BCsKoe HOPMHPOBAHHOE NPOCTPaHCTBO
JIOKaJIbHO orpaHuueHo. IIpuMepoM NpOCTPaHCTBA, HE SIBJSIOLIErOCS
JIOKa/JbHO OrpaHHUUYEHHBIM, MOXET CJYXHTb npoctpaHcTtBo R, yka-
3aHHOe B npumepe 2 (goKaxure atol).

Ynpaxuenus 1. Ilycte E — Tononoruyeckoe JHHEHHOe NPOCTPaHCTBO;
JOKaXHTe ClpaBefJHBOCTb CIeLYIOUIHX yTBEPXKAEHHH:

(a) mMHOXecTBo M — E orpaHuyeHO TOrZKa M TOJBKO TOTAa, KOrga Aas no6oi
TI0C1el0BaTebHOCTH {Xn} © M u Jio6oit MOCNENOBATEJABHOCTH  MOJOXKHUTENbHBX
uncen {€»}, cTpeMAmeHca K HYJIO, NOCAENOBATEJbHOCTb €nXn CTPEMHTCHA K HYJIO;

(6) ecitn {xg};) ©F H Xn —>X, TO {Xn)}— OrpaHHUEHHOE MHOXECTBO;

(B) ecin E 10KalbHO OrpaHHYeHO, TO B HeM BBINOJHAETCH NepBasi aKCHOMa
CYETHOCTH.

BuinonHeHa JM nepBasi akCHOMA CUETHOCTH B NpocTpaHctBe R*®?

2. Mbl cxa)eM, YTO MHOXeCTBO M B TOMOJOIHYECKOM JIMHEHHOM NpPOCTpaH-
ctBe E nozaoujaercs oxpectHocTblo Hyns U, ecau cymecrsyer takoe A > 0, uro
AU D M. [okasaTb, 4TO B JIOKaJbHO OIPAHHYEHHOM MPOCTPAHCTBE CYLIECTBYET
«(yHIZaMeHTa/NbHAS CHCTEMAa OKPECTHOCTEH HYyJs, B3aHMHO NOTROWAIOMWHX ApPYT
Zpyra. UTO MOXHO NPHHATh 33 TAaKYIO CHCTeMy B HOPMHDOBAHHOM NpPOCTpaHcTBe?

2. JlokanabHast BbINYKJOCTb. [IPOM3BOJIBHBIE TONONOTHYECKHE
JiHHefiHble TPOCTPAHCTBA MOryt obsagaTh CBOHCTBAMH, CJHIIKOM
VX JaJeKHMH OT NPHBBIYHLIX CBOHCTB €BKJIHIOBBLIX HJAH HOPMHPO-
BaHHBIX NpOCTpaHCTB. BaxHbIll Kiacc mpocTpaHcTB, 6ojee 06MINX,
yeM HODMHPOBAHHblE, HO COXPAaHSIOLUX MHOrHe CBOHCTBA moOCJIeN-
HHX, 00pa3ylT TaK Ha3blBaeMble /10KAAbHO BbiNYyKAble TPOCTPAH-
CTBA.

Onpenenenne 2. Tonosoruueckoe JHHEAHOE MPOCTPAHCTBO
HA3BIBAETCSl AOKQABHO BbINYKAbIM, €CIH B HEM BCAKOEe Hemycroe
OTKPHITOE MHOXKECTBO COJAEPIKHT HEmyCcTOoe BBHIMYKJIOe OTKPBLITOE IOX-
MHOXECTBO.
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3amMeTHM, 4TO €CaM TNPOCTPAHCTBO E JIOKAaJbHO BLIIYKJIO, TO:
aaa aw6of Toukd x & E u nwo6oi ee okpectHoctu U nafizerca ta-
Kasa BeINyKjaasi ee okpectHocTh V, utro x &= V < U. [efictBuTenbHo,
JIOCTATOUHO TPOBEPHTb CIPABEAJUBOCTH 3TOTO YTBEPXKIAEHHA A
toukn x = 0. Ilycte U — kakasa-Hnbyap oxpecTHOCTb Hynasa. Haii-
netcst Takas okpecTHoctb Hyasa V, uto V—V < U. Taxk kak E jo--
KaJIbHO BBHINYKJO, TO HAHLETCS HENyCTOe BbIMYKJOe OTKPBITOE MHO-
x)ectBo V/ <V, nyets y= V’, torna V' — y — BhinykJaas okpecT-
HOCTb HYJ/4, colepxawascs B U.

Bcikoe HOpMHpPOBaHHOE NMPOCTPAHCTBO JIOKAJbHO BhiOYKJO. Jlefi-
CTBHUTEJBHO, B HEM J1060€ HENMYCTOE OTKPHITOE MHOMECTBO COMAEPKHT
HekoTopblil wap. TakuM 06pa3oM, 8CAKOe HOPMUPOBAHHOE RPOCTPAH-
CTBO NOKQAALHO O2ZPAHUYEHO U AOKAALHO 8binyKA0. MOXHO noKa-
3aTh, 4TO, N0 CYLIECTBY, HOPMHDOBAHHBIMH [POCTPAHCTBAMH H MC-
depnbiBaeTcs KJacc NPOCTPAHCTB, o06JajaioliuX OGOHMH 3STHMH
cBoiicTBaMH. lIMeHHO, Ha30BeM JIHHEHHOE TOMNOJOTHYECKOE MPO--
cTpaHcTBO E HOpmupyemoim, ecii Ta TONMOJOTHS, KOTOpas UMeeTcs
B £, MoxeT GbITh 3ajlaHa C MOMOIIBIO HEKOTOPOH HOpMbl. MMeer Me-
CTO CJepRyiollas TeopeMa: B8CAKOe 0TOeAUMOE AOKAAbHO 8bINYKAOE
U NOKAAbHO 02PAHUMEHHOE AUHELHOe TON0AO2UYecKkoe npocTpaHcTeo
HOpMUPYEMO.

YnpaxHeHnusa 1. JlokaxuTe, 4TO OTKPbITOe MHOXecTBO U B TOmoJoruue--
CKOM JMHEHHOM NpPOCTPAHCTBE BHIMYKJO TOTAA H TOJbKO TOTAa, korma U + U, =
= 2U. :

2. Ilyetb E — nuHeliHoe npoctpaHcTBO; MHOXecTBo U < E HasbiBaercs cum-
merpuurbim, ecan w3 x = U cnepyer — x = U, Tlycts % — ceMeHCTBO BCeX BbI--
NYKJBIX CHMMETPHUYHBLIX IOJAMHOXECTB NpocTpaHcTBa E, COBHajaloUIMX CO CBOKM:
saapoM (cM. § 2). JlokasaTb CnpaBeAJIHBOCTb CJENYIOUIHX YTBEPKIEHHH.

(a) CemeficTBo % sBAfieTCH ONpeleNAIOUIHM CEMEHCTBOM OKPECTHOCTEH HYyJist
JJI1 HEKOTOPOR JIOKAaJIbHO BBIMYKJOH OTAEJHMOH TOMOJOTHH B INpocTpaHcTBe E
(3Ta TOMOJIOrMs HasbiBaeTcs AdepHO-8binyKAOL).

(6) SlmepHO-BHIMyKJAasi TONOJIOTHS SIBJAETCH CHJIbHEAWEH H3 JIOKAaJAbHO Bhl--
OYKJBIX TOMOJIOTHH, B KOTODHIX JHHeHHBle omepauud B E HempephiBHHL.

(B) Beakuit anHehHbfi GyHKuHOHan Ha E HenpepbiBeH OTHOCHTENIBHO Silep-—
HO-BBINYKAOH TOMOJIOTHH.

3. CueTHOo-HOpMHpOBaHHbIe TMpocTpaHcTBa. OueHb BaMHBIM IS
aHa/M3a KJacCcoM JHHEHHBIX TONOJOTHYECKUX NPOCTPAHCTB OKasa-
JIMCh TAK Ha3blBa€Mble CYETHO-HOPMUPOBAHHbLIE npocTpancTsea. as
TOro uyTo6bl chOpMYJHPOBATL COOTBETCTBYIOLLEE ONpejieseHHe, HAM:
NOHAaKOGHTCA OJHO BCIIOMOFaTesNbHOE NOHATHE.

ITyctb B nuneiinoM npocrpaHcrBe E 3ananbl aBe HopMmul |- |l w
l-ll2. OHH HA3HIBAIOTCS CO2AACOBAMMLIMU, €CJH BCAKAs MOCJeLOoBa-
TeNbHOCTh {Xn} M3 E, dyHIaMeHnTasbHAA MO KaXAOW H3 ITHX HOPM
U CXOAAULAACH K HEKOTOPOMYy mpeieny x & E mo OfHOH H3 Hux,
CXOIHTCA K TOMY e IIpejesy X U 1o BTOPOH HopMe.

ToBopsaT, utro HopMa |-, ne caabee, uem [i-lls, econ cyuleciByeT Takas Io-
cTosaHHada ¢ > 0,uto {|x;]] = ¢ ||xll; anq Bcex x = E.
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Ecan nepBas HopMa He ciafee BTODO#, a BTOpas — He cjaalee NepBOH, TO 3TH
JBe HOPMbl Ha3bBAIOTCS IK6UBAAEHTHOLIMU. JIBe HODMBI HA3BLIBAIOTCS CPABHUMbBLMU,
£€CJIH OflHAa M3 HUX He caalbee APYroit.

Onpenenenune 3. CueTHO-HOPMUPOBAHHLIM TIPOCTPAHCTBOM
‘Ha3bIBAETCA JIMHEHHOe NMpocTpaHcTBO E, B KOTOPOM 3ajaHa CyeTHas
CHCTeMa TOMapHO COTacoBaHHbLIX HOPM i+ |ln. Bcsikoe -cueTHo-HOp-
MHPOBAHHOE NPOCTPAHCTBO CTAHOBHUTCS JHHEHHBIM TOINOJOTHYECKHM,
«€CJIH 32 ONpeeNsIouyl0 CHCTEMY OKPECTHOCTEH HYJIS MPHHSITH COBO-
KYMHOCTb MHOXKeCTB Uy ¢, KaXK0€ H3 KOTOPBIX ONpefesseTcss HoMe-
POM 7 H NOJIOKUTEJIbHBIM UHCJIOM € H COCTOHT H3 BCEX TEX 3JeMeH-
«10B x & E, KoTOpBIE YIOBNETBOPSAIOT YCAOBHAM

Txih <e, ..., Izl <e.

Mpbl npefocTaBisieM UYHTATENI0 NPOBEPHTb, UTO TaKas CHCTEMA
“OKPECTHOCTEH HyJs1 NeHCTBHTeJNbHO onpefenser B E TomoJoruio, B
KOTOpPOH ONepaluH CNOKEeHHS 3JIeMEHTOB H YMHOXKEHHS HX Ha YHcaa
‘HenpephIBHbI.

3aMeTHM, UuTO BCSIKOE CUETHO-HOPMHPOBAHHOE MPOCTPAHCTBO
"YIOBJIETBOPSIET NEePBOH AaKCHOME CUYETHOCTH, MOCKOJBKY CHCTEMY
okpectHocTed HyJasl Uy . MOXKHO 3aMeHHTb (He H3MeHSsl TOMNOJIOTHH)
«CYETHOH NOACHCTEMOH, B KOTOPOH & NMPUHUMAeET JHIIb 3HaueHds I,
1/2,1/3, ..., 1/n, ... DBojee ToOro, TonoJioruss B CUEeTHO-HOPMHpO-
‘BAaHHOM IPOCTPAHCTBE MOXKeT ObiThb 3aJaHa NpH MOMOILH HEKOTOpO#
METPHKH, HallpUMep, TaKOH:

p(xr y)=Z[2-n -l-!ll-x[l:—-z";"," X, yEE (])

TlpennaraeM uynrtareJi0 NPOBepHTb, uTO GYHKUMS p(X,y) ypOBJIe-
“TBOPSIET BCEM dKCHOMAaM PAaCCTOSIHHUS W MHBAPHAHTHA OTHOCHTEJbLHO
capuroB (1. e. p(x+2, y+2)=p(x,y), X, y, z=E) u uro no-
poKIaeMasi el0 TONOJIOrHs coBnagaer ¢ HexonHod. Takum obpasom,
‘MBI T10JydaeM BO3MOXKHOCTb FOBOPHTb O IIOJIHOTE CUETHO-HOPMHPO-
‘BAHHOr0 NMPOCTPAHCTBA, MOHUMAS MOJ 3TUM MOJHOTY OTHOCHTEJbHO
‘BBEeJICHHON Bbille METPUKHU. 3aMETHUM elle, UTO MOCAe0BATENbHOCTD
{x1} dynmameHTasbHA OTHOCHTENBHO MeTPUKH (1) Torma U ToJBKO
-TOrAa, Koraa oHa QyHIaMeHTaJbHa OTHOCHTENBbHO KaKIOH H3 HOPM
l-lln, n cxomutcs (B 3TOH MerTpuke) K 3iaeMenty x < E Torma u
“TOJILKO TOT/1a, KOTAA OHa CXOOMTCA K X MO KaxXXAoH u3 HOPM |- |n.
HubiMH c/I0BAMH, NOJHOTA CYETHO-HOPMHPOBAHHOIO RPOCTPAHCTBA
©03HAYaeT, YTO B HeM BCSKad IOC/IEN0BATENbHOCTh, QyHIaMeHTAab-
Han 1o Kaxnao# u3 HopM - |ln, cxonures. :
[Tpumepn. 1. BakHbIM NpuMepoM CYETHO-HOPMHPOBAHHOTO
fIPOCTPAHCTBA CIYXKHT PACCMOTpeHHOe Bbille mpocrpaHcTBo K[a, b]
GeckoHeyHo Au¢depeHuHpYeMbIX QYHKLUHA Ha oTpe3Ke, eClH CyH-
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Tath, uTo HopMa ||-|lm B 3TOM mnpocTpancTBe ompenensercs ¢op-
MYJIOH
I fllm==sup [f® ()]
asi<ghb
0<km

OueBHIHO, YTO BCE 3TH HOPMBI COIMJIACOBAHbl MeXAy coGOH M 4TO
oHu onpepeaswor B Kla, bl Ty caMmywo TonoJjoruio, Koropas Oblia
ONMHCaHa BhILIE,

2. Tlyetb So — npocTpaHCTBO Beex GecKoHeuHO AubdepeHLUHpye-
MBIX ()YHKLUHH Ha NPSIMOH, CTPeMsIIMXCS HA GECKOHEUHOCTH K HYJIO
BMeCTe CO BCEMH CBOHMH NpPOH3BOAHBLIMH GbicTpee, uem 1/|#| B Jio-
Gofi creneHu (T. €. YHOBJETBOPSIOWHX ycaoBuio tAf@(f)—>0 npu
|t|—> oo npu a06bIX QuKCHpoBaHHLIX K H ¢). B 3TOM npoctpanctse
OnpeleNuM CUETHYIO CHCTEMY HOPM, MOJOXKHB

Ifila= sup |&f°®|, m=o0,1,2, ...
Sk Y%

HeTpynxo npoBepuThb, YTO 3TH HOPMBLI COrJIacOBaHbl MeXIy COGOM.
TakuM 06pa3oM, S. — CUETHO-HOPMHPOBAHHOE MPOCTPAHCTBO.

3. Baxublfi uyacTHBIH chayyall CYeTHO-HODMHPOBAHHBIX MPO-
CTPAHCTB — TaK Ha3blBaeMble CYETHO-THJAbLGEPTOBBl NPOCTPAHCTBA.
Ilycte H — nnHeliHOe NpOCTPAHCTBO, B KOTOPOM 3ajaHa CueTHas
CHCTEMA CKaJsIPHBIX MPOU3BENEHHN (@, P)n, IPHUEM DTPEANONONKHUM,
4TO HOPMHI Ilcpl],,=V(cp, @);, OTBeYalOIlHE 3THM CKAJSIPHBIM TpO-
H3BeZIeHHSIM, corsiacoBaHbl Mexay coboi. Ecau Takoe npocrpanctao
NOJIHO, TO OHO HA3BLIBAETCS C4ETHO-2UAb6epTO8bIM IPOCTPAHCTBOM.

4. KOHKpeTHBIM NpPHMEPOM CYETHO-THILOEPTOBA NPOCTPAHCTBA
MOXKET CJAYXHTb cjelylolilee npocrpadcrBo. Ilycts @ — coBokyn-
HOCTb BCEX TAaKHX YHCJOBBIX NOCJef0BaTeJbHOCTEH {Xn}, IJs KOTO-
PHIX NPH KaxJoM uesaoM k& = 0 pan

00

):I nkx2

n=

cXofuTcs. 3ajaguM B 3TOM NPOCTPAHCTBE CUETHYIO CHCTEMY HOPM,

MOJIO2KUB
00
Ixly=4/ X n*.
n=

HeTrpynno npoBepHTb, YTO 3TH HOPMBI COrJIacOBaHbBl Mexay co6oit
1 uTo D MOJIHO B YKA3aHHOM BbLillie CMbIcJE. SICHO, YTO KaXKAYI0 H3
HopM ||« [l MOXKHO 3a1aTh ¢ MOMOLIBIO CKaJSPHOTO NPOH3BELEHHSA

(x, Y= n};l n* %Y,
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T. €. @ eCcTb CUETHO-THNLGEPTOBO NMpoCTpaHcTBO. OHO HAa3HBaeTCH
npocTpancTéom boictTpo yboulsarowux nocaedosaresbHocrel.

Eciu E — cueTHO-HOpPMUPOBAHHOE NPOCTPAHCTBO, TO 3aj]aRHbIE
B HEM.HOPMBI || - |lx MOXXHO CYHTATb YNOBJIETBOPSIOHMH YCJIOBHIO

Ixele<Slixly mpn k<[, (2
TaK Kak MHaue Mbl MOTJIM Gbl HOPMBI [lx[|x 3aMeHUTh HOpMaMH
xlly =sup(Nxl, Nxly ..., Ixll),

onpene/siiolluMu B E Ty xKe caMyio TONOJIOTHIO, UTO M MCXOAHAS CH-
ctreMa HopM. [lomoanus npoctpadctso £ no kaxnoit us nopm ||« |lx,
Mbl TIOJYYHM CHCTEMY TMOJIHBIX HOPMHPOBAHHBIX NPOCTPAaHCTB Ep.
IIpn 3TOM M3 cooTHOLIeHHSI (2) H COrJaCOBAHHOCTH HOPM CJEeAYerT,
YTO HMEIOTCH e€CTEeCTBEHHLIE BJIOXKEHUS

E,oE, mnpu k<l

TaxuM 06pa3oM, KaxKAOMYy CYETHO-HOPMHPOBAHHOMY MNpPOCTPAHCTBY
E MOXHO CONOCTaBHTb YOLIBAIOLLYIO 11€NIOYKY NOJHBIX HOPMHPOBAH-
HBIX TIPOCTPAHCTB

EDED ... DE,D...; kﬂlEk:E.

MoxHo noKasarThb, 'JTO NpOCTPAHCTBO E nonno TOTAa H TOJbBKO TO-

rpa, kKorna E = ﬂ E, (mokaxure srto!). Tak, nampuMep, mnpo-

crpancreo Kla, b] 6ecxoueqﬂo auddepeHupyeMbiX GyHKLUHE Ha OT-
peske [a, b] ecTb nepeceqeﬂne TIOJIHBIX HOPMHPOBAHHBIX NPOCTPAHCTB
Crla,b] (n=0,1,2, ...), rne Cma, b] cocTont u3 ¢GyHKUHH, HMelO-
IUX HeNpepbiBHbIE nponssonnue J0 h-TrO NOpPSAKa BKJIOYHTEILHO,
4 HOpMa B HeM ompefensieTcs GopMyJion

Ifll.=sup [f® ()1

ast<h
0<k<n

B 30-x romax, xorga B OCHOBHOM B paborax Danaxa Obula mocrpoena Teo-
fHsl JIMHEHHbBIX HOPMHUDOBAHHBIX NPOCTPAHCTB, CJAOXKHJIOCL BNeYyaT/NeHKe, 4TO 3TOT
KJacC NMPOCTPAHCTB JAOCTAaTOYHO LIHPOK IJs TOTro, YTOGbl O6CAYy:HBaATh BCE KOH-
KpeTHble HYXJbl aHajusa. BrmocjeAcTBHH, OLHAKO, BBISCHHIOCh, YTO 3TO He Tak.
Oka3sasioch, YTO B psifle BONPOCOB BaXKHbI TakWe NPOCTPAHCTBA, KAK NPOCTPAHCTBO
GeckoneyHo nHdepesnupyemMbix QyHKIHHA, NPOCTPAHCTBO BCEX UHCJAOBHBIX MOC/AENO0-
Bate/bHOCTeH R M Jpyrue NpOCTPaHCTBA, B KOTOPHIX €CTECTBEHHAs A/ HHX TO-
noJIOTHR He MoXeT OblThb 3aJlaHa C NOMOMIbIO Kakoi Obl To HH OblJO HOpMbL. Ta-
KHM 00pa3oM, JiMHEHBle IPOCTPAHCTBA — TONOJOTHYECKHE, HO He HOPMHpYyeMble —
3TO BOBCe He 00S3aTeJbHO «IK30THKa» WM «NaToJOTHst». Hao60opoT, HekoTopbie
M3 3THX NPOCTPAHCTB NPEACTaBASIOT cOGOH He MeHee eCTeCTBEHHblE H BaXKHble 006-
O6LIeHHS] KOHEYHOMEPHOro €BKJIMAOBAa TNPOCTPAHCTBA, YeM, CKaXeM, I'HaL6epToBO
BPOCTPaHCTBO.



Fr'TABA 1V

JIMHEAHBIE ®YHKLLHOHAJIbI
H JIMHENHBIE ONEPATOPbI

§ 1. HenmpepbiBHble anHeHHblE (YHKIHOHAMAbI

1. HenpepuiBHbie JHHeHHble (QYHKUHOHAJNB B TOMOJOTHYECKHX
JuHelHbiX npoctpancrBax. B § 1 ra. 111 Mbl yxkKe paccmatpusaiu
(YHKUMOHAJL, onpeleseHHble Ha JHHEHHOM mpocTpaHcTBe. Ecau
peub uaer O (QyHKUHOHAJNaxX, 3aJaHHBIX HA TONOJOTHYECKOM
JHHeHlHOM IPOCTPaHCTBE, TO OCHOBHOH HHTEpEC MpedCTaBJISIOT H e-
npepbBHb e QYHKUHOHAJB;, KaK 06bIYHO, GYHKLHOHAT f, ompene-
JIeHHBIH Ha mpocTpaHcTBe £, Ha3bIBaeTCsl HenpepouiHbimM, €CIH IJst
BCAKoro xo & E u Besakoro e > 0 cymectByer Takas OKpecTHocTh U
3JeMeHTa Xg, UTO

[Fx)—Fx)<e mpu x&U. (1)

310 onpeneneHye OTHOCHTCH, B YACTHOCTH, H K JIHHEAHBIM QYHKLHO-
HaJaM. ‘

Eciu E—KOHeYHOMEDPHOE TOMOJOTHYECKOE JIHHEHHOe Mpo-
CTPaHCTBO, TO BCSIKUH JMHeHHBIH QyHKUHOHAM HA E aBTOMaTHYeCKH
HenpepblBeH. B ofllleM cayuae U3 JHHEHHOCTH (YHKIHOHAJa ero
HenpepbIBHOCTb He BBLITEKAeT.

Crenyiolllee yTBepXKAeHHe CYLIEeCTBEHHO AJs NaJbHEeRIlero, Xors
U TIOYTH OYEBHIHO.

Ecau aunetinoili pynkyuorar | nenpepoigen 8 Kaxoi-a1u60 00HOL
Touke x = E, 10 01 Henpepoisen u 8crody Ha E.

HelcTBUTENIbHO, NYCTb Yy — NPOH3BONLHAS TOYKAa B E W mycTh
e > 0. BoiGepem okpectHocTb U TOUKH X TaK, 4TOObl BHINOJHANOCH
yeaosue (1). Torga caBUT 3TOH OKPECTHOCTH

V=U+(y—x)

6yneT HCKOMOHM OKDEeCTHOCTbIO TOYKH Y, TaK Kak ecin ze V, to
2+ x—y e U n, cienosatenbHo,

@ =T I=1Te—y+x)—fKI<e.

Takum o06pa3oM, TPOBEPSATL HENPepbIBHOCTb JHHEHHOro (YyHK-
1UI0HAMa J0CTaTOYHO B OHOH TOYKe, Hampumep B 7ouke 0.

Ecau E — npocTpaHCTBO C MEepBOH AKCHOMOH CYETHOCTH, TO He-
NpepbIBHOCTb JHHEHHOro QyHKUHOHANa Ha E MOXHO chopMyaupo-



§1] HEMPEPBIBHBIE JMHEMHHE ®YHKLUWOHAJB 175

BaTh B TePMHHAX MNocJenoBaTeNbHOCTeR: QyHKIHOHAN [ Ha3biBaeTcs
HelpepLIBHLIM B TOUKe X & E, eClIH U3 X, —> X caenyer [ (xn)y—f(x).
TIpoBepka paBHOCHJIBLHOCTH 3TOTO OMpeJeseHHs] HeNPephLIBHOCTH MpHU-
BeleHHOMY Bbillle (TNPH HAJHYHK MEPBOH AKCHOMBI CUETHOCTH) mpe-
JOCTaBJISIETCS YHTATEIO.

Teopema 1. aa 1020 4T0661 Aunelinbll ynkyuonar | Gotr
nenpepoieen Ha E, Heo6x00umo u docrarouno, 4Tobel cywectaosara
TaKas oKpPecTHOCTs HYAa 8 E, Ha KoTopoi dynkyuonas | oepanuuen.

HNokaszateanbcTBo. Eciu dyHkunonan | uenpepbiBen B Touke
0, To ana xaxporo € >0 cylecTByeT OKpeCTHOCTb HYJs, HA KOTO-
poit

If(x)]<e.

O6pathHo, nyctb U — Takas OKpeCTHOCTb HYJS, UTO
[fx)|<C npu x&U,

e .
u nyctb & > 0. Torna = U ectb Ta OKPECTHOCTb HYJIsl, HA KOTOPOH

|f(x)|<<e. Tem caMbiM HOKa3aHa HenpepuiBHOCTL [ B Touke 0, a
3HAYHT, H BCIOAY.

YunpaxueHHe. Ilyctb E — tonosornueckoe JHHEHHOE TNPOCTPAHCTBO; AO-
KaXHTEe CNPaBeAJHBOCTb CJAEAYIOWHX YTBEpIKIEHHH.

(a) Jluueiinwiit dyHknuoHaa f Ha E HenpepbiBeH TOr[a H TOJBKO TOrAd, KOTAZ
CYyIIECTBYeT Takoe OTKpHToe MHOXecTBO U — E H Takoe uHcano f, uro ¢ &[(U)
rae f(U) — mHoXecTBO 3HaueHuit f na U.

(6) Jlunefiunii dyHxkuuoHan | Ha E HenpepblBeH TOTAa H TOJLKO TOTMAa, KOTAA
ero agpo {x: f(x) = 0} 3amkuyto B E.

(8) Ecau Beskuil auHefiHbH GyHKuHOHaA Ha E HempephiBeH, TO TOMOJOrHst B
E coBnajaer ¢ sepHO-BHINYKJOH TomoJorHeit (cM. ynpayuenwe 2 na ctp. 170).

(r) Ecan E GecKOHEUHOMEpPHO H HOPMHPYEMO, TO Ha HEM CYWeCTBYET He He-
OpepHBHHH JHHEAHHH QYHKIKHOHAA (BOCHOAb3yHTeCh cyuiecTBoBaHHeM B E 6asuca
Tamens; cM. ynpaxHeHHe Ha cTp. 123).

(n) Mycte B E cymecTByeT onpenensiomast CHCTEMa OKPECTHOCTeR  HYyJs,
MOIHOCTb KOTOPOH He NPEBOCXOAMT ajre6paHuecKolfl pa3MepHOCTH NPOCTPAHCTBA
E (1. e. MowmHocTH Ga3uca Tameas B E; cM. ynpaxnenue na crp. 123). Torna ua
E cymecTByeT He HenpephlBHHI JHHEAHKH HyHKIHOHA.

(e) HOas toro utoOw JanHeHHbii $yHknuoHan f Gbln HenpepniBen Ha E, ne-
o6xomnuMo, a B chayuae, Korjla E ynoBreTBopsieT nepBOfi aKCHOMe CUETHOCTH, H
OCTATOYHO, YTOGH OH OBl OrpaHHYEH Ha KaXAOM OTPAHHUEHHOM MHOMeCTBe.

2. JiuHeiiHbie (QYHKUHOHANL HA HOPMHPOBAHHLIX NPOCTPAHCTBAX.
Ilycts paccmatpuBaemoe npoctpancTBo E HopMuposano. [lo Teo-
peMe | BCAKHA HenpepblBHBIN JHHEHHbIH GYHKUUOHAN [ OorpaHuyeH
B HEKOTOpPOH OKpecTHOCTH HyJs. Ho B HOpMHpoBanHOM mpocTpaH-
CTBe BCSIKAast OKPECTHOCTb HYJSl COMEPKHT LIAp W, 3HAYMT, [ OrpaHu-
4eH HAa HEKOTOpoM wape. B cuay nudefiHocTH GYHKLHOHAJIA 3TO
PaBHOCHJbHO €ro OrPaHHYEHHOCTH Ha J060M 1lIape, B YaCTHOCTH, Ha
enunuuHoM [lx||<< 1. O6paTHo, U3 orpaHHYeHHOCTH GYHKUHOHaJa f
Ha eNMHHYHOM lIape CJAELYeT, B CHIY TOH XKe TeopeMhl 1, ero Hempe-
PBIBHOCTb (H6O BHYTPEHHOCTH 3TOro IIapa mpefcrabiser coboi
OKPECTHOCTb HYyJIf).
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Urak, 8 HOpMUpoBanHoM NpOCTPAHCTEE AuHelHbll (BYHKYUOHAA
HenpepolBen 8 TOM U TOALKO TOM CAy4ae, K020a e20 3HAYeHUs Ha
eOuHUYHOM wape 02paHuienbl 8 COBOKYNHOCTU.

Iycrb f — HenpepbIBHbIA JAHHEAHBIH QYHKIHOHAT B HOPMHPOBAH-
HoM npocrpanctse E. Hucno

Nfll= Sup, [F(x)1, (2)

T. €. TOUHYIO BEPXHIOW rpanb 3HaueHuil |f(x)| Ha exunuunoMm wape
NpoCcTpaHcTBa E, Mbl HasoBeM HOPMOU (pyHKumHana f. OTMerum
clelyloUIHe MOUTH OYeBHAHble cBoicTBa [|fll:

) 7= sup LEEL
X0

3TO Cpa3y CJAeAyeT U3 TOro, YTO AJIS BCAKOro x 7= 0

”u(xxu)‘—lf(nxu)‘

2) Hns nwboro x e E

[P I Nx]. &)

JeficTBUTENb 70, ecad X #= 0, TO 3/JeMeHT

"x” NPpUHAMJECKHUT eou-

HHUYHOMY WIApy, CJeN0BaTe/NbHO, 1O OMNpee/]eHHI0 HOPMbl QYHKIHO-

o o
If (v )l— S

otkyaa chaenyer (3). Ecan ke x =0, 0 B (3) cnpaBa u cieBa
CTOSAT HYJIH.

Yupaxueunune. Ilycts C = 0 — Takoe UHCAO, 4TO
[f )< Clixll 4)

npn ao6om x. Hokaszarb, uto [fil = inf C, rne inf Geperca mo Bcem C, ynosie-
TBOPSIOLIHM HepaBeHCTBY (4).

PaccMOTPHM npUMepH! JHHEAHBIX GYHKIHOHAJIO0B B HOpMHPOBAH-
HBIX POCTPAHCTBAX.

1. ITycte R™ ecTb n-MepHOe eBKJHJI0BO NMPOCTPAHCTBO M @ — Ka-
KOH-1u60 duKcHpoBaHHBIH BeKTOp B HeM. CkansipHOe nmpou3BeleHHe

fx)=(x, a),

rz2 v npoberaet Bce R™, npeacrasasier coboii, oueBUAHO, JTHHEHHDIA
¢yukuuoHaa Ha R™ B cuny Hepasenctsa Kown — ByHsiKoBckoro

F@) =I( aI<Ilxl-lal (5)
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CJ1e0BATENbHO, 3TOT PYHKUHOHA OFPAHHYEH, @ 3HAYMUT, H HEMIpEepbi-
BeH Ha R™. M3 HepaBenctBa (5) mosayuaem, uto

Ll jal,

Tl

Tak Kaxk npaBasi 4aCTb 3TOrO0 HEpPABEHCTBA HE 3aBUCHUT OT.X, TO

UL < jpaf,

T. e. |fII<lall. Ho nonoxus x=a, noayuum

@) =(a, a)=lalF, 7 e LDL_jq)

sup

Iostomy |Ifll=llall.
2. Uurerpan

b
um:Squ

rae x(f)— uenpepsiBHas (yHkuds Ha [a, b], npencrasaser coGoi
JuHednslll @yHkunonan B npoctpancree C{a, b]. d1oT dyHKIMOHAN
orpaHuyeH, a ero HopMa pasHa b — a. JlelicTBHTeNbHO,

b

wam

a

[1(x)|= <max| x () [(b—a)=[x[(b— a),

npuyeM TMpH x = const goCTHraeTcsi paBeHCTBO.

3. PaccmoTpum Gosee o6wmuit mpumep. Ilycts yo(f)— duxcnpo-
BaHHasi HempepbiBHasi dyHxkuus Ha [a, b]. Tlosoxum pas mo6oi
dyuxunu x ()< Cla, b] ,

Foy={ O

a
Stor ¢pyaxuuonan auHeed. OH orpanHyeH, Tak Kak
b b

{200 at| <z {15014 (6)

a a

F(x)|=

B cuay JHHEAHOCTH H OTPAHHYEHHOCTH OH HenpepbiseH. M3 (6) cue-
AyeT OlIEHKA €ro HOpPMbi:

b
N1 g0t 1at.

([lokaxkuTe, 4TO Ha CaMOM [eJe 3[eCb HMeeT MeCTO TOYHOE paBeH-
cTBo!)
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4. Paccmorpum B npocrpanctse Cla, b] nuHelinbil QyHKIHOHAMN
b1, (%) = x (to),

yxe ynomuHaswuiica B n. 5 § 1 ra. 1II. Ero sHaueHHe Ha GyHKUUK
x(t) onpenensiercs KaK 3Hauenue x(f{) B maHHOWM TOUKe fo. flcHo, uTO

x (@) <<l x|,

npHueM AJs x == const uMeer Mecto paBeHcTBo. OTcl0fa cpasy cie-
nyer, uto HopMa QyHkUHoHana b, paBHa l.

5. B n060M €BKJAHAOBOM TNpocTpaHCTBe X MOMXKHO ONpelesHTh
auneliHBlA QyHKIHOHAN Tak Xe, Kak H B R™, Bu6paB Hekorophlit
(GbUKCHpPOBaHHBIA 3JeMeHT a & X ¥ MoJMOoXHB 1as nwboro x X

F (x) = (x, a).

Kak B cayuae R™, nerko nposeputb, 4TO IpH 3TOM
I Fll=lall

B nanbhelinieM Mbl 6yfieM paccMaTpHBaTh TOJbKO HeNpepbIBHbIE
JMiHeHHble QYHKIHOHAJBI, a CJIOBO «HeNpepLIBHbIA» 6yleM AJa KparT-
KOCTH ONlyCKaTh.

[ToHsTHIO HOpPMEI JHHEHHOro GYHKIHOHAAA MOXHO 1aTh CJAEAYIO-
Ly HardasaHylo uHTepnperaunio. Mel yxe Bugean (ra. I, § 1),
YTO BCAKOMY HEHYJeBOMY JIHHEHHOMY (YHKLHOHA/Y MOXKHO COINO-
CTaBHThb THNEPIJIOCKOCTb L, onpelesiseMyio ypaBHeHHeM

fx)=1.

Haiinem paccrosinue d ot stoft runepnjockoctu go rodku 0. Ilo on-
penenennio, d == inf [[x|. B cuny ouenkn

fo=!
P IIFL- ]

Ha THNepPIocKoCcTH f(x) = 1 6ynem umetb | x| = 1/l f || u, 3nauur,
d>=1/fll. C npyro# cTOpOHBI, B CHJy ONpeleleHHs HOPMbl [ A%
J060ro e > 0 Ha@geTcAd TAaKOH 3JeMeHT Xg, NOAUHHEHHDBIH YCAOBHIO

g) = 1’
Fee) = 1, wro > (1l — o)l x;
1

i —e*

NO3TOMY
d= infl||x1|<

flx)=
ITockoabky & > 0 NpoH3BONbHO, NTONydYaeM
d=1MFl

T. €. HOpMA AUHeliH020 GynKyuoHara | 06parna paccToOAHUIO 2unep-
naockoctu f(x)=1 or rouxu 0.
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3. Teopema Xana — banaxa B HOPMHPOBAHHOM MNPOCTPAaHCTBE.
B § 2 ra. 11l mbt poxkasanu o6myto teopemy Xana — Banaxa, co-
rJ1aCHO KOTOPOH BCAKHE JIHHEHHBIA (QYHKUHOHAJ fo, ONpeneseHHbIl
Ha HEKOTOpOM mnoampoctpaHctBe L JuHeliHoro mpoctpaHctsa E H
YAOBJIETBOPAIOUIUA YCTOBHIO

[fo () I<<p(x) ' ™

(p — PuKCHpOBaAHHBIA OJHOPOAHO-BHIMYKJIBIA (yHKunoHan Ha E),
MOXeT GHTb MpoJOJKeH HAa Bce E ¢ coxpaHeHHEM 3TOro YCJOBHS.
TlpuMeHHTEJbHO K HOPMHPOBAHHBIM NPOCTPAHCTBAM 3Ty TeopeMy
MOXXHO ¢HOpPMYJIHPOBATh CJaedyIOIWHM 06pa3oMm:

" Hycre E — OelicTaureabrHoe HOpMUPOBAHHOE APOCTpaHCcTE0, L —
€20 nodNPOCTPARCTBO U fo— O2PAHUUECHHBIL AUHElHbI PYHKYUORAA
Ha L. 3ror aunelinoili pynkyuonar moxcer 6oiTo npodorsxen 0o He-
KOTOPO20 AuHeliHo20 pyHnKkyuonara [ Ha eécem npocrparcree E Ges
yBeAuuenus HOpMYL, T. e. TAK, 4TO

l fO [la L = f [lea E-
JeficTBUTENbHO, NYCTD
Il follia L= %.
fAcuo, uto kllx|l — onHOpoxHO-BEIMYyKABIA GyHKUHOHAJA. BasiB ero B

KayecTBe p H NpHUMeHsAs obmyio treopeMy XaHa — Baunaxa, nosayuum
TpeOyeMbIil pe3ysbTart.

Sta dopma TeopemMpt XaHa — Banaxa pomyckaer cleAylOUyiO
reoMeTPHYECKYIO HHTEpNpeTaluio. ¥ paBHEHHE

fo(x)=1 8)

onpepesier B NOANPOCTPAHCTBe L THNEPIJIOCKOCTb, JeXallyio Ha
paccrosinun 1/llfoll ot Hyns. IMpomonxkas ¢ynkunonan f, 6e3 yBesu-
4yeHHs HOpMbI A0 PyHKUHOHA/NA HA BCeM E, Mbl IPOBOAMM uepes 3Ty
YACTHUHYIO FHIIEPIJIOCKOCTb «60JbIIYI0O» MHIEPIJIOCKOCTb BO BCeM E,
NpPHYEM «He M03BOJsieM» efl MPHOIH3HTLCA K HYJIO.

Kommniekcublii Bapuant TeopeMbt XaHa — Banaxa (teopema 4a
§ 2 ra. 111), maer HaM KOMIJIEKCHBIH aHAJOT NpeAbAYILel TeOPEMBI:

ITycte E — KOomMnaeKkcHOe HOPMUPOBAHHOE NPOCTPAHCTBO, fo— Au-
Helnbll o2panuvennsblil @yuxyuonaas, onpedeserHvii Ha nodnpo-
crparcree L < E. Toeda cyujecteyer aunelHolli Oz2paHudexrsii
pynryuonan f, onpedeaennvii Ha acem E u ydosaersoparoujuii yc-

nA08UAM
fW=fo(x), x=L,

l f [lea E™— I fO llsa L-

YkaxeM HeKOTOpble BaKHble (aKTbl, BHITEKAIOUIHE H3 TEOPEMbl
Xana — Banaxa a/is HOpMHPOBaHHBIX npocTpancTB. [IpeaBapuTenbuo
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clejaeM cleaylolilee 3aMeuaHue. BLIMyKJoe MHOXECTBO B JIHuel-
HOM NPOCTPAHCTBe Mbl Ha3BaJ/i BLIMYKJbLIM TeJIOM, €CJAH OHO HMeeT
Henycroe sifpo. MOXHO MOKasaTb, UTO B HOPMHPOBAHHOM MPOCTpaH-
CTBe SIJPO MHOXECTBA COBMNAfaeT, OYEBHAHO, C COBOKYNHOCTbIO €ro
BHYTpEHHHX ToueK. Takum o6pa3om, B HOPMHPOBAaHHOM NpPOCTpaH-
CTBE BBLINYKJOE TeJ0 — 3TO BBHIMYKJOE MHOMXECTBO, HMelollee XOT:
6Ll olHy BHyTpeHHol0 Touky. Otciofa H u3 Teopembl 5 § 2 ra. I
BbITEKAeT CAeAYIOUIHH QaKT.

CanepctsBue 1 (nepBas Teopema ormeaumoctH). ITycte A u
B — sbinykavie MHOJNCECTBA 8 HOPMUPOBAHHOM NPOCTPAHCTEe X, npu-
yem xoTa Obl OOHO U3 HUX, CKawem A, A8A8€TC BBINYKAbIM TEAOM LE
e20 a0po He nepecexaerca ¢ B. Toeda cyuiectsyer Henyresol He-
npepolerbLll AuHelnbll Gynkyuonaa, pasoesarowut A u B.

CyuiecTBOBaH#e HeHy.1eBOro (pyHKIHOHAaJa, pasiedsiouiero A u
B, ofecneunBaerca camoii teopemoil 5 § 2 ra. II1. Tlokaxem, urto
COOTBETCTBYIOMNE QyHKIHOHAN 06513aTeqbHO HenpepbiseH. leficTu-

TeJbHO, €CJH ‘
sup f(x) << inf f(x), (9)
x€A x=B

10 Gynkuuonaa f orpanuyen Ha A cBepxy. ITycTb xo— BHyTpeHHAS
tTouka MHoxkectBa A u U(xp)— ee wapoBas OKPeCTHOCTb, LEJHKOM
aexamas B A. B cuny (9) dyuxuuonan [ orpanuuen na U(xp)
ceepxy. Ho torna on orpanusen Ha U(xo) u cHH3y (npoBefuTe 10-
KasateabcTBo!). Tak Kak JuHeHHbI QYHKLIHOHAJ, OrPAHHYEHHBIH Ha
KaKoM-JH60 11ape, HeNpepbiBEH, TO Hallle yTBEPXKAEHHE HOKa3aHo.

CnencrtBue 2 (BTOpas TeopeMa oTAeaumoctH). ITycte A —
3AMKHYTOE MHONCECTBO 8 HOPMUPOBAHHOM npocTpancTee X u xo=X—
Touka, e npunadasencauian A. Toeda cyujecT8yer HenpepoleHbll Au-
Hellnbul ynkyuonaa, cTpoeo pazdersrouyuli xo u A.

JeHcTBUTENBHO, IOCTATOYHO B35ITh HEKOTOPYIO BLIMYKJYIO OKPECT-
Hocts U TOUKH Xo, He mepecekatomyiocsi ¢ A, u paccMoTpeTb QYHK-
uuonad, paspenswomui U u A. (IlpoBenuTte 10Ka3aTenbCTBO TOTO,
4YTO HeHyJaeBol GYHKIHOHAA, pasfenstomuit U u A, HenpeMeHHO
CTPOro pasfiensier xo H A.)

Cnencteue 3 (aemma 06 anuyastope). Jan ecakoeo (3amk-
HYTO20) cobcTeenHozo noonpoctpanctea L 6anaxosa npoctpancrea
X cyuwjecreyer Henynesoii HenpepoiBHbll aunelnbll ¢pynkyuonaa f,
pagHbili Hyaro Ha L.

JelcTBHTENbHO, YCTh Xo& L M [ — HenpepblBHBIA JIHHEAHDI
(¢ YHKIHOHAJ, CTPOro pasielslouui Xo 1 L:
f (x0) > sup [ (x).
xsL

Torna f(x)=0 nHa L, Tak xak HHaye BepXHAd TPAHb CIpaBa
6his1a 6bl paBHaA | 00,
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COBOKYNMHOCTb (YHKLHOHAJIOB, PaBHbIX HYJIO Ha JaHHOM MOJ-
NpPOCTPAHCTBE, HA3bIBAETCA QHHYAATOPOM ITOTO MOANPOCTPAHCTBA H
o6o3navaercs L™ 1).

Cunencrsue 4. Ecau xo— HeHyre80l dneMeHT 8 HOPMUPOBAH-
HOM npocTpancTee X, TO CYU,ECTBYET TAKOW HEeNnPepPLISHbLLL AuHelHbLE
¢ynrkyuonan f na X, uro

IFll=1 u [(x))=Ixol. (10y

JleicTBUTENBHO, ONpeNe/nuB crnepBa GbyHKUHOHAT [ HA oxHOMEp-
HOM TIOJTIPOCTPAHCTBE, COCTOAUIEM H3 3JIEMEHTOB BUIA aXo, hopMmy-
aoil f(axe) = allxoll, a 3aTeM nponoKHB ero 6e3 yBeJHUEHHS] HOp-
Mbl Ha Bce X, Mbl H TOYYHM GYHKUHMOHAJ, YAOBJIETBOPSIOWMA YCI0-
BusM (10).

3ameuanne. [l NpPOHU3BOJBHBIX JIOKAJbHO-BHIOYKJBIX TPO-
CTPaHCTB cJencTBHA | —3 ocraioTcs B cule 6e3 U3MEHEeHHUH, a cJjel-
ctBue 4 MOXeT OBITh 3aMEHEHO yTBEPKAEHHEM: AJIST BCAKOTrQ Xo 7= O
CyLeCTBYeT TaKOH HempepbiBHbIA JuHedHBH ¢yHKUHOHAn f, uro
F(x0) 7 0.

4. JInHefinble QYHKUHOHANLI B CYETHO-HOPMHPOBAHHOM NPOCT-
panctee. Ilyctb E — CcueTHO-HOPMHpPOBaHHOE NPOCTPAHCTBO C HOP-
mamu ||-ll, (=1, 2, ...); He orpannuuBas OGIIHOCTH, MOXHO CUH-
Tatb (cM. cTp. 173), uto pas Besikoro x & E

Ixh<ltsl<...<lxlh<... (1)

Ilyctb [ — HenpepbiBHBIA JHHeAHBIH yHKiHOHAN Ha E; torma B E
CyleCTBYeT OKpecTHoCcTb Hyas U, Ha KoTopblii [ orpannued. B cuny
onpefie/ieHHs] TOMOJOTHH B CYETHO-HOPMHDOBAHHOM TpPOCTPAHCTBE
HalAyTCs TaKoe HaTypaiabHoe k u Takoe € >0, uto wap By .=
= {x :||lxllx << €} neaukom aexur 8 U; Torna byukuuonasa f orpanu-
YeH Ha 3TOM lIape H NOTOMY OFPaHUYEH H HenpepbiBEH OTHOCHTE/b-
HO HOpMUI || - lx, T. €. cyulecTByeT Takoe C >0, uto

[fI<Clxl,, xeE.

C npyro#l CTOPOHBI, OYEBHIHO, YTO €CJH JIHHeHHbIH (yHKUHOHAM
OrpaHuueH MO KaKofA-JH60 u3 HOPM | -|ln, To oH HenpepbiBen Ha E.
Takum o6pasoM, eciu Ej — 3anac Bcex JIMHEHHBIX (DYHKIHOHAJOB
Ha E, HenpepbIBHHIX OTHOCHTEJNBHO HOPMHI n, a E* —3amacBcex
JIMHeHHBIX HenpephBHBIX GYHKIHOHANOB Ha E, To

E'= CJ E;. (12)

=l

'Yy B § 4 ra. III Mpl 0603HaYHAH Tak OPTOroHaNbHOE NOMOJHCHHE MOANPO-
CTPaHCTBa B €BKJHMAOBOM TNpocTpaHcTBe. Kak GyaeT BHAHO B CjeAyiolieM mapi-
rpade, B €BKJHAOBOM NPOCTPAHCTBE TNOHRTHS OPTOTOHAJLHOTO NOMONHEHHS H aH-
HYJSTOpa PAaBHOCHWJIbHBEI, NOSTOMY COBMNajeHHe 0GO3HAYEHHIl ONMpaBRaHO,
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Kpowme Ttoro, us ycaosus (11) caenyer, uto
EilcEc...cE,<...

Ecan f — HenpepbiBubli auHedHbld QyuxunoHan Ha E, 1. e. f= E*,
TO €ro NopAJKOM Ha3bIBAETCSl HAUMEHbIllee U3 YUCeJ £, MU KOTOPBIX
f=E; B cuny pasenctsa (12) xaxdoui nenpepol8uoill AutelinbLl
Qyuxyuonar na E umeer koneunoui nopadox.

§ 2. ConpsikeHHoe NPOCTPAHCTBO

1. OnpeneneHne cCOMpsiXKEHHOr0 mnpocTpaHcTBa. [ljga JHHEHHBIX
({YHKLHOHAJIOB MOXHO ONpEeIeNUThb ONepaluH CJIOXKEHHS H yMHOXe-
HHA ux Ha yucaa. [Iycetb fi M fo— nBa JMHe#HbIX GQYHKIHMOHANA Ha
HexoTOpoM JuHelHoM mpoctpanctBe E. Ux cymmod f;+ f. nasw-
BaeTcs JIMHEHHbIH QPYHKLHOHA

fR)=FH®+f(x), x&E

Ipoussedenuesm of; nuneitHoro GpyHKUHOHANA f; Ha YHCIO o HA-
3piBaercs PyHKIHOHA

f@=ofi(x), x<E.
Pasencrtsa, onpefeasiioutne f; 4+ fo u af;, MOXHO 3aDHcaTh H TaK:
(Fi+f)@)=HE+T®), (f)x)=qdf (x).

fcHo, uTo cymma f; + fo u Tmpou3BeneHue af, NpeACTaBAAIOT CO-
6oi JsuHelHble QyHKUHOHauabl. KpoMe Ttoro, ecau npoctpanctso E
TOMOJIOTHYECKOE, TO H3 HenpepbiBHOCTH GyHKUMOHAMOB f; H fy cae-
nyet, uto f1 + fa 1 af; ToXe HenpepuiBHB! Ha E.

Jlerko mpoBepuTb, UTO TaK OMNpeleJeHHble ONepalHH CJI0XeHHS
¢YHKLHOHANOB H YMHOXEHHS HX Ha 4YHCJa YIOBJETBOPSIOT BCEM
aKcHOMAaM JIMHEHHOro mpocTpaHcTBa. Muade roBopsi, COBOKYIHOCTb
BCeX HENpepbIBHBIX JHHEAHBIX GYHKILHOHAJOB, ONpe/ie/IeHHbIX Ha He-
KOTOPOM TOIMOJIOTHYECKOM JIHHeHHOM npocTpancTse E, o6pasyet JiH-
HeliHoe npocTpaHcTBo. OHO Ha3biBaeTCcst MPOCTPAHCTBOM, CONPANCEH-
Hoim ¢ E, u obo3Hauaercs E*.

YnpaxueHnue COBOKYNHOCTb BCeX JHHEeAHHX QYHKUHOHanoB Ha E, ue
obs3aTesbHO HeﬂpepblBHle, Ha3blBaeTcsa a/leedpaultecxu COﬂpﬂ.’)IﬂEHHblM ﬂpOCTDaH-

cTBOM  oGosHauaercs E¥. ITpuBecTu nmpuMep TOMOJOTHYECKOTO BEKTOPHOrO Npo-
ctpanctea E, Takoro, uTo
E* 5= E*,

B conpsixeHHOM NpocTpaHcTBe £* MOXHO pasiHuHbIMH cnocoba-
MH BBeCTH TONOJIOTHIO. BakHelllliHe M3 HHX — 3TO CUAbHAA H CAG-
6as TONMOJNOTHH.

2. CuabHas TOMOJOrHA B COMpPsiKeHHOM npocTpancTBe. Haunem
¢ TOro MpoCTeilIero cjaydyasi, Koraa WCXOAHOe MPoCcTPaHcTBO £ Hop-
MiupoBaHo. JLasi HenpepbIBHBIX JHHEHHBIX GYHKUHOHAJIOB, 3alaHHbIX
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HA HODMHPOBAHHOM IIPOCTPAHCTBE, Mbl BBEJIH NOHATHE HOPMbI, MO~
JIOXKHUB
[ F(x)]

=1l

Il =sup
X0

DTa BeJMUMHA YNOBJIETBOPSET BCeM TPeGOBAHHAM, COEPKATILIMCA B
onpejleleHHH HOPMHPOBAHHOTO NMPOCTPAHCTBA. JleficTBUTELHO,
1) Ifll > 0 nas mo6oro Henysesoro JuHelHOro GyHKUHOHAAA [,

2) lafll=|al-1fl
9 11+ Fl—sup LI

el
x Fy (x)!
<sup U+ sup L2 — iy 1,1
TakuMm o6pasoM, npoctpanctso E£*, conpsixKeHHOe K HOPMHPOBAHHO-
MY, MOXHO HaJeJHTb €CTECTBEHHOH CTPYKTYpPOH HOPMHPOBAHHOTO
npoctpancTta. Tonosiorus B E* oTBeuaionlas BBeleHHOH HOpMe, Ha-
abiBaetcs cuavHoil ronosoeued B E*. JKenas nopvepkHyTtb, uto E*
paccMaTpuBaeTCs KakK HOPMHPOBaHHOE TPOCTPAHCTBO, Mbl Oyliem
BMecto E* nucatb (E* [I-1f).
YcraHoBUM cienylolllee BaXKHOe CBOMCTBO MPOCTPAHCTBA, COMpS-
ZKEHHOTO K HOPMHPOBAHHOMY.
Teopema l. Conpsascennoe npocrpancrso (E*, |-} noano.
HokaszarteabcrtBo. Ilyers {fn} — dynnamenranbuas mocne-
JOBaTeJNbHOCTb JHHEHHBIX PyHKIHOHaNoB. Toraa ans Kaxpaoro e=>0
naigercs takoe N, uto |Ifn — fmll << & mast Bcex n, m = N. Orciona
st moboro x & E nonyyaem

Ifn(x)'— fm(x)l<"fn—fm”'”x”<3”x”’

T. e. Ipu Jio6oM x € E yucaoBas mocsenoBartesbHocTh {fr(x)} cxo-
JIUTCH.
Tlonoxkum
f(x)= lim f, (x).
n-»oo

Ilposepum, uto f mnpeacraBasieT co6oil HENpepbIBHLIA JIHHEHHDI
dyukunonana. JIuHedHOCTh MpOBEpsIETCS HEMOCPEACTBEHHO:

f(ox -+ By) = ,,“li'o fn(ox -+ By) =
= 12130 [af, (x) -+ Bfn (1)] = of (x) -+ Bf (y).
Ilns poxka3aTesbCTBa HeNpepBIBHOCTH (GYHKIHOHAJA [ BepHeMcs

K HepaBeHCTBY |fn(X)— fm(¥)|<<ellx|l » nepeiinem B Hem x mpe-
Iy TpH 1M —> 00; NONYHHM

[T () =T <elx].
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Otciona BbiTeKaer, yTo ¢yukuuonan f—f, orpannuen. Ho torma
OrpaHHueH,  3HAUHUT, HenpepblBeH H QYHKUHOHAN | = fn + (f — fa).
Kpome Toro, orciona xe caeayer, uto ||[f — fall < e nasiBcexn =N,
T. €., uto {f»} cxoaures K f.

[ToguepkHeM ellle pa3, uTo 3Ta TeopeMa CIpaBe/J/JHBA He3aBHCH-
MC OT TOFO, [OJHO WJIH HeT HCXOJAHOe MPOCTPaHCTBO.

3ameuanue. Ecau nHopmuposarnnoe npocrpanctso E ne noano,
a E — ezo nonoaxenue, To npocrpancrea E* u (E)* usomopgrot.

IefictBuTenbHO, eciu E BjoXKeHO B E B KauecTBe BCIOAY MJIOTHO-
ro NOJAMHOXKECTBa, TO BCAKHH JHHEHHBI HenpepbiBHbIH Ha E (QyHK-
uuoHan f mpomoJskaercs no HemnpephiBHOCTH ¢ E na Bce E. O6o3na-
unuM 37O (eAHHCTBeHHOe!) nmpoao/KeHue f. SlcHo, uto f = (E)*, Il =
= |Ifll, u yro BCsiKMH GyHKUHOHAA K3 (E)* CAYKHT NPOAOJKEHHEM
nekotoporo ¢yHkuuonana u3 (E)* (a uMeHHO, cBOero Cy»xéHuus Ha
E). CnenosarenbHo, oto6paxenne f—>[ mpeacrasasier co6oii H30-
Mop¢dHoe oToGpaxenue npoctpancTBa E* na Bce npocrpancteo (E)*.

OnpenenuM Tenepb CUAbHYIO TONOAO2UIO B TIPOCTPAHCTBE, COINPS-
JKEHHOM K MpPOH3BOJBHOMY JHHEHHOMY TOmMoJorHueckomy. B mpo-
CTpPAHCTBE, CONpPSIKEHHOM K HOPMHPOBAHHOMY, MBI OIpERENHJH
OKDPECTHOCTb HYJsl KaK COBOKYMNHOCTb (YHKIHOHAJO0B, YAOBJIETBO-
PAIOIIUX YCAOBHIO

Mfll<e.

Wnaue roBopsi, 3a OKPECTHOCTb HYJIsl B IpocTpaHcTBe E* conpsixken-
HOM K HODMHDOBAHHOMY, NDHHHMAaeTCsi COBOKYIHOCTb (YHKIHOHA-
J0B, AJas Kotopeix |f(x)|<< e, korna x npoGeraer B E eAuHHUHbBIA
wap |lxll << 1. Bepsi BceBo3MOXKHbBIE €, NONYYHM ONPEfE/SIOILYIO CH-
cTeMy OKpecTHocTeii HyJs. B ciyuae, korna E — He HOpDMHDPOBaHHOE,
a TOMOJIOTHYEeCKOoe JIHHEHHOe MPOCTPAHCTBO, BMECTO E€NXHHHYHOTO
mapa B E ecTecTBeHHO B3fITh IPOH3BOJIbHOE OFpaHHUEHHOE MHOXKe-
ctBo A. Okpectnoctb Hyns Ug, 4 B E* ompenensiercs Kak COBOKYI-
HOCTb JIHHEHHBIX (QYHKIHOHAJIOB, YO0B/IETBOPSIOUIHX YCIOBHIO

[f(x)|<e npu Bcex xe& A.

Bapbupyst € H A, NOJyuHM ONpee/dOlLlyI0 CHCTEMY OKpecTHOCTed
HyJas B E. .

Urak, cuavrnaa ronosoeus 8 E* 3anaercsi COBOKYITHOCTBIO OKPECT-
HOCTeH HYJsA, 3aBUCALIUX OT [OJIOKUTEJNbHOr0 YHC/IA € U OrpaHHYeH-
noro Maoxecrtsa 4 < E. Ml He GyAeM 31eCb NIPOBEPSITh, XOTS 3TO H
HeCJOXHO (cM., HampuMep, [9]), YTo Takas cHcTeMa OKPeCTHOCTEH
JNeHCTBUTENBHO NpeBpallaer E* B JuHeliHOe TOMOJOrHYecKoe Ipo-
CTPaHCTBO. SICHO, UTO B cJyyae HOPMHPOBAHHOrO mpocTpaHcTBa E
TOJIbKO UTO ONMHCAHHAasi CHJbHas TomoJorwsi B E* coBmajaer c Toit,
KOTOpast onpenesssach ¢ IOMOLIBIO HOPMBI.

3aMeTuM, 4TO cH/bHas TomoJorusa B E* o6sizaTeNIbHO YAOBJETBO-
psieT akCHOMe OTAEIHMOCTH T| H JIOKA/JbHO BHINYK/ad (HE3aBHCHMO
or . tonojoruy B E). JlelictBuTedbHO, eciH foEE* n fo %0, TO
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HafileTcst Takofi ajaeMeHT Xxp& E, uto fo(xo) % 0; nosoXkum &=
1
= fo(xo) Im A={xe}, Torna fog& Uea, 1. e. E*—Ti-npocrpan-

c¢tBOo. [nsi AOKasaTeJbCTBA JIOKAJbHOH BBIMYKJOCTH CHJBHOH TOMO-
Jgorud B E* 1OCTaTOYHO 3aMeTUTb, UTO A4 Jwboro € > 0 u awboro
orpanuuednoro A < E oxpectHocTb U 4 Bbimykiaa B E..Cuiabryio
tTonoJoruio B E* 0603HauMM CUMBOJIOM b; Kejas NONYEPKHYThb, UTO
E* paccMmaTtpuBaercst B CHJbHOM TONOJOTWH, Mbl OyldeM m#caTh
(E*, b) BmecTo E*.

3. Tipumepbl conpsiKeHHBIX MPOCTPAHCTB.

1. Ilyctb E — n-MepHOe JHHeHHOe NMPOCTPAHCTBO (A€HCTBHTE/b-
HOe WJH KOoMIleKcHoe). BriGepem B HeM KakoH-HROYAb 6asuc ey, . . .
..., €en; TOra BCAKHI BeKTOp X & E 01HO3HAUHO NPEACTaBHM B BHIE

n
X == Z x;e;. Ecau f — nunednsiit dynkuvonan Ha E, 1o sicHO, 4TO
i=l!

n
f)=2 fle)xi; (1)

=
cJea0BaTeJbHO, ﬂ”HeﬁHblﬁ q)yHKuHOHaJI OIJHO3HA4YHO OnpeﬂeﬂﬂeTCﬂ
CBOHMH 3HA4YE€HHUSMH HA BCKTOpax Hasuca €1y ..y En, TIIprHuYeM 3TH

3HAUEHHS] MOXHO 3afaTh nNpou3BoabHo. Onpeneaum JHHeHHble PYHK-
LiHoHaJb! gy, ..., gn, NlOJAragd

{1, ecan  i=j,
g (e = 0, ecam i

OueBHAHO, YTO 3TH QYHKIHOHAJb JHHEHHO He3aBHCHMBI. JICHO, uTO
g;(x) = x;, nostoMy dopmyay (1) MOXKHO 3amucaTb B BHJeE

FO)= 2 fle) & (x).

Takum o6pasoM, (QYHKUHOHAJL i, ..., Zn COCTABASIOT 6asuc B
npoctpancTtBe E* 1. e. E* ecTb n-MepHoe JIMHeliHOe NMPOCTPAHCTBO;
6asuc g1, ..., €n B E* Ha3bIBAIOT J80UCTBEHHbIM 110 OTHOLUEHHIO K
6asucy ey, ..., én B E.

PasnuyHble HOPMBI B NpOCTPaHCTBe £ HHAYUMPYIOT pasjHyHbe
HOpMbl B E*. BOT HeCKOJbKO MPHMEPOB Nap COOTBETCTBYIOLIHX ADYT
npyry HopM B E u E* (unTaTesio peKOMeHAyeTcs aKKypaTHO Mpo-
BECTH COOTBETCTBYIOILHE 10KA3aTeNbCTBA):

¥

/2

(a) lell=(§|xi l2)'/" ||f||=(gn__:!| f, 12)‘ :
si=(§iar) " w=(ginr)”

-e
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(©) Ixl=sup |x} ||f||=i§||f;1;

Sstxn

(d) nxu-——iglxil, IFI= sup [f:l

I<i<n

B stux dopmynax xi, ..., ¥n — 3TO KOOpAUHATH BekTopa x &= E
B Gasuce ey, ..., én, a f1, ..., fn— KoOpliHHATB (PyHKLHOHANA
f = E* B nBoficTBeHHOM 6asuce gi, ..., &n.

Yo PaXHeHHeE. lloxaaa'rb, UTO BCE NEpeuyHCJEeHHbie HODMbl ONpeaeJAT B
N-MEPHOM NPOCTPAHCTBE OAHY U TY XKe TOIOJOTHIO.

2. PaccMOTpUM NIpPOCTPAHCTBO Co CXOUSAIUXCA K HYJIO IOCHAENO-
BATeJbHOCTEH X = (X1, X3, ..., Xn ...) C HOPMO# IIXII=supI X, | H

TNIOKaXKeM, YTO conpsaxcexHoe Kk Hemy npocrparcrso (cg, fl - ) uso-
MOpHO npocTpancTsy I 8cex abCcoAIOTHO CYMMUpYemblx nOCAed08a-
(o]

reavrocred f = (f1, fo, ..., fny ...) ¢ HOpmoid [ f||= lef,, [. Jlio-

6asi noc/jefloBaTeIbHOCTD [ & I onpenensier B NPOCTPAHCTBE Co JH-
HeHHbId OrpaHHYeHHbIH Q)VHKuHOHan f no dopmyne

fx)= Z Fans 2

sicno, uto |f (x) <<l x| Z__:l:m, rak uto |FI< X 1 I<IFl

n=
PaccMoTpuM B ¢y BEKTOPH

e]=(l 0 0 “eey 0, 0,-..),
e2-—(0 0,...,00,...),
—~(O 0 0 o, 1,0, ..)),

U  TOJOXKUM x‘”’:Z n e, (ec;m fa=0, TO CunTaewm, » 9TO 17 4=

o] [ ‘nl
.—_0). Toraa ™M ¢y, 4™ <1 0

F (e =

=Y 1,

rax uto lim Fx®y= le f.1=Ifl. CregosarensHo, | f i > le fulk
> 00 n= n=

conoCTaphasia 3TO € JAOKa3aHHbIM Bhille HpOTHBOl’IOJ’IO)KHHM Hepa-
) oo

BEHCTBOM, 3akmiouaeM, uto |[f{= Zl [ fal=HF1l
n=
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Taxum o6pa3oM, Mbl NOCTPOHJH JHHeHHOEe H3OMeTpHUYe-

ckoe oTo6paxeHHne f— [ nmpocTpancTBa /; B npOCTPaHCTBO Cy;
OCTaeTcsl NpPOBEPHTb, uUTO 06pa3 MNpOCTpPaHCTBA [, mpH 3TOM OTO-
6pa>keHHH COBNAfaeT CO BCEM Cp, T. €. UTO BCAKHH (QyHKLHOHAN

fe=c; npencrasum B BHpe (2), rme f={f,} =!,. Iaa Bcaxoro
o0

x=1{x,} €c, uMeeM x= ), X,e,, TpHUEM PsN, CTOSWHH CIpaBa,
=1
" N
CXONHTC B Co K 3JMEMEHTY X, H6O | X — ). X,e,
ot

==sup |x,| >0
n>N

npu N — oco. Tak Kak QyHKuHOHaa f & ¢y HempepbiBeH, To [ (x)=
o0 00

= Z x,f (e,); noaToMy lIOCTaTO'-lH‘O IIPOBEPHTH, UTO Z lf(e,,) | < oo,
n==1 n==|

N
e
Ioaarasa xN) = Z -I%T(—f‘))—l e, M 3aMeuas, yto xW e, ) xW ||,
en
n==1

HMEEM

a S (en)
n}__:‘ lf(en)|=n§=:l mf(en)=f(x<~>)<ufn,

00
OTKY/Ja B CHJy NPOH3BOJbHOCTH N 3akjlouaeM, UTo > (e, |< oo.
n=1

3. HerpyiHo 10Ka3aTb, YTO NPOCTPAHCTBO /], CONpPSXKEHHOE K
NpPOCTPAHCTBY /1, H30MOP(HO NPOCTPAHCTBY M, COCTOALEMY H3 BCEX
OrpaHHyeHHBIX mnocJjelnoBaTenbHOCTell X = {x,} ¢ HopMo# x| =
= sup|#a].

4, Tlyctb p>1 u lp — NpOCTPAHCTBO BCeX TNOCJELOBATENbHO-
crefl x = {Xa}, AN KOTOPLIX

00 l/p
llx = lexnv’) < o0;
pe

MOXXHO [0Ka3aTb, YTO CONpPSKEHHOe K HeMY NPOCTPAHCTBO [p H30-
mMop®bHO npocTpaHeTBy lg, 1/p 4 1/g = 1. O6mu#i BHJ NHHEAHOrO He-
npepuiBHOrO GpyHKIHOHANa Ha [p:

fO=3 o x=ludel, =l

JokaszaTesbCTBO OCHOBAHO Ha MpHMeHeHHH HepaBeHctBa [esbpepa.
5. BuIICHUM CTPYKTYPY INIDOCTPAHCTBA, CONDPSMEHHOrO0 K THJb-
6epTOBY.
Teopema 2. [Tycte H —Odeiicteuresbroe euavbeproso npo-
cTpancTeo. Jan 8CAKO20 HENPEPbLIBHO20 AuHelHo20 ¢ynkyuonara f
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na H cywecrsyer eduncrsennsiii asement xo = H, taxod, 4ro
f(x)=(x1 xO)) xEH! (3)

nputen || f |l = |l xo l. O6parno, ecau xo = H, To hopmyaa (3) onpe-
deaser Takou HenpepoisHolli aunelnoul pynkyuonas f, uto |Ifll =
= |lxoll. Takum obpasom, pasencreo (3) onpederser uzomopdusm
f-> xo mexdy npoctpancrsanmu H* u H.

JokasarteabctBo. OueBHIHO, 4TO AJs1 BCAKOro xo & H dop-
MmyJaa (3) onpegensieriunednbiit pynkuuonan Ha H. Tak kak| f (x) |=
=]|(x, %) | << lx|l-ll xll, T0 3T0T PyHKUMOHAN HempepbiBeH, a Tak
Kak f(xo) = Il xo 12, T0 I fIl = Il xo . TTokaxem, uTO BCAKMET Hempe-
PHIBHbIH THHeHHbIH GyHKUHOHAM f Ha H npexncraBum B Bufe (3). Ecnu
[ =0, 1o nonaraem xp = 0. ITycth Tenmepp [ %= 0 u Hy = {x:f(x) =
= 0}—anpo ¢yHkuuonana f; rtak kak [ HempepbiBeH, TO0 Ho—
3aMKHYTOe JuHeldHOoe nmoanpocrpaHctBo B . B . 6 § 1 ra. III
6BLJIO MMOKA3aHO, YTO KOPA3MEpPHOCTb fipa JI0O0ro JUHEHHOTO (QYHK-
nuoHasna paBHa l. ITosromy, yuurbiBasi ciefcrBue 3 reopeMbl 7 H3
§ 4 ra. 111, 3akiiouaeM, 4TO OpPTOrOHAIbHOE AOmOMHeHHe Hg K moi-
npocrpaHcTBy Hy OAHOMEpHO, T. €. CyIleCTBYeT TaKOH (HeHyJieBOi)
BEKTOP Yo, OPTOTOHAJIBHBIH K Hy, UTO BCAKHMH BekTOp x¥ & H oxaHo-
3HAYHO TNPEeACTaBHM B BUAE X ==y + Ayo, rae y < Hy. Ouesuano,
MOXHO CuHTaTh, 410 |l 4o | = 1; mosmoxuM xo = [(yo) yo. Torna nis
Jio6oro x e H uMeem

x=y+Aiyo, y<EH,
f (x) = Af (yo),

(%, x0) = A (4o, Xo) = Af (40) (Yo, Yo) = Af (o).

Takum o6pasom, f(x) = (x, x,) nas Bcex x = H. Ecau f (x) = (x, x{),
xe H, 10 (x, xo— x0)=0, oTKyHAa, moJjaras X==Xx;,— Xxj, NOJYy-~
yaeM, 4TO Xo=X{.

3ameuanusi l.I[lyctb E—HemnmosHOe eBKIHAOBO NPOCTpaH-
¢TBO, a H — ruaib6epToOBO MPOCTPAHCTBO, SBJSIOIEECS] €r0 NOMOJIHe-
nuem. Tak kak mpoctpanctBa E* u H* usomopdubl (cM. 3aMeyanue
Ha crp. 184), a H* usemopdro H, TOo cnpaBeAnuBO Cclelyionlee
yTBEpPXKIEHHE: nPOCTPancTso E*, conpaiennoe Kk Henoanomy esxiu-
dosy npoctparctsy E, usomoppro nonoanenuto H npocrpancrsea E.

2. Teopema 2 cnpaBeisiMBa H [JIsl KOMILIEKCHOTO THJIbGEpPTOBA
TIPOCTPAHCTBA (/OKA3aTeJbCTBO B TOYHOCTH TO e, C 3aMEHOH JIHIUIb

Xo = [{yo) Yo HA Xo == [(Yo) Yo). ENUHCTBEHHOE OT/IHUHE KOMILIEKCHO-
ro cjiyudast OT AeACTBHTENLHOTO COCTOHT B TOM, 4TO Tenepb orobpa-
xxende H B H* comocrasisiioulee snieMeHTy Xo& H ¢dyHKHHOHAA
f(x)=1(x, x0), SBAAETCH CONPANCCHHO-AUHECUHbIM H3IOMODPHHIMOM,
T. €. 3JeMEHTY AXp OTBeyaeT GyHKIHOHAJ Af.

6. B mpumepax 1—5 paccmaTpuBajuch HOPMHPOBaHHBIE IIpO-
ctpaHcTBa. PaccMOTpHUM Tenepb MpOCTPAHCTBO CYETHO-HOPMHPOBAH-
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Hoe. [Tycte @ — feficTBUTeNIbHOE CUETHO-THIBGEPTOBO MPOCTPAHCTBO,
cocrosiulee U3 BCeX MOC/AeN0BaTeNbHOCTeH x = {Xn}, HJAst KOTOpPbIX

oo 2
"x”k=(z nkxi) < oo nmpu Bcex k=1, 2, ...
L

n==

Cxansipubie npoussegenus B O cyTb
(x’ y)k = Z nkxnym k=1, 2, ...
n==1

TlpoctpanctBo @ co CKa/sApPHBIM NpOU3BeNeHHEM (-, +)r SABJAsETCA
€eBKJANN0BbIM; NycTb M — ero nonosueHde. Jlerko Bumetb, uro Dy
MOXXHO OTOX[IEeCTBHTb C MHJIbGEPTOBEHIM OPOCTPAHCTBOM BCeX MOCJe-
nosatenbHocTell X = {xn}, y KOoTOpBIX [lx|[x << 00. B cuay teopembi 2
npoctpanctso @, compsixennoe Kk O, U30MOP(HHO TMPOCTPAHCTBY
@y; npu 3TOM H30MOpGHU3ME KAXKAOMY HENPEpLIBHOMY JHHEAHOMY
dynruuonany f e ®p comocrasiasiercss Takasi MOC/AeN0BATENbHOCTD

7 = {fx}, uto . .
Ilfll=(Z{ n*| fn 12) < oo,

n==

f(x)=(x, f)k = nz::l nkxnfm X == {xn} & D,,

# 06paTHO, KaxJaas TaKkasi MOC/IeI0BaTeNbHOCTb ONPEAEIsieT 3JIeMEeHT
3 ®@;. Onpenmenum tenepb Pyuxuuonan fe Op wue mocnenosa-
TenbHOCTBIO {fr}, a nmocnenoBaTenbHOCTbIO {@n}, The gn = n*f,. To-
raa

had hiad Y2
f()=2 %ugn m Ilfll=(nz=‘,l n"’g?,) .

n=l

Takum o6pasom, Dp MOKHO OTOXKIECTBUTH C ruJab6epTOBbIM MPO-
CTPaAHCTBOM MOC/IE10BATEbHOCTEN {gr}, yNOBIETBOPSIOUIHX YCIOBUIO

o0
>, nkg? < oo, (4)
n=l

U Co CKaJIﬂprIM l'IpOH3BeJ.IeHHeM

(g(l), g(2)) = 2[ n—kgs)gilz).

oo
Tak kak (D"=kU @, To O* — npocTpaHCTBO BCex Moc/enoBaTelb-
=1

HocTelt {gn}, AN KaMAOH M3 KOTODPBIX CyUIeCTByeT CBoe R, Takoe,
4T0 BhINOJHSIETCA ycaosue (4).
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3HaueHHe KaXKJA0ro Takoro GpyHKIHOHaMa onpejeseHo Ha J6oM
o0

sjiemenTe ¥ = {xn,} & ® u paBHsercs Z Xp8n.
ne=l1

Hrak, ecin npocrpancto @ ectb mepeceueHHe yGouiBaio e it
1enoYKH THIbOEPTOBbIX MPOCTPAHCTB

o=, O®>o50,>5...>50,>...,
k=1

70 ®* ecTb CyMMa BO3pacTaloll el UEnOYKH rHIb6EpPTOBBIX TPO-
CTPAHCTB

=, Oichic...chic...
k=1

Yno6Ho BBecTH 0603HaueHne ®p = D._;. Eciu eme 0603HaunTh 11pO-
crpaHcTBO Iy uepe3 My, TO MBI MOJIYUUM TaKyio GeCKOHEuYHY10 B 06Ge
CTOPOHBI LIENMOYKY THIbGEPTOBBLIX POCTPAHCTB

... c el ... cD ...,

B Kotopoit My = D_, npn Kaxaom k=0, =1, =2, ...

4. Bropoe conpsiKeHHOe NPOCTPAHCTBO. TaK KaK HelpepbiBHble
JIHHelHble QYHKLHOHAJNB HA JIHHEHHOM TONOJIOTHYECKOM NPOCTpaH-
ctBe E camu 06pasyioT JHHeHHOe TOMOJOrHYeCKoe NPOCTPaHCTBO, —
conpsixenHoe K E npocrpanctBo (E*, b),—TO MOXHO rOBOPHTH ©
npoctpaicTee E** nenpepbiBHLIX JIMHEHHBIX QYHKUHOHAOB Ha E*,
T. €. 0 8TOPOM CONPANERHOM K Ewnr o

3ameTuM, uTO BCAKHI 3JeMeHT xo u3 E omnpenenser HeKOTopbm’
auHeinblt Gynkunonan Ha E*. JleficTBHTE/IbHO, NOJOXHM

W, (=T (%), (5)

rae xo — puKcHpoBaHHbIN 3yeMenT U3 E, a [ npoGeraer Bce E*. Pa-
BEHCTBO (D) CTaBHT B COOTBETCTBHE KaXXIOMYy [ HEKOTOpoe uicjao
%, (f), T.e. ompenenser pynkuuonan na E*. Tak Kak npu stom

%q (afl + ﬂfQ) = afl (xo) + Bf2 (xo) = (},‘lle“ (fl) + ﬂ‘pxo (f2)’

TO 3TOT )YHKUHOHAJ JIHHEEH.

Jlanee, Bcakuil Takod (QyYHKUMOHaN HenpepbiBeH Ha E*
B camom mene, nyctb € > 0 u A — orpatnueHHoe MHO¥ecTBo B E,
cozepautee xo. Paccmorpum B E* okpectHocTb Hyas U(e, A). Tlo
onpenenenuio U (e, A), HMeeM

|b,, (D]=|F(x)|<e nmpn f&U(e, A.

Ho 310 osHauaer, uto ¢yHkuuoHas WP, HenpephiBeH B Tque 0,
a cJelloBaTe/IbHO, H Ha BceM npocTtpaHcTBe E£*,
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Mpr nonyuuan, TakuM o6pas3oM, oToOpaxKeHHe BCEro MpoCTpaH-
ctBa E Ha HEKOTOpoe MOJAMHOXKECTBO mpocTpaHcTBa E**. dTo oTo-
GpaxxeHue, oueBUHO, JuHeliHO. Takoe oro6paxenne E B E** Hasu-
BAETCS eCTecT8eHHbiM OTOOpascenuem npoctparcrsa E 8o sropoe
conpsscenroe. O6o3Hauum ero ni. Eciu Ha E ecTb AOCTATOYHO MHOTO
JHHEHHbIX (QYHKUHOHAJIOB (Hanpumep, ecad E HOpMHpPOBaHO HJH
XOTs Obl JIOKAJbHO BBIMYKJIO H OTHAEJIHMO), TO 3TO OTOGpaKeHue
B3aMMHO OJHO3HAYHO, TaK KaK TOrAAa AJsS JIOObIX ABYX Pa3HYHBIX
x', ¥ & E cywectByer Tako#l ¢yuruuoHan e E*, urto f(x') ==
# [(x”), 1. e. b, n Y, — pasnnunble QyHkuHoHasn Ha E*. Ecau
K ToMy ke n(E) = E** To (OTAENHMOe JIOKAJbHO BHIMYKJOE) MpO-
ctpancrso E HasbiBaercs noaypegaexcusnvim. B npocrpancrse £**
(kak conpsixkennoM kK (E* b)) M0XKHO BBECTH CHJBHYI TONOJIOTHIO,
KoTopyio Mbl o6o3naunm b*. Ecau npocrpanctso E noaypedJeKcus-
HO U oToOpaxenue m: E-—>E** HenpepHBHO, To E Ha3biBaercs
pedaexcusrbim pocTpaHcTBOM. MoXKHO moKasaTh, uTo otobpaxente
n~! Bcerga HenmpepbiBHO, NO3TOMY ecau E pegaexcusno, T0 ecre-
cTeenrnoe orobpascenue m. E - E** npedcrasaser coboid usomop-
Pusm mexoy suxednbimy TOnoAO2UYECKUMU npocTpancTeamu E u
E** — (E**, b*) . '

[TockoabKy MBI MOXKeM Temepb KaXKablil 3/7eMeHT u3 E paccmar-
pHBaTh ellle M KaK 3JeMeHT npoctpancrtsa E**, yno6Ho ass 3Haue-
HHHl suHelHoro (QyHkunoHasa f & E* BMmecto 3amucd f(X) BBecTH
6oJsiee CHMMeTpHUYHOe 0603HAUEHUE!

f(e)=(f, %). (6)
Ilpn ¢urcupoBaHHoMm f & E* Mbl MoxeM paccmatpusath (f, X¥) Kak
dyukuuonan Ha E, a npu QUKCHPOBAHHOM X — KakK (GYHKIHOHAJ HA
E* (npu 3TOM yXKe X BBICTYNaeT B POJIH 3JeMeHTa U3 E**).

Ecau E — Hopmuposartoe npocTpancTso (CleR0BaTeAbHO, HOP-
MHpOBaHbl ¥ nmpoctpaHcTBa E* E** u T. 1.), TOo ecrectéenHoe oTo-
b6paxcenue npoctparcrea E 8 E** ecto ugomerpus.

IeficTBHTENBHO, MyCTh X — 3JaeMeHT u3 E. O603HaunM ero HOpMy
B E cumsosiom ||xll, a Hopmy ero o6pasa B-E** cumsosioM [lxl|ls. ITo-
KaxeM, uto |lx[l=/lx|lo. TIycTb f-— npon3Bo/bHBIA HeHYJIEBOH 3Je-
ment u3 E*, Toraa

F(F %) |
NN AN T R 2 A A B P T
1, IOCKOJIbKY JieBas 4acTh NOC/JIeAHEr0 HepaBeHCTBA He 3aBHCHT OT f,

L x|
1l

C npyroii croponbl (caencTBHe 4 teopeMbl XaHa — BaHaxa A
HOPMHPOBaHHBIX NPOCTPAHCTB), IAJIS KaXA0ro xo< E Haiigercs Ta-
KOH HeHYJIeBOH JIHHEHHBIH QYHKIUOHAA fo, UTO

| (Fo, X0) [=1l foll - lf o1, ()

(| x | = sup =1 x|l
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NO3TOMY

Ixl= sup LED> )4y,
feE*
T. €. llxll=1xl}2, uto u TpeGoBanoc, nokazath. Takum o6pasom, Hop-
MHpOBaHHOe npocTpaHcTBo £ u3oMerpuuHo (BooOllle roBops, He-
3aMKHYTOMY) JIMHeHHOMY MHoroo6pasuio n(E) B E**; oroxpecTBiass
E ¢ n(E), MOXHO cuHTaTh, uTo E < E*.

V3 n3oMeTpHUHOCTH ecTecTBeHHOro oToGpaxeHus m: E — E¥*
JJI HOPMHPOBAHHBIX NPOCTPAHCTB CJELYeT, UTO HOHATUSR NOAYped-
ACKCUBHOCTU U PEPAEKCUBHOCTU OASL HOPMUPOBAHHLIX NPOCTPAHCTE
c08nadaror.

ITocKo/IbKY POCTPaHCTBO, CONPSI)KEHHOEe K HOPMHPOBAHHOMY, 101~
HO, 8CAKOE pehreKCUBHOe HOPMUPOBAHHOE NPOCTPAHCTB0 E noawo.

KoHneuHoMepHble €BKJIHIOBE NPOCTPAHCTBA H FHJALGEPTOBO MPO-
CTPAHCTBO NPEACTaBAAIOT cOOOH NpocTeiilline npuMepbl pedekCHB-
HBIX IPOCTPAHCTB (MJd HUX gaxe E = E*).

IlpocTpaHCTBO €o CXOASIIMXCA K HYJIIO IOCJEI0BATENbHOCTER
npeacrasJser co6oi npuMep NMOJHOro HepedJEKCHBHOrO I1POCTPaH-
ctBa. [leficTBUTENbHO, KAaK Mbl NIOKa3anau Bhillle (npumep 2 § 2), co-
npsKEHHBIM K Co SIBJISIETCS NPOCTPAHCTBO /i Bcex aGCOJMIOTHO CXOMs-
LIUXCS YHCJIOBBIX PALOB, KOTOPOMY B CBOIO Oouyepelb CONPSKEHO Mpo-
CTPAHCTBO /7 BCeX OrpPaHHYEHHBIX IOCJeJ0BaTeJbHOCTEH.

Ipoctpanctso C[a, b] HenpepbIBHBIX QYHKIMI HAa HEKOTOPOM OT-
peske [a, b] Toxxe HepedekcuBHO. MBI, 01HAKO, He OyaeM 31eCh NpH-
BOJHTb 10KA3aTeJbCTBA 3TONO YTBEPXKIEHHA ).

[TIpumepoM pedreKCHBHOrO MPOCTPAHCTBA, HE COBNAJAIOUIETO CO
CBOHM CONPSXKEHHLIM, MOXKeT CAYXHTb [p npu 1 << p %= 2 (Tak Kak
=1, toe lp+1ljg=1, 10 Iy =15=1,).

YnpaxHenne JlokaxHTe, UTO 3aMKHYTOe NOANPOCTPAHCTBO pedJieKCHB-
HOTO MPOCTPAHCTBA pedJIEKCHBHO.

§ 3. CaabGas Tonoaorus u caabas CXOARMOCTb

1. Caabag Tomoaorus MW caabas CXOAHMOCTb B JHHEHHOM Tono-
JOTHYECKOM NpPOCTPAHCTBE. PacCMOTPUM JIHHEHHOE TONOJIOTHYECKOE
npocTpaHcTBO E M COBOKYNHOCTh BCeX HeNpepbiBHBIX QyHKIHOHAJ/OB

Ha ueM. Ecau fy, ..., fn — NpON3BOJNBHBIA KOHEYHHIH HAGOp TakHX
GYHKIHOHA/IOB H & — I0JOXHTeJbHOe YHCJIO, TO MHOXKECTBO
1 hl<e i=1,2, ..., n} (1)

oTKpuiTo B E H cofepxut Touky 0, T. e. npencraBisier co60li HeKo-
TOpPYI0 OKpecTHOCTb HyJs. [lepeceuenne ABYyX TakHX OKpecTHOCTell

) MoxHo OOKasaThb Jaxe cilelyiollee 6ojee CHIbHOE YTBEPXJEHHE: He Cy-
IeCTBYeT HHKaKOTO HOPMHPOBAaHHOrO NpOCTpaHCTBa, AJA Kortoporo Cia, b]
6b110 6bl CONPSXKEHHBIM NPOCTPAHCTBOM,
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BCerjla COAEPXKHUT MHOXKecTBo Buaa (1), u, ciaenoBatesbno, B E
MOXXHO BBECTH TOMNOJIOTHIO, AJIST KOTOPOH COBOKYNHOCTb MHOXECTB
punaa (1) Oyner onpenesnsiomeil cucteMol okpectHocreil HyJs. OHa
HasbiBaercsl caaboil Tonoaoeueil npocrpanctsa E. Cnabas tomoso-
.tus1 B E — 370 camas csnabasi H3 TONOJIOTHH, B KOTOPOH HenpepbiBHbI
BCe JuHeHHble PYHKIHOHA/b, HelpepPhIBHBIE B HCXOJHOH TONOJIOTHH
3TOr0 NPOCTPAHCTBA. '

$lcHo, YTO BCAiKOe MHOXKeCTBO B E, OTKpBITOE B CMbicje caaboi
TOTIOJIOTHH, OTKPLITO H B MCXOJHOH TONMOJOI'HH mpocTtpaHcTBa E, oa-
Hako o6paTHOe, Booblle rosops, HeBepHO (MHOXecTBa BHAa (1) He
.00513aHbl  06pa30BbIBaTh ONpeAeJNAOUIYI0 CHCTEMY OKpeCTHOCTei
HYJIs1 B HCXOAMOH TomnoJsioruu). ITo TepMHHOJIOrHH, NMPHHATON HaMH
B § 5 ra. 11, 310 o3nauaer, yto canabasi TomoJsiorus npocrpancrsa E
cnabee, ueM ero HCXoAHas TomoJorusi. TemM caMblM oOnpaBri-
BaeTCd MPHHATOE /LJIs1 Hee Ha3BaHHe.

Ecnu B E cyumecTByeT AOCTATOYHO MHOTO HENPEPLIBHBIX JIHHE-
HBiX (QYHKLHOHAJMOB (HampuMep, ecad E HopMuHpoBaHO), To caabas
tonoJsiorust B E ynoBierBopsier akcuoMe oTiaesHMoctH Xaycaopda.
Jlerko Takxe MpOBepHTb, UTO ONEPALMH CJOXKEHHS H YMHOXEHH:
Ha uucaa, onpeleseHnble B E, HenpephlBHBlL OTHOCHTEJNbHO cJaboi
TOMOJIOTHH 3TOr0 NPOCTPAHCTBA. _

Jlaxe B c/lyuae HOpMHPOBAHHBIX MPOCTPAHCTB csabasi TOMOJOrHs
B E MoxXeT He yIOBJeTBOpATb MepBOH akcHoMe cueTHocTH. Cieno-
BaTeJbHO, 3Ta TOMOJOrHs, BOOOILe TOBOpSI, HE OMHCLIBaercs Ha
A3blKe CXOASLIUXCA TochaenoBatesbHocTeil. Tem He MeHee CXOnH-
MocTe B E, onpenensieMass 3TOfl TomoJiorHei, mpeacrasjiseT co6oOM
BaxHOoe noHsATHe. OHa HasbiBaetcs caabod c¢xo0umoctoro. B otau-
Yyuhe OT Hee, CXOAUMOCTb, OnpejeJsieMyl0 HCXOLHOH TOMOJIOTHel mpo-
crpanctBa E (HopMmo#i, ecin E HODMHPOBAHO), Ha3bIBAIOT CUAbHOU
CX001LMOCTbI0.

ITonsaTne cnabok CXOAHMOCTH MOXHO cHOpPMYJHPOBATH CJeAyio-
MM 06pa3oM: MOCAeNO0BaTeNbHOCTb {Xn} 3j7eMentoB M3 E Hasbl-
Baercsi caabo cxodawetica K xo € E, ecam ansa ao6oro Henmpepwuis-
HOro JiMHeiHoro ¢dyHKIHoHaJ a @(x) Ha E uuc/ioBas nocjaeaoBaTtelb-
HocTb {@(xn)} cxomures x @ (xo).

JlelicTBUTEIbHO, CcuHTas AJS NPOCTOTHl Xo = 0, mpeanosioxum,
uro @(x,)—>0 npu Bcsikom ¢ = E*. Torga mas BeaxkoH cJa6oi
OKPEeCTHOCTH

U={x:|g:;(x)]<e, i=1,2, ..., k}

toukn 0, nHa#iaercs takoe N, uto ¥, U mpu Bcex n>=N (pas
3TOro AOCTAaTOYHO BHIOpaTh N; Tak, uro |@i(Xs)|<<e npu n=N;
H 3ateM mosoxuth N = max N;). O6partHo, ecau A8 Kaxuo# cia-
601 okpectHoctu Hyaa U cymecrsyer Takoe N, uto x, & U pad Beex
n>=N, 10 ycnoBue ¢(x¥n)—>0 npu n— 00, OUEBHAHO, BBHIMOJHEHO
Las Kaxjaoro ¢ukcupoBanHoro ¢ & E* U3 Toro, uro cna6as Tomno-
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Jorus npoctpaHcrBa E cnaGee ero CHJAbHOM TOMOJIOrHH, CAEAYET, YTO
6CAKAA CUABHO CXOOAWAACA NOCAe008ATEAbHOCTb CXO0UTCA U cAabO.
O6parHoe, BooOlle rOBOPsi, HEBEPHO (CM. IPHMEPH HUKE).

2. Cnabas cXxomHMOCTh B HOPMHPOBAHHLIX NMpocTpaHcrBax. Pac-
CMOTPHM MNOAPOGHee NOHATHE CAA60H CXOZHMOCTH NPHMEHHTE/NbHO
K HOPMHDOBAHHBIM IPOCTPAHCTBAM.

Teopema 1. Ecau {xn,} — crabo cxodawjasca nocaedosareas-
HOCTb 8 HOPMUPOBAHHOM NPOCTPAHCT8E, TO CYUWecTsyer TaKoe no-
croannoe uucao C, 4ro

Ixa I << C.

WUnaue roeops, 6caxkas caabo cxo0auanca nocaedosaresbHoOCTy
8 HOPMUPOBAHHOM NPOCTPAHCTBE 02PAHUYEHA.
HokasareabcrBo. Paccmorpum B E* MHOXeCTBa

Ay =A{f: |(f, %) IS<E}, k,n=1,2, ...

DTH MHOXeCTBa 3aMKHYTHl B CHJIY HenpephBHOCTH (f, Xn) Kak
¢yukuuu ot f npu pukcHpoBaHHOM Xn. CieqoBaTesibHO, 3aMKHYThI
o0

(kak mepeceueHHs 3aMKHYTHIX) H MHOXecTBa Ay = N A B cHay
n=1

cnaGoit cxoguMocTH {rn} mocnepoBatesbHOCTh (f, Xn) oOrpanuuena
nas kaxgoro f & E*, nosromy

E =Iel;Jl Ak'

Tak xak mnpoctpanctBo E* noano, to mo teopeme bBapa (§ 3
ra. II) xotb oaHo u3 MHOMecTB Ap, cKaxeM Ag, MOMXKHO GbITb
IJIOTHO B HekoropoM mape B[fy, e}, a Tak kak Ag, 3aMkHyTO, TO
3TO 03HAYAET, YTO

B [fO) 8] < Ako'

Ho sTo 3HauHT, YTO MOC/JENOBATENbHOCTb {X¥n} OrpaHudYeHa Ha
wape Bifo, €], a cnenoBateabHo, H Ha aoGoM wape B E*, B yacTHo-
CTH Ha eMHHUYHOM lIape 3TOro MpocTpaHcTBa. Takum o6pa3oM, mo-
CJ1eJI0BaTeNbHOCTb {Xn} OrpaHHYeHa Kak IOCJEJ0BaTENbHOCTb 3Je-
MenToB u3 E*. Ho B cuily H30METPHYHOCTH €CTECTBEHHOIO BJIOXKe-
uusi E B E** 3T0 03HayaeT OrpaHM4eHHOCTb {Xa} 1 B E.

3ameuanune Ilpu AoKasaTenbCTBe OrPaHHYEHHOCTH MOCJAELOBATENbHOCTH
{x»} mo HOpMe MHl BOCNOJb30BAJNHCh JHLIb TEM, YTO YHCJOBAfA MOCJAEAOBAaTEJb-
Hocts (f, Xn) orpaudueHa mpu KaxaoM [ & E*. TakuM o6pa3oM, ec/H MnocjefoBa-
TeabuocTs {¥»} B E TakoBa, 4TO YHCJIOBas NOCAeLOBaTeNbHOCTL (f, Xn) orpaHudeHa
npu kaxaom | & E*, 1o cyuwectByer Takas noctosanHas C, ato |xall << C. Dro
yTBEpXKIeHHE MOXKHO OGOOUHTD: 8CAKOE €Aa60 O2panudennoe (T. €. OrpaHHYEHHOE
B c1a60f TOMOJOrHH) nodmroxcectéo Q Hopmuposannozo npocrpancreéa E curbuo
ozpaHuveno (T. €. COREPKHTCA B HeKoTOpoM Iiape). JIeACTBHTENbLHO, MOMYCTHM,
HafJeTcs Takas MNOCJAefoBaTeNbHOCTh {Y¥sn} < Q, 410 lXnfl —> 00 mpuH n —> oo,
Taxk xak Q c1a60 OrpaHHYEHO, TO U MHOMCCTBO {xn} c1a60 OrpaHHYEHO, T. e. NO-
raoniaerTcs Jo60f cnaboA OKPECTHOCTbIO HYJS; B WaCTHOCTH, AJf JioGoro f e E*
naiinercs takoe N, uto {xa} = N{x: |(f, x)| <1}, otkyma |[(f,xa)| <N nns
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Bcex n. Ho 310 B cuAy ClenaHHOTO BHUEe 3aMe4aHHs NPOTHBOPEYHT MPEATIONONKE-
HHIO ||[Xp]| —> oo, Ecan yuecTh, 4TO cnaGasi OrpaHHUEHHOCTb MHOXecTBa Q o3Ha-
9aeT, YTO Ha HeM OrpaHH4YeH MOGOA HenpepuHBHHA JHHEAHHA ¢yHKUHOHAN, TO MH
NPHXONHM K CIAEAYIOUIEMY BaXKHOMY pe3yJbTaTy: 04 T020 4T06bi nodmHoNeCTE0
Q HOpmuposannozo npocTpancTea ObiA0 02pAHUUEHO, HEOGXOOUMO u OOCTATO4YHO,
w70661 Ha Q Gbin o2panuuen atobod ¢pynkyuonas f = E*,

Caenylomas TeopeMa yacto ObiBaeT noJsiesHa mias ¢pakTHuecKoi
NnpoBepKH cJaboH CXONHMOCTH TOH HJIN HHOH IOCJIeN0BaTeJbHOCTH.

Teopema 2. [TocredosaresvrocTy {x,} 31emeHTO8 HOPMUPO-
eannozo npocrpanctea E caabo cxodurca k x = E, ecau:

1} llxall cepanuuenst 8 cosokynnoctu nexoropoii koncrantol M;

2) f(xa)—>[(x) Ors scakoco [ A, ede A — nexoTopoe mHOdXMce-
€T80, AuHelinaa 060404Ka KOTOPO2O 8Ctody naoTHa 8 E*,

JoxaszaTteabcTBo. U3 ycoBus 2) u onpenenenusa AeiCTBHMR
HajJ JUHeHHBIMH (PYHKUHOHAJNaMH CJelyeT, UTO eCJH ¢ — JAuHelHas
KOMOHHAIHA 3JIEMEHTOB H3 A, TO

@ (X,) =@ (x).

TlycTb Teneps @ —NPOHM3BOJbHB i 3eMeHT U3 E* u {@r} — cxo-
RAILasics K ¢ NOCJef0BaTeJbHOCTh JHHEHHbIX KOMOGHHAUMH 3jeMeH-
10B u3 A. [TokaxeMm, uto @(x,)->@(x). [Iyctb M TaxoBo, uTO

Ix ISM@n=1,2,...) n [x|I<M.

Ouenum pasnoctb |@(xn)— @(x)]. Tak KaK @r = @, TO Aa1 Jl0O-
6oro ¢ > 0 cyuectByer Takoe K, uto [l¢ — @rll<< € nas Bcex £ = K.
TlosTomy

19 (x,) — @ (0) U@ (%) — Qe (¥0) | 1 @e (0) — @ (x) [+
Flop(x)— o) I<eM 4 eM 4| @ (x,) — @r(x) ].

Ho, mo ycnoBuio, @r(xn)—>@r(x) npm n—>oo. CraenoBaTesbHO,
@(*¥n)— @(x)—>0 npu n—> oo aJsa Bcaxoro ¢ € E*.

IMpumep s IlocMoTpuM, KaKko# cMBICA MMeeT MOHsTHE Caaboi
CXOAMMOCTH B HEKOTOPBIX KOHKPETHBIX NMPOCTPAHCTBAX.

1. B koneuromeprom esxaudosom npocrpancree R™ caabas cxo-
JAMMOCTb COBMajaer ¢ CHAbHOH. JleACTBUTEJbHO, MYyCTb €j, ...,en —
Kakoil-1160 OpTOroHaJbHHIA HOPMHpoBaHHBIA Gaznc B R™ u {xp} —
nocjefoBaTesibHOCTh B R™, cnaGo cxopsimiascs K 3J€MEHTY X.
Tlycts

x,=xPe + ... 4+ xiPe,
H
x=xWe 4+ ... 4 xine,,
Torpa
x = (% ) > (x, ) =x1),

L R ) . « ¢ .

B =00 ) (5, 0) =5,
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T. €. NMOCJefoBaTe/IbHOCTh {X¥,} mokoopauHaTtHo cxoautca K x. Ho
Toraa

n Y
p(%p x)= (1; (x0 — x“))Q) —0,

T. . {Xa} cunbHO cxoauTca K x. [TOCKO/MBKY H3 CHJIBHON CXOLHMOCTH
BCerja BhiTeKaer ciabasi, paBHOCH/JABHOCTb 3THX cxoguMmocTeil B R™
NOKa3aHa.

2. Caabasn cxodumocrte 8 ly. Jns cnaboit cXOAUMOCTH OT p 4 H H-
YeHHOHN NOCAeN0BATENBHOCTH {Xir} K X JHOCTATOYHO, 4TOGbI BBHINOJ-
HAJUCD YCIOBHS

(xk, e,)=x§j)-—>x<")=(x, e‘), i=1,2 ...,

rae
e=(1,0,0...), e=(0,10...),...

HefictBuTenbHO, MHHEeAHble KOMOHHAUKH 3JIeMEHTOB €; BCIOAY MJOT-
Hbl B mpocTpaHcTBe [; (coBmajaiouleM, KaK Mbl BHAEJNH, CO CBOHM
conpsikeHHbiM). IlosToMy Hallle yTBep:KIeHHe BHITEKaeT H3 TeO-
pembl 2.

Takum o6pa3om, caabas CXOAHMOCTb OrpaHHYEHHOH NOCJENOo-
BaTeqbHOCTH {Xr} B [z 03HAuaeT, 4TO YHCJOBAs NMOC/IEA0BATENBHOCTD
x) KOODAMHAT ITHX BEKTOPOB CXOMHMTCA AJs Kaxpgoro i==1, 2, ...

Muave rosopsi, cnrabas CXOQHMOCTb COBNAjaer ¢ INMOKOOPAHHATHOM
(npu ycaosuu orpanuyexnoct). HerpyaHo Buierts, uto B [ ciabas
CXOAUMOCTb He coBllagaeTt C CHJIbHOH. ﬂeif'lCTBP[TEJIbHO, NOoKaxeM, 4To
noc/ae10BaTe/IbHOCTb €y, €2, ..., €n, ... cabo cxonutcst B [z kK O.
Besikuft innefinbifi GyHkunoHasa f B [y 3anuceiBaeTcsi Kak CKaJsipHoe
npoussefenue f(x) = (x, a) BekTopa x € l; Ha HEKOTOPbBIl HUKCHPO-
BaHHBIA BEKTOp @ = (a1, Qs, ...). [To3TOMY f(€sn) = @n, H NMOCKOJBKY
an —> 0 npu n — 0o 115t BCAKOro a € Iy, nonyuyaem

lim f(e,)=0

n-»oo
AJst KaXaoro suHefiHoro GyHkuuonana B .

B 1o Xe BpeMs B CHJIbHOM CMbIC/]e MNOC/TEN0BATEIbHOCTb {en}
HH K KaKOMy npeaetly He CXOJHTCH.

Yonpaxuennsa 1. ITycts mociegoBaTesbHOCTb {Xp} 9/7eMEHTOB THIbGep-
ToBa mpocTpancTBa H ¢Ma€0 CXORMTCA K SJAeMeHTY x, npuueM || x, || — | x fj npu
n— co. JloKasaTb, YTO B 3TOM cjyyae NOCJeLOBATENBHOCTD {X,} CHIBHO CXOLMTCA
KX T.e|x,— x>0

2. JlokasaTh, 4TO YTBEepXKAeHHE YMPaKHEHHT | COXpaHHTCH, €ClH YCJAOBHE
2,1 >1x| samennts ycnosuem [x,|<<|x| anma  Beex n» wim  ycaosweM

lim x| <Nx |
n-»o

3. Mycrs H — (cenapaGenbHoe) rub6epToBO NPOCTpPaHCTBO H Q — ero orpa-
HHYeHHOe NOAMHOXecTBO. Toraa tomojorua B Q, muayuupyemas caaboft Tomoso-
rHeit mpocTpaHcTBa H, MOXeT GHITH 3ajlaHa HEKOTOPOH MeTPHKOW.

4. JlokaXuTe, YTO BCAKOE 3aMKHYTOe BHI Ny KJ Oe€ MOAMHGXKECTBO ruiabGep-
TOBa NPOCTPAHCTBA 3aMKHYTO B ¢JaGofi TONOJOrHH (B HaCTHOCTH, BCAKOe 3aMKHY-
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Toe JHHeAHOe NOANDOCTPAaHCTBO THAbGEPTOBA NPOCTPAaHCTBa cNaG0 3aMKHYTO).
TlpuBeauTe NpUMEp 3aMKHYTOr0 MHOXeCTBA B THJAbGEPTOBOM MNPOCTPAHCTBE, He
ABJSAIOLLETOCS €N1a060 3aMKHYTBIM.

3. Carabasa cxodumocte & npoctpancrge Cla, bl Henpepoienbix
pynryud. Ilyctb {x, ({)} — nocaenosarenpHocTs Gynkuuit uz Cla, b,
cnabo cxoasulasics K QyHkuuu x(t). INocnenoBarenbHocTh {¥n (£)}
orpaunyena mno Hopme Cla, b]. Cpeau HyHKUHOHAMOB, ONpe/IeseHHbIX
na C([a, b], umerorcs, B YacTHOCTH, (YHKUHOHAJB Of, KaXKIBIA H3
KOTOPbIX eCTb 3HayeHHe (QYHKUHUU B HEKOTOPOH (HHKCHPOBAHHOH TOU-
ke fp (cMm. mpumep 4 n. 2 § 1). Jana kaxporo tTakoro ¢pyHKLHOHAJIA
9, YCJOBHE

B4, (X)) — 04, (x)

Xn (tO) —>X (tO)

O3HayaeTr, 4To

TaxuMm 06pa3oM, ec/IH MOC/AeN0BATEIbHOCTh {Xn(f)} ciabo cxonmut-
<5, TO OHa:

1) paBHOoMepHO orpaHuueHa, T. e. |xn(f)|<< C npu Bcex n =
=1,2, ... nas<t<b;

2) cxomuTCa B KaxKI0#H TOUKe.

MoKHO moKa3aTb, YTO COBOKYNHOCTb 3THUX IABYX YCJOBHUA He
TOJBbKO He06XOJHMAa, HO H AOCTAaTOYHAa AJAA cjaaboll CXoauMo-
cTH nocaeaoBarteabHoctu {xn(f)} B Cla, b]. Unaue rosops, cnabas
cxoauMocth B C[a, b] coBnagaer ¢ notoueyHolt (Mpu yCJaOBHH orpa-
HHYEHHOCTH).

SIcHo, 4TO 3TAa CXOAMMOCTb HE COBMAjaeT CO CXOAHMOCTBIO MO
nopMe C[a, b], T. e. paBHOMEPHO#H CXOAUMOCTbIO HEMPEPHIBHbIX PYHK-
uud. (IIpuBenute cOOTBETCTBYIOMIMI MpUMED.)

3. Cra6as TomoJjoruss u caaGasi CXOAHMOCTb B CONPSNKEHHOM
npocrpanctse. B n. 2 npeasiayuiero naparpaga Mel BBeJH B COMpsi-
JKeHHOM mpocTpaHcTBe E* TOMOJIOrHI0, HA3BAHHYI0 HAMH CHJIbHOH,
TIpHHSAB 3a CHCTEMY OKPECTHOCTEH HYJS COBOKYNHOCTb MHOMECTB

BHAA
U a={: I[(x)|<e, x4},

Tae A — NpoU3BOJIbHOE OrpaHHYEHHOEe MHOXKeCTBO B E, a & — npous-
BOJIbHOE MOJIOKHTe/NbHOe ynca0. Ecau Mbl 34ech BMeCTo Bcex orpa-
HUYEHHBIX MHOXeCTB GyJeM pacCMaTpUBAaTb BCé KOHEeUHBI € NOJ-
mHoxectBa A C E, TO MBI MOJIyYuM TaK Ha3blBaeMyio €1abyro To-
noaozuto 8 conpaxennom npocrpancree E*. TlockosbKy BcsiKoe Ko-
Heunoe MHoXectBo A — E orpanuueno (o6paTHoe, BooGLie roBops,
He BepHO), fICHO, 4To cnabas TomoJsiorust mpoctpaHctBa E* ciabee,
YeM CHJbHAsl TOIOJIOTHs 3TOro mpoctpaHctBa. Boobuie rosops, st
_JIBe TOIOJIOTHHU He COBMNAajalorT.

Cna6asi TonoJjiorusi, BBeleHHass B E* omnpegeaser B 3TOM mpo-
CTPAaHCTBE HEKOTOPYI0 CXOAMMOCTb, HasblBaeMyio caaboi cxodu-
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mocTero Qynkyuonaros. Cnabasi CXOAHMOCTb JIHHEHHHIX QYHKIHO-
HaJIOB NpeJCTaBJseT co60fi BaXKHOe NMOHATHe, Hrpalolllee CyLleCTBeH-
HYI0O poJib BO MHOTHX Bompocax GYHKIHOHAJAbHOrO aHa/H3a, B
YaCcTHOCTH, B TEOPHH TaK HasbiBaeMblX 0GOOUIeHHBIX (YHKIHHA, O
KOTOpBIX OyZeT HATH peub B caedylolleM naparpade.

Cna6asi CXONLHMOCTb NOCJEJOBATEJNbHOCTH {Qn} JHHEAHBIX QYHK~
. HHOHAJIOB €CTb, OY€BHIHO, CXOJHMOCTb 3TOH IOCJEJ0BAaTENbHOCTH
Ha KaxJIoM GHKCUPOBaHHOM saeMente U3 E. HunMu cioBaMmy,
nocyaenoBaTenbHOCTb {Qn} HasbIBaeTcs caabo cxodawelics Kk ¢ = E*,.
ecu I/ Kaxaoro x & E BHINOJHEHO COOTHOLIEHHE

Pn (X) > @ (%)

$IcHO, YTO H B CONpPSI)KEHHOM IPOCTPAHCTBE MOCJEJ0BATENbHOCTD,.
CXOASAsCs B CHJbHOH TONOJIOTHH, CXOAHTCS H ciaGo (HO He Ha-
o6oporT).

Ilycts E (a cnenoBatesbHo, u E*) — 6aHaxoBO NPOCTPAHCTBO..
HmMeer MecTo caefylonlasi TeopeMa, aHaJOTHYHAsA TeopeMe 1.

Teopema I* Ecau {fn} — caabo cxodaujanca nocaedosaresrs-
HOCTb AUHelHbIX PYHKYUOHAA08 HA 6AHAX080M NPOCTPAHCTSE, TO:
cyujecrsyer Takoe noctoantoe wucao C, 4ro

f.1<C, n=1,2,...

Hnauye roBops, 8caKkan cAa60 cx00aujascs nocAedo8aTesbHOCTb 34e-
MEHTO8 NPOCTPAHCTBA, CONPANCEHHO20 OGAHAX08Yy NPOCTPAHCTSY,.
02PAHUYEHA NO HOPME.
JokasaTenbCTBO HE OTJIHYAeTCsl OT JOKa3aTeJlbCTBa TeopeMhl 1.
Caenymollasi TeopeMa BroJiHe aHAJOTHYHA TeopeMe 2,
Teopema 2* [Tocaedo8aresbHOCTs AUHEUHOLY GYHKYUOHAAOE:
{@n} us E* caabo cxodurca k ¢ € E*, ecau:
1) ara nocaedosaresbHOCTL O2panuyena, T. e.

lel<C, n=1,2,..

2) coornowenue (@n, X)—> (@, X) B6LNOAHEHO Oafl 6CeX X, npu-
HAOAEHAULUX HEKOTOPOMY MHONCECT8Y, AUHelHble KomOuHayuu 3ae~
MEHTO8 KOTOPo2o 8ctody naoTHot 8 E.

IokasaTenbCTBO TO Xe, 4TO B TeopeMe 2.

Paccmorpum npumep. Ilycts E ectb npocrpancrso Cla, b] ne-
npepuBHBIX GYHKUHA ') H

9 () =x(0),

T. e. ¢ ectb O-pyukunsa (cm. § 1, n. 2, npumep 4). Ilycts, nanee,
{ ¢n ()} — nocnenoBaTeNbHOCTb HENMPEPHIBHHIX GYHKILHHA, YAOBIETBO-

') Mu cuHtaeM, uto 0 = [a, b]. Moxuro Ouao O6bl, KOHEYHO, BMECTO TOUKE
¢t = 0 B3ate mobyio Apyryio,
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PAIOUHEX CAEAYIOUIHM yCIOBHAM!

1) q’n(t)=0 npH It|>1/n: q’n(t)>0»
b

2) S%Wﬂ=h

“Torpa pas awo6ofi HenpepbiBHOM Ha [a, b} dyukuuu x(¢) ¢ noMoupio
“TeOpeMbi O CpellHeM NoJyyaeMm

b i/n
Jox(dt=  0.()xOdt>x©) npu n—>oco.
a =1/n

Bripaxenune

b
o)y at

TpecTaBaAeT cOG0K JHHeHHBIR ¢yHKuHoHAN Ha Cla, b). Takum 06-
pasoM, 8-GpYHKLHIO MOXXHO NPEACTAaBHTb KaK Npejes B CMBIC/Ie cJa-
B0of CXONMMOCTH JHHeHHBIX ¢yHkiuoHatoB Ha Cla, b] mocaenona-
“TeJIbHOCTH «OGBIYHBIX» PyHKUHHA.

3ameuaHue. [NpocrpaHcTBo E* nuHeAHBIX GYHKIHOHAJIOB Ha
HEKOTOpOM fIpocTpaHcTBe E MBI MOXeM paccMaTpHBaTh [BOSIKO:
WK KaK NPOCTPAHCTBO, CONPSXKEeHHOe K HCXOJHOMY NpoCTpaHcTBy E,
MJIH e CYHTaTb caMo E* OCHOBHHIM NpPOCTPAaHCTBOM H CBSI3BIBATb
«C HHM CONpSiXKeHHoe K HeMy mnpoctpaHctBo E**. B coorBercTBuu
-C 3THM Mbl MOXXeM B E* BBOAHTb CaGyI0 TOMOJIOTHIO ABYMS CIOCO-
-6aMu: JH6O KaK B NpocTPaHCTBe PYHKIIHOHAJIOB, ONpeeNsisi OKpecT-
HocTH B E* ¢ noMolwpio BCeBO3MOXHBIX KOHEYHBIX HaGOPOB 3J/eMeH-
-roB U3 E, 1160 kKaKk B OCHOBHOM NpDOCTPaHCTBe, C MOMOUIbIO NpO-
<TpanctBa E**. B cayuae pedJ ieKCHBHOIO NPOCTPAHCTBA 3TO, pasy-
MeeTcs1, ofHO H To xe. Ecnu ke E He pedyiekcHBHO, TO 370 — JBe
‘pasnuunbie Tomosiorn#n B E*. UToGbl H3GexaThb BO3MOXKHOH 37ech
‘TyTaHulbl, 6yaeM c1a6yi0 TOMOJIOTHIO, ONpeesseMyl0 B OCHOBHOM
mpocTpaHcTBe (T. €. TomosiorHio B E¥, onpelesnseMyio ¢ NOMOLIbIO
E**) uHasbiBaTb npocto caabod Tonosoceued, a cnabylo TOMNOJOTHIO
B npoctpaHcTBe (QyHKIHOHAJOB (T. e. TomoJorvio B E*, onpenense-
‘Myl0 ¢ nomoutbio E) HasbiBaTh *-caabod Tonosoeuei. OueBHOHO,
41O *x-cnabas Tomosoruss B E* cnaGee, uem caabas TOmoJiorus mpo-
crpaHcrBa E (T. e. B c1a6oit TOMOJIOTHH He MEHbLIe OTKPBITHIX MHO-
2KeCTB, YeM B #-CcJ1a00H TOMOJIOTHH).

4. OrpaHHYeHHbIe MHOXKECTBA B CONPSAKEHHOM MPOCTPAHCTBE.
‘B pasiuyHbIX NPUMEHEHHSX MOHATHS c1a60H CXOAHMOCTH JIHHEHHBIX
4bYHKUHOHAJIOB BaXXKHYIO POJIb HIpaeT clelylollas TeopeMa.

Teopewma 3. Ecau E — cenapabeavroe aunelinoe HOpMuposan-
HOe NpoCTPaAHCT80, TO 8 A000L 02PAHUYEHHOL NOCAAOBATEALHOCTY
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HenpepvlBHbLX AUHEUHbLx (yHKkyuonaros Ha E codepxcurcs carabo
cxo0auancs nodnocaedosaTesbHOCTD.

HokaszatenbctBo. Bubepem B E cueTHoe BCioay mJoTHOE
MHOXeCTBO (X1, X2, ..., Xn, ...). Eciu {pn}— orpaunuenHass (no
HOpMe) IM0CJIe[0BaTeNbHOCTh JIHHEHHHX (YyHKUHOHamoB Ha E, To
YHCJI0Basi N0CJE0BATENBHOCTD

@ (¥1), @2(x1)s ooy Qulxy), ..
orpanuuena. I[lostomy u3 {@n} MOXHO Tak BHGpPaTh MOAMOCIENOBA-

TE€JIbHOCTb N
1 !
o, @, ..., @0, L.,

! (1 1
yT06bI YHC/I0Bas NOC/IEI0BATENbHOCTD ¢! (x]), q>2)(x]), ven q>§‘)(xl), cee
cxomunach. [anee, u3 {g’} MoxHO Tak BHOpaThb MOANOC/IENOBA-
TEeJBHOCTh X
(p(12)1 q’(Qz)v ceey q)f): LI

4TOGH CXOAHAACH IOCAEN0BATENbHOCTD O (X,), P (%,), -y @D (%), -
IMpononxkas 3TOT NpoUeECC, MOJYYHM TaKylO CHCTeMy NocCjaeloBa-
TeJIbHOCTEH

o, o), ..., @D, ...,

o2, 9@, ..., o3, ...,

(xaxmas 13 KOTOPHIX CONEPXKHUTCH B Mpelplayniedi), uto {qajf’} .CX0-
JNTCA B TOYKAX Xi, X2, ..., Xx TOTMla, B3fB «IHATOHAJbY»

q)<ll)’ q)<22)’ MRS | mﬁ:‘)’ e

MBI TIOJIYYHM TAKYy10 MOANOC/AeJ0BaTEIbHOCTb JHHEAHEX QYHKIHOHA~
aos, uto @{"(x,), @ (x,), -.. cxomurca mas Bcex n. Ho rorna
(B cuny TeopeMu 2*) mnociepnosareibHocTh ¢V (x), @ (x), ... cxo-

auMTes W s Jwboro x < E. :

dra TeopeMa BMecTe ¢ TeopeMoli 1* o3Hayaer, 4TO B NPOCTPaH-
ctBe E*, conpsixxenHoM cenapa6eibHOMY 6aHaXxoBy NPOCTPaHCTBY,
orpaHHyeHHble NOJAMHOXECTBA, H TOJbKO OHH, SBJAIOTCH CYETHO-
NpeIKOMNaKTHHIMH B #-cJ1a6oii TonoJoruu. Ilokaxem, uto Ha camom
JleJie 3leCb HMeeT MECTO IPeKOMNAKTHOCTb, a8 He TOJbKO CueTHas
NpelKOMNaKTHOCTb.

IokaxeM mpexje BCero CJelyiollyi0 Teopemy.

Teopema 4. [Tycte S*—3amxnyToui eOunudHbLl wap npo-
crpancrea E*, conpsascennozo Kk cenapabeavHomy HOPMUPOBAHHOMY
npocrpancrey E. Tonoaoeuro, undyyuposannyro 8 S* +-caabod to-
noaoeuetli npocrpanctsa E*, moxHOo 3a0ate npu nomouiu MeTpuru

o(f, @)=Y, 27" I(f—g& x|, (2)



4§ 3] CJIABAAl TOTIOJIOTHUA U CJIABASl CXOOVMOCTH ) 201

20e {xn) — HeKkoTOpOe uKcuposanroe cueTHoe 8Cro0Yy NAOTHOE MHO-
H#ecT80 8 eQunudHom wape S npocrpancréa E.

JokasaTteabctBo. flcio, uto ¢yuxkuus p(f, g) obaapaer
BCEeMH CBOACTBAMH PacCTOSIHUS; KPOMe TOrOo, OHa HHBapHaHTHA OT-
HOCHTE/bHO CABHIOB:

p(f+h g+nm=0( 0.

[TosTOMy M0OCTaTOYHO IIPOBEpHTb, UYTO CHCTEMa OKpEeCTHOCTEf
HyJas, onpefensieMass B S* cnaGoft Tomosoruedt npocrpancrsa E*,
3KBHBAJIEHTHA CHCTEME OKPECTHOCTEH HyJs, onpepenseMoidl B S*
paccrosuuem (2), T. e. uto a) Jo6oH «wap»

Q={f: o(f,0) <e}

COJEPKHUT nepeceueHde S* ¢ HEKOTOPO# c1aGoll OKPECTHOCTbIO HYJsS
B E* u uto 6) Bcakas cnabas OKpPeCTHOCTb Hynas B E* comepKur
nepeceuenne S* ¢ HEKOTOPBIM Q..

Buibepem N Tak, uto 2% < £/2 u paccMoTpuM c1abyi0 OKpecT-
HOCTb HYJ

V=Vxl..-.xN; e/2={f3 l(f, xk)|<8/2, k=1, 2, ceey N}.

Toraa, ecsu f& SNV, To

N )
p(F,0)=Y, 27"I(F, x) 1+ Y. 27"I(F, xa) IS
n=I

n=N+I1

N oo
<) 27+ ) 27" <,
n==I n=N+!

T.e. S'"NV Q.. Tem caMbniM yTBepKieHHe a) aokaszauo. Jloka-
xeM ytBepxaenne 6). Ilycrs

U=Uy,...v 0= 1}, 9)1<8, k=12, ..., m}

— HeKOTOpasi *-cnabasi OKPeCTHOCTb HyJs B E*. MOXHO CUHTaTh,
uro lyn << 1, k=1,2, ..., m; Tak Kak MHOXecTBO {X,} Bciomy
mWIoTHO B S, TO HalAyTCs Takue HOMepa Ay, ..., Nm, YTO
]|yk——x,,k||<6/2, k=1, 2, ..., m Ilycte N =max(n, ..., fim)

1 e=2""*"s Torma npu f= S'NQ, us Hepasencts

2271 k) <e
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nonyuaem, uto | (f, xn) | << 2"e; B wacTHOCTH,
|(F, %) | < 2*e <2V =9/2.
CrnenoBatenbHo, 1as Bcex k=1, 2, ..., m noayyaem

| 31U 20) |+ | (92— 5) | <2+ N[, 5, <.

Taxkum o6pasom, S* 1 Q. = U. Teopema aoxkasaHa. .

$lcHO, 4TO 3TOT pe3yJbTaT aBTOMATHYECKH PaCNpOCTPAHSETCS Ha
J1000f 11ap, a 3HAYHT, U Ha Ji060e OrpaHUYeHHOE MOJAMHOXKECTBO
M c E*.

Mb nokasanu (Teopema 3), YTO H3 KaXK[A0#H OrpaHHYEHHOH MO~
cJe0BaTeqbHOCTH B E* MOXHO BHOpaTh #-c1a60 CXOASALLYIOCS NMOA--
nocienoBaTenbHocTb. MHaue rosopsi, B npoctpaHctse E*, conpsi-
JKeHHOM cenapabesbHOMY JIHHEIHOMY HODMHPOBaHHOMY H CHabXKeH-
HOM *-cs1a6o¥ TOMOJIOTHeH, Kaxa0oe orpaHHueHHoe NOoAMHOoXecTBo M
cueTHO-mpefkoMnakTHo. Ho B cHay nocsielHef TeopeMBl KaXKjaoe:
TaKoe MHOXECTBO eCTb MeTPH3yeMOe TOIOJIOIHYeCKOe MPOCTPaHCTBO,.
a JJ1f MeTPHYECKHX NPOCTPAHCTB KOMIAKTHOCTb H CYETHAsl KOMMAKT~
HOCTb cOBmajaioT. TakuM o6pa3oM, MH MOJyyaeM CJeNYIOWHH pe--
3yJbTaT.

Teopewma 3* Bcaxoe oepanunennoe muoxcecteo M 8 npocrpan--
cree E*, conpasceHHOM cenapabesbHOMY HOPMUPOBAHHOMY PO~
CTPAHCTBY, Npe0KOMNAKTHO 8 cmbicae x-cAaboid TOonoAc2UL NPO--
crpancrea E*.

TloxkaxeM Tenepb, 4To ecin E — cemapabesbHoe JIHHEHHOE HOp-
MHpPOBaHHOE MPOCTPAHCTBO, TO BCAKHH 3aMKHYTHIH LIap B NMPOCTpaH--
ctee (E* b) 3aMKHYT B #-c/1aGOH TONOJIOTHH mpocTpaHcTBa E*.

Taxk xax cABHT B mpocTpaHcTBe E* mepeBOAHT KJacc 3aMKHYTHIX
(B =-ciaGoli TOMOJIOTHH) MHOXeCTB B cefsl, TO AOCTAaTOYHO J0Ka-
3aTh, UTO B %-C/1a6Oll TOMOJIOTHH 3aMKHYT BCSKHA Wap BHia S, =

={f: Ifll < ¢}. Mycrs f,¢& S;. Tlo onpenenennto HOpMbl QYHKIHO--
HaJa Hafigercs Taxoil Bektop X E, uro {x|=1, fo(x)=a >c.
Toraa MHOXeCTBO U={f: fx) > a;c} Gynet *-cnaGol OKpecT-
HOCTbIO (yHKUHOHAJA fo, He COAepKalllell HH OLHOIO 3JeMeHTa H3:
mapa S;; caeloBaTe/bHO, WAp S; 3aMKHYT B #-CJ1a6o# TOMOJIOTHH.

M3 n0Ka3aHHOrO YTBEPXKAEHHS H TeopeMbl 3* BHITEKaer CJenylo-:
masi TeopeMa.

Teopema 5. Beakul 3amKHYTbUL wap 8 NPOCTPAHCTEE, CONPA--
HCEHHOM cenapabesbHoMy HOPMUPOBAHHOMY NPOCTPAHCTEY, KOMNAK~
Ten 8 %-cAabold Tonosozuu.

U3anoxkeHuple BHIIE Pe3yabTaTH 06 OrpaHHYEHHBIX MHOXKECTBAX B CONPSIKEH--

HHIX TPOCTPAHCTBAaX MOrYT GWTL MepeHeCeHH ¢ HOPMHPOBAHHBIX NPOCTPAHCTB Haw
ApOH3BOJbHEE JOKaJAbHO BuNykame. CM. Mo 3TOMy HOBOAY, HampuMep, [42].
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§ 4. OGoGuieHHble PyHKIHH

1. Pacinpenne noHsaTHa (PyHKuMH. B pasinuHbIX Bompocax aHa-
Jin3a TepMHH <GYHKUHS» IPUXOAHTCA NOHUMATh C Pa3HOH CTENeHbIO
obumuoctn. MHorma paccmaTpHBalooTCA HenpepbiBHblE (PYHKLUHH, B
JApPYTHX BOIPOCAxX IMPHUXOJHTCS NpPEANoJarath, YTo peub HAET O (HYHK-
upsx, AubdepeHIHPYEMbIX OAHH HJIH HECKOJBbKO pa3, u T. A. OnHako
‘B pAJle CyuaeB KJacCHYeCKOe NOHATHe QYHKILHH, [laxke TpaKTyeMoe
‘B CaMOM IIHPOKOM CMBICJE, T. €. KaK IPOH3BOJbHOE IPAaBHJO, OT-
#Hocslllee KaXKAOMYy 3HAYeHHIO X M3 O0O6JacTH oOlpeJeseHHs ITOH
YHKIHM HEKOTOpOe uHCcIo ¥ = f(X), OKa3blBaeTcsi HEOCTATOUHBIM.
BoT 1Ba BaxHBIX IpHMeEpa.

1) Pacnpenenenue Macc BAOJMb NpAMOH yAOGHO 3ajaBaTh IJOT-
#HOCThIO 3TOro pacnpefeneHs. OnHaKo, ecau Ha mNpsIMOH cylle-
«CTBYIOT TOYKH, HeCYIIHe INOJOXKHTEJIbHYI0O Maccy, TO IIOTHOCTb Ta-
XKOro pacnpefieleHHsl 3aBelOMO He MoxXeT OblTb ONHCaHAa HHKAaKOA
-«06BIYHOH» (QYHKIHEH.

2) IlpuMensin ammapaT MaTeMaTHYeCKOr0 aHaJu3a K TeM HJH
'MHBIM 3ajJlauaM, Mbl CTAJKHBAaeMCs C HEBLINOJHHMOCTbIO HEKOTODhIX
onepaunuii; HanpuMep, GYHKIHIO, He HMEIOLLYI0O MPOU3BOAHOA (B He-
KOTOPHIX TOYKaX HJH Jaxe BCIOAY), Heab3sl 1H(pdepeHUHPOBATD,
-€CJIH NPOH3BOJAHYIO NMOHMMATh KaK «o6buHyio» dyHKUHIO. KoHeuHo,
3aTpyJAHEeHHA TAaKOro THIAa MOXHO 6bl1o 6bl H36eXaTb, OrpaHHYHB-
LIHCh, CKaXKeM, PACCMOTPEHHEM OJHHX TOJbKO aHaJHUTHYeCKHX QYHK-
1. OfaHaKo TaKoe CyKEHHe 3anaca AONYCTHMBIX QYHKIOHA BO MHO-
THX CJIy4asix BecbMa HeXXeJaTeJsbHO. '

OkasbiBaeTcsl, OJHAaKO, 4YTO NOAOOGHHIE 3aTPyJAHEHHS MOXKHO
TpeosoyeTb NyTeM He CyXEHHs, a CYILeCTBEHHOrO pacHIHpeHHSs
TIOHATHA GYHKUHH, BBOAS TaK Ha3blBaemble 00606GLIeHHBIE (yHK-
1uu. OCHOBOH A/ BBeJ€HHSI COOTBETCTBYIOLIHX ONpeJNeJeHHH liaM
TIOCJAYXKHUT TOHATHE CONPSIXKEHHOro NPOCTPAaHCTBA, pPacCMOTPEHHOoe
BBIILE.

ITonuepkHeM elle pa3, 4To BBelleHHe OOGOOLIEHHBIX GYHKIH
©HblJI0 BBI3BAHO BOBCE He CTPeMJeHHeM K BO3MOXHO G6oJbilleMy
PACHIHDEHHIO IOHATHH aHaJiH3a, a COBepIIeHHO KOHKDPeTHbIMH
3agauamu. IJo cyulectBy, B ¢u3HKe 0606IUEeHHble (QYHKIHH HC-
T0Jb30BAJMHCh YXKe AOBOJbHO [aBHO, BO BCSIKOM CJydyae paHbHIe,
geM OblyIa MOCTPOEHA CTpPorass MaTreMaTHYeCKas TeOpHsA 0606ILEeHHbIX
APYHKIHH. ‘

[Ipexie 4yeM mepexoAHTb K TOUHBIM ONpEJEJEHHSIM, H3JIOXKHM
“OCHOBHYIO HJI€I0 MOCTPOEHHH.

ITyctb f — duKCHPOBaHHAA QYHKUHA HA NPAMON, HHTErpHpyeMas
‘'Ha KaXJIOM KOHeYyHOM HHTepBaJe, H MyCTb ¢ — HeNpepuiBHAs (YHK-
1uA, obpallapliascs B HyJb BHe HEKOTOPOro KOHEYHOro HHTepBasa
Krakue pyHKUHH MBI B NajbHefilieM GyJdeM Ha3biBaTb QUHUTHbLIMU).
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Kaxpoll Takoll GYHKUMH ¢ MOXHO C NOMOWbIO (PUKCHPOBAHHOH
GyHKUMH f COMOCTABHTD YHCJIO

oo

(9= | flx)ox)dx (1)

- 00

(dbakTuuecku, B cuay GUHHTHOCTH @(x) uuTerpasn Gepercs N0 He-
KOTOPOMY KOHeuHOMy HHTepBasy). HHaue rosops, ¢dyukuuio f Mox-
HO paccMaTpHBaTh KaK QYyHKIHOHAJ (JHHEHHBIH, B CHIYy OCHOBHBIX
CBOHCTB HHTErpaJjia) Ha HEKOTOPOM MpPOCTpaHCTBe QUHHTHBIX (yHK-
uui. Ognako ¢yHKUWOHanaMu BuAa (1) He MCYepHmBIBAIOTCH BCe
(G YHKUHOHAJBI, KOTOPble MOXXHO BBECTH HAa TaKOM NPOCTPAHCTBE; CO-
[OCTaBJIsis, HAmpuMep, Kax ol GYHKUHH ¢ ee 3HAUYeHHE B TOUKe
x =0, MBl TOJYyUYUM JHHEHHBIH QYHKUHOHAJ, He NpeJCTaBUMbIH
B Bule (1). Takum obpasoM, ¢dyHkUHY f(X) ecTecTBeHHBIM 06pascu
BKJIIOYAIOTCS B HEKOTOpoe 6oJjiee INHPOKOE MHOXKECTBO — COBOKYII-
HOCTb BCeX JUHEHHBIX (QYHKUHMOHAJNOB Ha (PUHUTHBIX (QYHKLHUAX.

3anac QyHKUHHE ¢ MOXHO BbIOMpATb Pa3JHYHBIM 06pas3oM; Ha-
npHMep, MOXHO 6Gblo 6bl B3Tb BCe HeNpepbiBHblE QUHHTHbIE DYHK-
uun. OnHako, Kak GyJeT siCHO W3 JaJbHelllero, pa3yMHO NOJUHHHTD
JONMyCTHMble (PYHKIHH ¢, NOMHMO HENPepbIBHOCTH U (PUHHUTHOCTH,
elle ¥ JOCTATOUHO XKECTKUM YCJIOBUAM I1aJKOCTH.

2. MNpoctpancTBo OcHOBHBIX yHKuHH. [lepefineM Tenepb K ToOu-
HbIM onpefeneHuaM. PaccMoTpuM Ha nmpsaMoil coBokynHocTh K Bcex
dUHUTHBIX QYHKUHMH @, UMeOUINX HenpepbiBHble NPOU3BOJHbLIE BCeX
nopsiakoB !). Oynkuuu, npunamiexauue K, ob6pasyior nuHelHOe
NPOCTPAHCTBO (C OGHLIYHBIMH ONEpalusAMH CJOXeHHA (QYHKUHH H
YMHOXEHHS HX Ha uHcsaa). B 3ToM mpocTpaHCTBe Hesb3sl BBECTH
HOPMY, KOTOpasi OTBeyasta Obl H3J1araeMoil HHXe TeOPHH, OJHAKO
B HeM eCTeCTBEHHBIM CNOCOGOM BBOJAMTCSH MOHSTHE CXOLHMOCTH.

[MocnenosatensHocTs {@n} 37eMeHTOB u3 K HasbiBaercsi ¢x004-
welica Kk ¢pynkyuu @ & K; ecan: 1) cymectsyer HHTepBaJ, BHE KO-
TOPOTO BCe ¢n PABHB HysI0!); 2) mOC/TeNOBATENBHOCTb NMPOH3BOM-
HbIX 2) {cpff’} nopsanka k (=20, 1, 2, ...) cxonuTcs Ha 3TOM HH-
TepBase paBHoMepHo K ¢*). (PaBHOMepHOCTb CXONHMMOCTH MO pas-
JMYHBIM k He mpelnosaraercs.)

Jluneitnoe npoctpanctso K ¢ TOH CXOZMMOCTBIO, KOTOPYIO MBI
B HEM ONpeJeH/IH, Mbl GyfleM Ha3blBaTh OCHOBHOIM NPOCTPAHCTBOM,
a ero 3JeMeHThl — OCHOBHbIMU PYHKYUAMU.

Herpyaso onucath Tononoruio B K, xoTOopoit noguunsercs 3anannas B K cxo-

JMMOCTb, Taxas TONOJOTHS TOPOKKAETCS CHCTEMOH OKPECTHOCTEH HYJAS, KaXjaad
M3 KOTOPbIX 3a/laeTCfi KOHEYHHIM RaGOPOM Yo, ..., Ym HENPEPLIBHBLIX MOJOXKHTENb-

1y HnrepBan, BHe KoTOoporo ¢ynknmus ¢ pasHa 0, MoxeT OhiTb pasiHyHbiM
Jasi pa3anuHbx @ € K.

) Moa mpOH3BOAHON HynEBOrOo MOPSAKA NOHHMAETCA, Kak OOBIVHO, CaMa
G YHKLHS,
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HbIX QYHKIHA H COCTOHT H3 TeX NpHHaadexawux K ¢yukuuil, KoTophle npH Beex
X YIOBJIETBOPSIOT HepaBeHCTBaM

[o ()] < Yo (%), ooy | 90™ (x) | < ym (x).

TlpoBepKka TOro, YTO 3TOH TONMOJOrHH AEHCTBHTENbHO NMOMYHHSIETCS ONMMUCAHHAs Bbl-
I5€ CXOAHMOCTb B K, IpefocTaBisieTcsl YHTATEJIO.

Vnpaxuenue. O6o3nauum uepes K, MOANPOCTPaHCTBO NpoeTpanctsa K,
cocTosulee H3 Bcex QYHKuuA @ &€ K, paBubix 0 Bue oTpe3ka [—m,m]. B mpo-
crpactse Km MOXHO BBECTH CTPYKTYPY CYETHO-HODMHPOBaHHOrO NPOCTPaHCTBA,
noJarasi

lolh= sup [¢® ()], n=01,2 ...
o<k<sn
[xI<m

TlpoBepbTe, YTO TOMOJOTHS (COOTBETCTBEHHO CXOAHMOCTb TOCJEHO0BaTeNbHOCTEH)
B npoctpaicTBe K, mopoxaaemasi 3TOH CHCTEMOH HOpM, COBNajaeT ¢ TOMOJOrHeH
(COOTBETCTBEHHO CXOLMMOCTBIO), HHAYIHPOBAHHOH B K, ONHCAaHHOM BHIILie TOMO-
noruell (cxoauMmocTbio) B npoctpaHcTBe K. SlcHo, uto Kic Koo...c Kn ...

’

(=]
npuyeMm K = U K. TlokaxuTe, 4To MHOXecTBO Q < K TOria M TOJBKO TOTAa
m=I1
OrpaHHYeHO OTHOCHTEJbHO BBelleHHOfi B K TOMOJIOFHH, KOTJa CYIIeCTBYeT Takoe m,
4T0 Q #BASIeTCS OrpPaHMYEHHBIM TOAMHOXXECTBOM CYETHO-HOPMHPOBAHHOrO TpO-
cTpanctBa Km. Ilycth T — nnneliHblil QyHKIMOHAN Ha mpocTpaHcTBe K; nokaxure,
4TO CJeNYIollHe YeThipe YCJIOBHS DaBHOCHJBHB: (a) (yHKUHOHan T HempephBeu
OTHOCHTEJNBHO TOMOJOTHH NpocTpaHcTBa K; (6) ¢yHknHoHan T orpaHHyeH Ha Ka-
XIOM OrpaHuueHHOM MHOxecTBe Q < K; (B) ecid @n € K ¥ @n —> 0 (B cMEICTE
BBelleHHOH B K cXOZHMOCTH nociefoBatenbHocTell), To T(@a) —> 0; (r) aas ka-
®Kaoro m cyxénue Tn pyHruHOHaNa T Ha meanpocTpancTBo Km < K ecTh Hempe-
PbIBHBIH (YHKUHOHAN Ha K.

3. O6o6menHnble QyHKUHHA.

Onpenenenune. 1. O606ujennoil pynkyued (3anannoin Ha nps-
MOji —o0o0 < x <{ 00) Ha3bIBA€TCS BCAKHH HeNpepbiBHBIN (GYHKUHO-
sBasa T (@) Ha ocHoBHOM mpoctpaHcTBe K. Ilpu 3TOM HenpepuBHOCTH
¢yHKIHOHANA NOHHMAETCSL B TOM cMbicie, 910 T (¢n)—> T (@), ecau
NOC/JAeI0BATENBHOCTD @y CXOAUTCS K @ B OCHOBHOM NpocTpaHcTBe K.

3amerum, npexae BCero, UTo BCSIKAsi HHTErpHpyeMas Ha JioGoM
KOHEUHOM HHTepBaje GyHKUHSA f(X) MOpoXKAaeT HEKOTOPyIO 06G6-
IeHHyio ¢yHkuHIO. [leiCTBUTENbHO, BEIpaXKeHHe

[+

Ti@= | fedr (2)

- 0O

eCTb HemnpepbiBHbIH NHHeHHBN ¢yHKkuuoHan Ha K. Taxkue o606ileH-
Hble QYHKIHH Mbl B jajbHefilleM OyleM Ha3biBaTb pPE2YAAPHLIMU,
a BCe OCTalbHLIC, 7. €. He NpeACTaBUMLIEe B BHAe (2), — cuneyaap-
HbIMU.

IlpuBeneM HeKkoTOpble MpHMepHl CHHTYJSIPHBIX OGOGIIEHHBIX
¢yHKUIMA.

1. «6-pynxuua»:

T (@)=1¢(0).
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310 — HenpepbIBHbIA JHHEHHbIA GyHKUHOHaa Ha K, T. e, no Bse-
IEeHHOH BhIille TEPMHHOJOTHH, 06o6ueHHas (yHkuusa. ItoT PyHK-
IHOHAa/ OGbIYHO 3aNHCHIBAIOT B BHUAE

oo

[ oo ar, 3)

nonumast mo 8(x) «dyHkiHO», paBHYI HyJIO OpH Bcex X #=0 H
o6pauatoulytoca B Touke x = (0 B 6eCKOHEYHOCTb TaK, YTO

oo

Sb(x)dx=l.

-— 00

Mpl paccmarpuBanu yxe §-pyuxuuio B § 1 kak ¢yukuuonas na
NpPOCTPAHCTBe BCeX HENPephIBHHIX (QYHKUHHA, ONpefe/eHHbX Ha He-
KoTOpoM oTpe3ke. OHaKO paccMOTpeHHe §-QYHKUHH KaK (YHKIHO-
Hasa Ha K uMeeT onpefiesieHHble NPEHMYILECTBA, HAIPUMep, O3B0~
JISIET BBECTH /Il Hee TMOHATHE NMPOH3BOMHOM.

2. «Cmemennasn 6-oyakuus». Ilycts

T (9) =9 (a).

ITOT (QYHKLHOHAJ eCTeCTBEHHO 3amHcaTb MO aHaJIOTHH ¢ 0603Ha-
yeHueM (3) B BHUMe

o0

S d(x — a)g(x)dx. 4)

-—00

3. «Ilpoussoanas 8-pyukuuu». Kaxmoh ¢ = K craButes B co-
otBerctBde uucao — @ (0). HeckosbKO HHXKe MBI BHISICHHM, MOYEMY
3TOT (QYHKIHOHAJ €CTeCTBEHHO CUHTATh MPOU3BOAHON (QYHKIIHOHAJA,
YKa3aHHOTO B MEPBOM IpHMepe.

4. Paccmorpum ¢yukuuio 1/x. OHa He HHTerpUpyeMa HM Ha Ka-
KOM HHTEpBasje, cofepxkalleM TOYKY Hyab. OmHAKO A8 KaxKaof
¢ = K unrerpan

§ o (x) 5 dr

CylLleCTBYeT M KOHeueH B CMbIC/e TrJaBHOTO 3HaueHHs no Komn.
JleACTBHTENbHO, y

% R R R
- 0

S qa(x)%dx= Sq;(x)-%-dx= S 2= -9 xq:(O) dx + S ——q’i) dx.,

e -R R -R

3nech (—R, R)— uHTepBaJ, BHe KOTOPOro ¢ obpallaercs B HYJb.
ITepBblil M3 CTOALIMX COpaBa MHTErpajoB CYIIECTBYeT B OGHIYHOM



§ 4] OBOBUIEHHBIE ®YHKLIHH 207

cMbic/le (MON 3HAKOM HHTerpaJa CTOHT HenpephnBHaa GYHKUMS),
a BTOPOH HHTerpaJ paBeH HYJIO B CMuICJe IJ1aBHOro 3HaueHus. Ta-
KuM 06pa3oM, l/x onpenensier HeKOTOpHH (yHKUHOHaA Ha K, T. e.
o0606l1eHHy0 GyHKIHIO. MOXHO JI0Ka3aTb, YTO HH OJHa H3 06006-
HIeHHBbIX GYHKIHH, NMpHBeNeHHBIX B npHMepax |—4, He saBasercs
peryaspHoi (T. e. He mpexcrasisercs B Bule (2) HH c KaKo# Jo-
KaJbHO HHTerpupyeMoil ¢pyHkuues f).

4. Neiicreua Hap 0606menHbiME dyHkuuamu. [1a 0606LIEeHHBIX
$YHKIH, T. e. HENpPePBIBHLIX JHHEAHBIX QYyHKIHOHaN0B Ha K, ompe-
JeJieHbl OflepallMH CJIOXKeHHS M yMHOXeHHs Ha uucaa. Ilpu stom,
OYEBHJIHO, MJISI PeryJsipHbiX 0606UIEHHBIX GYHKIHHA (T. €. «OGBIYHBIX»
$yHKUMA Ha nNpsAMOMN) CJOXKeHHe HX KaK O0OCOGUIEHHBX GYHKIHA
(T. e. nuHeAHBIX (GYHKIHOHAJOB) cOBNmafaeT ¢ OOLIUHOH omnepauueil
caoxennsi ¢yuknui. To Xe caMoe OTHOCHTCA H K YMHOMKEHHIO Ha
Yyucaa.

BBezneM B mpocTpaHcTBe 0606LIEHHBIX QYHKIHHA onepalHio mpe-
JeabHOro nepexona. Mbl cKaxeM, 4TO NoOCJel0BaTeJbHOCT 0008-
meHHbix ¢yHkuui {f,} cxomurcs kx f, ecanm mas kKaxpgoro 9= K
BLINIOJIHEHO COOTHOILIEHHE

(Fu» )= (f, @).

HNuaye roBopsi, CXOAHMOCTb IOCJeI0BATEJbHOCTH OGOGLIEHHBIX
¢yHKIUHA Mbl OnpeliesisieM KakK ee CXOAMMOCTb Ha KaXKJOM 3JeMeHTe
u3 K. IlpoctpancTBo 06061eHHHX (QYHKUHA C 3TOH CXOLUMOCTbIO
6ynem o6osnauath K*.

Ecan «— Geckoneuno auddepennupyemas ¢GyHKIOHSA, TO ecTe-
CTBEHHO ONpeleNuTb NpOoH3BeleHHe o Ha o6ob6wenHyw ¢GyHkuuw f

dopmynon
(@f, ) =(f, ag)

'(BBIpaXKeHHe, cTOsllee 3eCb CIpaBa, HMeeT CMHIC, TaK KakK @ &
€ K). Bce 3Tu onlepallu — CJI0XKeHHe, YMHOXEHHE Ha YUCJa H Ha
GeckoneuHo nuddepenurpyeMble QYHKIHH, — HENPEPLIBHEI.

IlpousBenenne nByx o060GuleHHBIX GYHKIMH MBI He BBOIHM.
MoXHO MoKa3aTh, UTO Ofipe/leJIHTb TaKOe MPOH3BeleHHe HEBO3MOX-
HO, ec1H mnoTpeGoBaTb, uTOOBI 3Ta onepanusi Gblia HenpephiBHA,
a ans peryaspHbiXx oGoGuieHHbIX QYHKIHA coBnajgana G6bl ¢ oObIU-
HbIM YMHOXXeHHeM (PYHKUHH.

Omnpenennm Tenepb ass 0606uIeHHbBIX QYHKUHEA omepaunuio aud-
(epeHUPOBAHHA H PACCMOTPHM €€ CBOHCTBA.

ITyctb cnavana T — dyHkuuonan Ha K, ompeiensieMbli HEKOTO-
poi HenpepbiBHO nuddepeHLHpyeMoit dyHKuMeH f:

00

T@={ f@)owar

- 00
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Ero npousBoxHoit ecrecTBeHHO Ha3BaTb ¢yHkuuoHaa dT/dx, omnpe-
nensieMblt popMmyJioi

00

= (e

- 00

Hurterpupys no yactsaM H yuHTBIBAsi, YTO Kaxjaas OCHOBHAs (YyHK-
uua ¢ ofpauiaetcs B HyJAb BHE HEKOTOPOro KOHEYHOr0 HHTepBaJja,
HMeeM

L= Fwoewa=— {iwewax

-— 00 -—00

TakuM o6pa3oM, Mbl noayuuan aas dT/dx BelpakeHue, B KOTOpOM
npousBoaHast QYHKUMH [ He YyuacTBYeT. DTH coobpakeHHs NOJ-
CKa3blBAIOT CJellylolllee OnpesieseHue:

Onpenenenne 2. Ilpoussodnoit dT/dx oGoGuieHHOR GYHK-
und T HasbiBaercs QyHKUHOHAJ, onpefenseMblil Gopmysoi

A W=—T@)

$lcHo, yTO PyHKUHOHAJ, onpenensdeMblli 3TOH QOPMYJOH, JHHEEH H
HenpephiBeH, T. e. IpeAcTaB/afeT co6oi 0606iIeHHYI0 QYHKIHIO. AHa-
JIOTHYHO ONpejeJsIoTC BTOpad, TPeTbsl W JAajibHefllliHe MNPOU3BOA-
HblE, :

O6o03Hayasi 0606IIEHHYIO (PYHKIHIO CHMBOJIOM f, Mbl Gyxem oGo-
3HayaThb €€ MNpPOH3BOAHYI0 (NOHHMAEMYI0 B OIpeIeJeHHOM TOJbKO
YTO cMBbIc/e) OGBIYHBIM CHMBOJIOM f'.

HenocpenctBeHHO H3 onpejie/leHHs TNPOM3BOAHOH 06OGLIeHHOM
(YHKLUHH BbITEKaeT CIPaBeNJIMBOCTb CJedyIOUIHX YTBEepPKIEHHI:

1. Beakas obobujennasn yrnkyus umeer npoussodubie 8cex no-
pAdKos. :

2. Ecau nocaedosarerbrocte 0606ujennbix pynxyut {f.} cxo-
durca k o0606wennod ¢ynkyuu [ (B cMbiCTe OmpeleseHHs] CXOMH-
MOCTH 0600UleHHBIX (GYHKUHH), TO NOCAe008ATEABHOCTL NPOU3E00-
noix {1} cxodurca k npoussodnoil [’ npedersrnod gpynryuu. To e
camoe 8epHO U a8 npou3dsoonbix 4106020 nopadka.

DTo paBHOCHJbHO TOMY, YTO 8CAKud cxodawuiica psad, cocras-
AeHHbLL u3 0606weHHbix GyHKkyul, moxcHo Juddepenyuposary no-
yaeHHo atoboe wucao pas.

PaccMoTpuM HeKOTOpBle pHMEpPBHI.

1. YUs ckasanHoro Bblllie $ICHO, UTO ecaH f-— peryaspHas (T. e.
«HacToslasg») (QYHKLHS, NPOH3BOAHAA KOTOPOH CYyIECTBYeT H He-
npepeiBHa (HJIM KYCOUHO-HeNpepbiBHA), TO MNpPOU3BOAHAs OT Hee
KaK oT 06061eHHON PYHKUUH COBNAfaeT ¢ ee NPOH3BOAHON B 06bI4-
HOM CMbICTe,



§ 4) OBOBUIEHHME ©®YHKLHUH 209

2. Tlycto

I mpu x>0,
f(x)={0 opu  x <<O0. )

Sra yukuus, HasbiBaeMas Qynkyuell Xesucatida, onpegenser Jau-
HelHBHA QYHKIHOHA

o= { o(ax.
0

B coorBercTBHH ¢ ONpejesieHHEM NPOH3BOJHON 0606UieHHON GyHK-
UUH HMeeM

oo

Fo=—0 )=~ o dr=00)
0

(nockonbKy @ obpamaercs B 0 na Geckoneunoctn). Takum oGpa-
30M, npousBofiHast ¢ynkuun XeBucaitna (5) ectb 8-pyHKuuS.

3. U3 npumepos 1 u 2 scHo, uto ecan f— GpyHKuus, uMeoman
B TOYKax X1, Xz, ... CKaukH, paBHule Ay, Ay, ... n puddepenuupye-
Mas (B OGBLIYHOM CMBIC/E) B OCTAJIbBHBIX TOYKAaX, TO NMPOH3BOAHAA
oT nee (Kak OT 0606LIeHHON QYHKLHH) NpeacTaBJaseT cOGON CyMMy
0o6bIuHON MpPOH3BOAHON [’ (B Tex TOYKax, TAe OHA CYU{ECTBYeT) H

BbipaXKeHHA BHJA Zi: hd(x — x;).

4. IlpuMeHHuB onpejeneHue NPOU3BOAHON K §-OYHKUHH, NOJAYUHM,
4YTO 5Ta NPOU3BOJHASA NMpeACTaB/sAeT co60H GyHKIIHOHAJ, NPHHAMAIO-
KA Ha Kaxnaol ¢yHkumu u3 K 3unaueHue —¢’(0). A 3to u ecth
TOT caMbli (YHKIHOHAJ, KOTOPBIH Mbl yXe Ha3BaJu «IPOH3BOIHOH
or 6-OyHKUHU».

5. PaccMoTpum pan

X, ®)

Ero cymMmo#t cayXuT QyHKUMS, HMeIoLas MepPHOA 2;m U onpejense-
Masa Ha OoTpesKe [—m, ] dopmysaamu

‘ n;x npH 0<x<n,
f(x)=’:| _n42-x mpy —a<<x <0,
l 0 npn x =0,
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OG6o6uienHass TpOU3BOJHAN OT Hee paBHa

- % +n Z 8 (x — 2km). 7y

k=—00

dt10 — HekoTOpass o6o6uleHHass ¢yHKuus (NpHMeHsss ee K J00of

¢unuTHOH GYHKIMH @(X), MBl Bceraa GyaeM moJyyaThb- JHIUb KO-

HeyHOe YHCJO OTJHYHBIX OT HyJs charaeMblx). C Apyro#i cTopoHHl,
00

sin nx -
AvddepeHuupysa psan Z p NOYJIEHHO, MBI NOJy4YyaeM pacxo-
n=1
JSLUACH PAL
00
3 cosnx.
n=l

OnHako B CMBIC/e CXOOUMOCTH OO0OOLIEHHBIX GYHKUHA 3TOT PAL
cxofHuTCs [a HMeHHO, K Bhipaxkenuio (7)]. Takum o6pasoM, nonsitHe
060611eHHOA (QYHKLUHH MO3BOJISIET MNPHIHUCATh HEKOTOPHIH BIOJHE
ompefieIeHHbIH CMBICI CyMMe psa, KOTOPbii B OGLIYHOM CMBIC/E
pacxoaurcs. To Ke caMoe OTHOCHTCS H KO MHOTHM PacXOASIIHMCSH
unterpasaM. C 3THM 0OGCTOSATEJIbCTBOM IPHXOJHMTCS YacTO BCTpe-
yaTbCsl B KBAaHTOBOM TEODHMH NOJSA W pAfe APYyrux objacreii Teope-
THYecKOH ¢u3ukH. Brnpouem, Takas cuTyauus BO3HHKAeT yXe IpH
pellleHHH 3JleMeHTapHbIX 3a/1a4 MaTeMaTHUeCKOH (HU3HKH C MOMOUBIO
MeToza <I2>ypbe. Hzanpmvlep, NpH pellleHNH ypaBHeHHs KoJebaHHA

u u
CTPYHBI a—p—=a23}7 BO3HHKAIOT TPHFOHOMETPHYECKHE PSfibl, HMEIO-

l{He BTOpble NPOH3BOJAHbBIE MO X H MO ! TOJBKO B CMHIC/JIE TEOPHH
00600111eHHHX (QYHKUHH, 1 3HAYUT, YAOBJETBOPAKQUIHE 3TOMY ypaB-
HEHHIO TOXe TOJbKO B CMbicJe 3TOH TEOPHH.

5. locTaTOYHOCTh 3amaca OCHOBHbIX dyHKumii. Mbl onmpemenutu
o6o0uieHHble QYHKIHH Kak JHHeHHble QYHKIHOHANB Ha HEKOTOPOM
npoctpaHcTBe — npocTpancTBe K ¢puHUTHBIX GeckoHeuHo AudepeH-
uupyemelx GyHkuuii. MoxxHo 6blJI0 6Bl OCHOBHOE NPOCTPAHCTBO BHI-
6patb M Kak-1u6o HHaue. PaccMOTpHM coo6pakeHHs, KOTOphIe
onpeneauan Bu6op K B KauecTBe NPOCTPAHCTBA OCHOBHBIX QYHKIHH.
Ounu npuMeHHMBI H B Apyrux cayvasix. Hanoxus Ha sneMeHTst u3 K
XecTKHe TpeGoBaHHs QUHHTHOCTH M OecKoHeuHoll auddepenuupye-
MOCTH, Mbl MOJIYYHJIH, BO-NEPBHIX, Oo/blIOH 3anac 0GOOIEHHBIX
GyHKIMA (Cy:XEéHHe OCHOBHOTO NPOCTPAHCTBA NMPHUBOAMT, OYEBHIHO,
K pacCIUHPeHHIO CONMPSXKEHHOrO NMPOCTPAHCTBA), a BO-BTOPBIX, 6G/b~
Wy cBoGOAY B NPHMEHEHHH K 0GOOIIEHHBIM (YHKIHAM OCHOBHBIX
ornepalHil aHaiu3a (IpelelbHbI Nepexofl, AHpdepeHUHPOBaHHE).
Ho BMecTe ¢ TeM mpoCTpaHCTBO OCHOBHHIX ¢yukuuit K spisercs ne
C/IHIIXOM Y3KHM. B HeM 10CTaTOYHO MHOro 3/€MEHTOB IJIsi TOTO,
4TOGBI ¢ UX MOMOLIbIO MOXKHO ObLIO Pa3jHyaTh HENpepbIBHbIE QYHK-
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unn. TouHee roBops, nycre i u fa— 0se paszauunsie HenpepoisHbie
(a caenoBaTenbHO, H JOKAaJbHO HHTErpUpPYEeMHe) (ynKkyuu Ha npa-
noi. Toeda cywjecrayer Takan pynkyus ¢ K, uro

{fiwewas = § hwowar. (®)

IeiictBuTenbHO, MonoXuM f(x)== fi(x)— fa(x). Ecau f(x)s£0,
TO CylleCTByeT Takas TOuKa Xo, 4T0 f(Xo) 7= 0. Torna f(x) coxpa-
HsieT 3HAK B HEKOTOpPOM HHTepBaJje (a, B), colepiKalleM TOUKY Xp.
Paccmorpum $yHKUHIO

1
o (¥) ={ e B-0GE-D ppp a<x <P,
0 OpH OCTaJbHHX X;

3Ta QYHKUHA paBHA HYJIO BHe (o, §) H NMOJOXKHTeJIbHA BHYTPH 3TO-
ro HHTEpBaJa; KpoMe TOro, OHa UMeeT IIPOH3BOAHLIE BCeX NOPSAAKOB,
Tak uto @ & K (mpoBepbTe CylleCTBOBaHHE MPOHU3BOJHHIX B TOYKAX
x = o 1 x = §!). [Ipu atoM, oueBHIHO,

ot B
{ iwewds={fwewar=o.

Mbl nokasanau, TakuM 0o6pa3oM, YTO NpocTpaHCcTBO K 10CTATOUHO
AJIS1 pasjudYeHHs JIoObIX ABYX HenpepbulBHHX QYHKUHA ).

6. Boccranosaenne ¢ynxkuun mno npoussoaHoi. duddepenun-
anbHble ypaBHeHHs B Kaacce 06o6wennnix dynkuuit. [duddepen-
IHaJbHble YpaBHEHHS — OJlHA M3 OCHOBHBIX oObJjacrei, Trie MpHMe-
HseTCsl TeopUs 00001ueHHbIX ¢QYyHKUHMA. FIMeHHO 3ajauH, cBsi3aHHbIe
C ypaBHEHHSIMH, B 3HaYMTEJbHOH Mepe H CTHMYJHPOBAJH pa3BHTHE
3TOH TeOopHH. B OCHOBHOM OHa NMpHMeHfETCA K ypaBHEHHSIM B 4acT-
HBIX NPOHU3BOJHBIX, KOTOpbie Mbi 3leCb He paccMartpuBaeM. OgHako
MBI KOCHEMCS 3[1eCb HEKOTOPBIX NPOCTEHIIHX BOIPOCOB, OTHOCAIMXCS
K peulennio (OObIKHOBEHHBIX) JH(}epeHlUHaJbHBX YPaBHEHHH C
06061eHHbIMH yukuuaMu. HauHeMm ¢ npocrefimiero ypaBHeHust Buaa

¥y =1
(f(x) — o6o6liennas, unu «oGbiuHas», GYHKUUA), T. €. C 3a]a4UH
0 BOCCTaHOBJIEHHH QYHKLHH To ee npousBojHofi. Haunem co cayuas
fx)=o.
Teopema l. Toabko KOHCTAHTOL CayscaT petuenuamu (8 Kracce
0606ujennblx QyHKYUl) ypasrenus

y' =0, (9)

1) 310 yTBepKIeHHe MOXKHO pacnpOCTPaHHTb H Ha (YHKUHH, CYULECTBEHHO
Oosee obmye, yeM HemNpepbiBHbE, HO JJIA 3TOr0 HYXHO NOJb30BATHCA NOHATHEM
HHTETpHpyeMOCTH no JleGery, 0 4eM peub OyAeT HATH B CJAedylOHiel rJiase,
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HokasarteabcTso. YpaBHeHne (9) o3Hauaer, 4yTO
&, 9)=(y, —¢)=0 (10}

oas moboi ocHoBHOW (yHKuun ¢ & K. PaccMOTpuUM COBOKYMHOCTB
KO tex ocHOBHBIX GYHKUMH, KaXKAasd U3 KOTOPHIX MOXeT ObITh Mpefi-
CTaBJeHa KaK IMPOHM3BOJHAS KaKo#-ToO ocHoBHOH ¢yHkuuu. Oue-
BUAHO, uto KI) ectb numnefinoe nopmpoctpanctBo B K. ITosoxum
@1 (x) = —¢’(x); ynruus ¢, npoberaer K, xorna ¢ npoGeraer K.
Pasencrso (10) onpenenser dyunkunonan y na KO,

3aMeTum Temepb, 4TO OCHOBHAs (yHKUHS ¢ TnpHHangexur Kb
B TOM H TOJILKO TOM CJyuae, €Cjau

Sq)(x)dx=0, (11)

00
T. e. KU ectb sigpo dyukunonana S ¢ (x)dx. HekcTBuTenbHo, ecan
00

(P(x)': 1P'(x), TO
oax=pw| =o. (12)

-— 00

O6paTHo, BoipakeHue
x

v = | owat (i3)

- 00

ectb GeckoneuHo nuddepenunpyemasi Gynkuns. Ecan (11) Bbinoa-
HeHO, TO P (X) — ¢unHHTHaa Gyukuus. Ee npousBonnas paeHa @(x).
B coorBercTBhu ¢ pesyabratamu n. 6 § 1 ra. 11l ai06yio ocHosHyiO
¢dyHkuKIO @ & K MOXKHO NPeNcTaBHTh B BHIE

=, + cqg (o = KD,

rie Qo— QHKCHPOBAaHHAs# OCHOBHAA (YHKUHs, He NPHHAAJNEKAIIAA
KM u ynoBneTBopAIOILan yCAOBHIO

0

S Qo(x)dx=1.

-— 00

llJ'lH 3TOr0 ROCTATOYHO IIOJIOXHTb

0

c={oWds n @@ =00 —cqx).

-—00

Takum o6pasom, ecin 3ajnaTh 3HaueHHe GYHKUHOHA A y Ha
OCHOBHOH (YHKHHH @o(X), TO TeM caMbiM OH OyleT OAHO3HAYHO
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onpenened Ha Bcem K. Ilomoxus (y, o) = «, noayunm

o0 o0

(v, ) =(y, ®) +c(y, ®)=a Scp(x) dx = S ap (x) dx,

— 00 -0

T. e. o6o6uleHHas QYHKIHA y eCTb NOCTOAHHAasA a, UTO H. TpeGoBa-
JIOCb 0Ka3aTb.

Orciona cjenyer, 4to €CJIH ANS IBYX 06061eHHBIX GOYHKUMH |
H g BHINOJHEHO paBeHcTBO [/ = g’, 10 f — g = const.

PaccMoTpuM Temnepb ypaBHeHHe

y =[(x), (14)

rie f(x) — nponsBoJabHas 06061eHHass QYHKIHA.

Teopema 2. ¥pasuenue (14) npu ramdom [ = K* umeer pe-
wenue, npunadarexcaujee K*.

310 pellleHHe ecTeCTBEHHO Ha3BaTb nepsoobpasHoti 0606LIeHHOM

GyHKIHH [
JokasareabcTBo. YpaBueHne (14) osHauaer, uto

(v, 9=y, —o)=(f, 9 (15)

s 160 ocHoBHOR GyHKUEHM @ & K. 9TO paBeHCTBO onpejenser
aHaueHne QyHKIHOHaJa y Ha BCeX OCHOBHbIX (yHKHHAX ¢ u3 KU:

(y’ (pl)=(f’ - S U] (g) dg)-

—o0
HCHOJIbByeM Tenepb NoJYY€eHHOE Bbhille NpeNCTaBJEHHE
¢=q + CQPo,

snementoB u3 K. ITonoxus (y, @)= 0, Mul noonpenemm TEM ca-
MBIM QyHRUHOHAN y Ha BceM K HMeHHO,

@, @)= (v, ¢|)=(f, - S o1 (8) di).

- 00

Ator (QYHKUHOHAJ, KaK JIETKO NPOBEPUTb, JIHHEeeH M HelpephiBeH.
Kpome toro, oH yaosaerBopsier ypaBHeHuwo (14). [leficTBHTesbHO,
1718 Besikoro ¢ € K

¥, @) = (g, -—<p’)=(f, Vo ® d§)=(f, )

Hrak, s Kaxaon oGoGuenHoll ¢yHkuun f(x) cyumectsyer penle-
HHe ypaBHeHHS ,
¥y =ik),
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T. €. Kaxpaas o6o6iienHas GyHKUHs HMeeT nepBooGpasuyio. B cuny
TeopeMhl 1 3Ta mepBooGpa3Hasi onpenesiercss ¢dynkuuei f(x) omHo-
3HAYHO C TOYHOCTBIO [0 MOCTOSIHHOIO cJiaraeMoro.

TlonyueHHbie pe3yabTaThl JIErKO NEPEHOCATCA HAa CHCTEMB! JIH-
HeHHbIX ypaBHeuufi. OrpaHuuyHMcsa 31eCh COOTBETCTBYIOUHMH ¢op-
MYJHPOBKaMH, ONIyCKasi J0Ka3aTeJbCTBA.

paCCMOTpHM OJHOPOJHYIO CUCTEMY 1 JIHHEHHBIX nmp(bepeﬂuuanb-
HbIX YPaBHEHHH C N HEU3BECTHHIMH QYHKLHSMH

y‘=k_2__:l aik(x)yk, i=1,2, ..., n, (16)

TAe air — 6eckoHeuHo AuddepenunpyeMble dyukuud. Takas cucre-
Ma MMEeET HEKOTOpOe KOMHYECTBO «KJACCHUECKHX» pelieHHd (T. e.
pelleHul, npeicTaBAsIOIUX cO00f «OObIUHBIE», TPHUEM GECKOHEUHO
AuddepennupyeMble pyHKuuu). MoKHO MOKa3aTh, UTO HHKAKHX HO-
BbIX pelleHHH B KJaacce o6o0ileHHBX (yHKUui cucrema (16) He
HMeeT.

Jnsi HEOXHOPOXHOH cHCTEMBI BHAA

yl:k; a‘kyk+f" - (17)

rae fi— o6o06lleHHbie, a a;» — «0ObluHbie» GeckoHeuHo Auddepen-
LHpyeMble (QYHKUHUH, DellleHHe CYIeCTBYeT B KJacce O0OGLIEHHBIX
yHKUMl u onpexesisieTcsl ¢ TOYHOCTbIO 10 MPOH3BOJILHOTO PelleHHs
-ofiHOpoAHOM cucTeMbl (16).

Ecaun B cucreme (17) He TOABKO @ir, HO H fi — «06bIuHbIE» (YHK-
IM4, TO BCe peLIeHUs] 3TOH CHUCTeMBbI, cylllecTBywluue B K*, Takxke
OKa3bIBalOTCA OOBIYHBIMH QYHKLUHAMH.

7. HekoTopsie 0606menns. Boiuie Mbl paccMaTpHBaau 060611eH-
Hble QYHKUHH «OXHOrO NeHCTBHUTE/NbHOrO IepeMeHHOro», T. €. 0606-
mengble QyHKUHH HA npsMoil. MoXHO, HAa OCHOBe TeX Xe Hied,
pBecTd 0000LIeHHble (YHKUHH Ha OrPaHHUYEHHOM MHOXKECTBe, CKa-
KeM, Ha OTpe3Ke HJIM OKPYKHOCTH, 06061ieHHble PYyHKUHH HECKOJb-
KHX NepeMeHHBIX, 00006iieHHbie QYHKIUH KOMIJIEKCHOTO apryMeHTta
u 1. 1. Hakouen, u nns 06061eHHbIX QYHKIHHA HA NIPSAMOMA TO ompe-
JZleJieHHe, KOTOpoe OBblJIO [NaHO Bblllie, — Ja/Je€KO He eJHHCTBeHHO
BO3MOXHoe. PaccMOTpUM BKpaTile HEKOTOpble M3 YKa3aHHBIX THIOB
06061eHHBIX QYHKIHHA.

a) PyHKyuu HECKOAbKUX nepemennbix. PaccMOTpUM B n-MepHOM
npoctpaHcTse coBOKyNnHOCTh K™ QyHKuH#A @(xy, X2, ..., Xn), HMEIO-
IHX YacTHble NMPOU3BOJHBIE BCeX NMOPSANKOB MO BCeM apryMeHTaM,
M TaKdX, UTO KaxAas M3 3THX QYHKUHUH paBHA HYJI0 BHE HEKOTO-
poro napaJJesentunesa

a,<x, bb i=l, 2, N (8
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CoBokynHoctb K™ mnpexacraBasier co60il JNHHefiHOe NPOCTPAHCTBO
(c OOLIYHBLIMH OmnepauHsIMH CJIOXKEHHA (QYHKUMA W YMHOXEHHS HX
Ha YHCJa), B KOTOPOM MOXHO BBECTH CXOAHMOCTb CJeIYIOLHUM 06-
pas3oM: @p —> ¢, €CJIH CYHIeCTBYeT TaKoi Napajefenunell ; << X; <<
< b;, i=1,2, ..., n, BHe KOTOPOro KaxJaas H3 QYHKUHHA ¢, PaBHA
HYJIO, a B 3TOM MapaJlieselHneje HMeeT MeCTO paBHOMEpHAas CXO-

AHMOCTb:
g, e ( = )
- 0., =r )
ax;t ... dxz" oxy! O T Z

n i=l

AJsl KaXaoro (¢HKCHpLBaHHOrO Habopa UeJbiX HeOTPHLATeNAbHLIX
yucesa oy, ..., Gn.

Obo6uwiennoil ¢ynxyued n nepemennslx HasHBaeTcs J060H He-
npepbiBHHA JAHHeAHH GyHkunonan Ha K». Bcesikasa «oGbiunas
¢yuxuua n nepeMeHHbx f(x), uuterpupyemas B Ji060f OrpaHHyeH-
HOW 06/1aCTH N-MEPHOTrO NMPOCTPAHCTBA, €CTh B TO Ke BpeMs U 00606-
meHHas GYHKuUA. 3HaueHusd oTBeualoulero el QyHkKUHOHAJ A omnpe-
aensiiotest dopMyion

fo={f@ewds (x=(x, ..., %), dx=dx, ... dx,).

Kak u B cayyae n =1 pa3iuuHble HenpephiBHbie (PYHKUHH ofpe-
AeasoT pasaduHble GyHKUMOHANB (T. €. MpPeiCTaBAsAOT COO0H pas-
JuuHble 06061IeHHble GYHKIHH).

Jdaa o606uieHHBIX (QYHKUHHA A7 NepeMeHHBIX NMOHATHS Npelesb-
HOro nepexofa, MPOH3BOJHOM H T. A. BBOAATCS C NMOMOIUBIO TeX Xe
METOJIOB, UTO M B CJyyae OAHOro nepemennoro. Hanpumep, yactHole
npou3BojHble 06061IeHHOH GYHKUHN BBOAATCS GOPMYJIOH

(——ﬁi‘—’— q)(x)) =(—1)'(f (x), a—ﬂ’i—’——)

[t3
1 n
ax ' ... dx, ce.0x )

OTciofa BHAHO, UTO Kaxnas o6oOuleHHas PyHKUHS A NepeMeHHBIX
HMeeT YacTHble NPOH3BOJHBIE BCEX NMOPAJKOB.

6) Komnaexcnoie o60b6uiennoie pynkyuu. BosbmeM Tenepb B Ka-
yecTBe OCHOBHBIX QYHKUHH OeckoHeuHO AuddepeHuHpyeMble QHHHT~
Hble QYHKUHH Ha NpPSAMOH, NPHHHMAIOLIHEe KOMIJEKCHbIE 3HAUEHHA.
Jluneinbie GyHKUHOHAABI Ha NPOCTpaHCTBe K Takux GYyHKUHi ecTe-
CTBEHHO HAa3BaTb KOMNAEKCHoIMU 0606ujennoimu ¢ynxyusmu. Ha-
NOMHHM, YTO B KOMIIJIEKCHOM JIHHEAHOM NPOCTPAHCTBE CYLIECTBYIOT
JIVHeliHble H CONpPSXKEHHO-JuHeHHble (YHKUHOHahbl. [lepBble yn0B~
JIETBODPSIIOT YCJIOBHIO (@ — YHCJIO)

(f, a9) =a(f, @),
(f’ aq))=&(f1 (P)

a BTOpLIE — YCJIOBHIO
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Ecan f(x)— obpluHasi KoMOJeKCHO3HayHas (YHKUHMA Ha NpPSAMOH,
TO el MOXHO COINOCTaBHTb JuHeHHbH ¢yHKuHOHAnN Ha K mByMa
.crocobamu:

L

¢, o= | I(Dodx (18)

- 00

o

F, 9= | FOowar. (18,)

— 00

Droi ke GyHKUMH f(X) MOMKHO CONOCTABUTb JABa COMPAKEHHO-JIH-
HelHbIX QyHKIHOHAJA, 3 UMEHHO:

o

(9= | Fe@ar (18y)

-0

0

(o= { Tt dr. (18)

-— 00

BriGop onHON M3 3THX 4eTbipeX BO3MOXHOCTEH O3HA4YaeT olpege-
JIeHHbI CTIOCO0 BJIOXKEHHSI NPOCTPAHCTBA «OOBLIYHBIX» (QYHKUHHA B
npocTpaHcTBo 0606uweHHblXx QyHKuud. Omepauuu Haj KoMIJIeKc-
HBIMH 0606LIeHHBIMH QYHKUHMSMH ONpele/sOTCS aHAJOTHYHO TOMY,
KaK 3T0 OblLJIO ONHCAHO Bbllle A5l JeHCTBUTENbHBIX QYHKLHH.

B) O6obujennbie pynkyuu na okpyxcnocru. Wuoraa nosesno
paccmaTpuBaTh 00606lleHHbe (QYHKLHMH, 3aJaHHble HAa HEKOTOPOM
OrpaHMYEeHHOM MHOXecTBe. B KkauecTBe mpocrefiliero npuMepa pac-
cMOTpPUM (YHKIMHM Ha OKDYXKHOCTH. 3a IHpPOCTPAHCTBO OCHOBHbBIX
(PYHKLHA NpHUMEM COBOKYMHOCTb BCeX GeCKOHeuHO AHddepeHuupye-
MbiX QYHKLHA Ha OKPYKHOCTH, ONpeNesNHB AJISl HHX OmepaluHd CJo-
KeHHs ¥ YMHOXeHHsl Ha yucJa o6bliyHbiM o6pasom. Ilocaenosaresns-
HocTb Gyukuui {¢n(x)} B 3TOM mpocTpaHCTBe Mbl Ha30BeM CXOIsi-
medcst, ecan Aasi kaxgoro £=20, 1, 2, ... NOcIe10BATENbHOCTD
npon3Boanbix {@®) (x)} cxomuTCs HA BCEH OKPYXHOCTH PaBHOMEPHO.
ITocko/IbKY 311ech BCe MHOXECTBO apryMeHTOB (OKDYXXHOCTb) orpa-
‘HMYEHO, YCa0BHe (QHUHHTHOCTH OCHOBHBIX (QYHKUHH aBTOMAaTHUYECKH
ornapaet. JiuHeliible PyHKUHOHANB HA 3TOM MPOCTPAHCTBE MBI HA-
30BeM 0600ujeHHbBIMU PYRKYUAMU HA OKPYNCHOCTU.

Besikyo o6biuHy0 QPYHKIHIO HA OKPYKHOCTH MOXHO PacCMaTpH-
BaTb KaK NEPHOJIMYECKYI0 (YHKIHIO, 3aJaHHYI0 Ha BCeH NPsIMOH.
ITepeHocst 3To cooGpaxKenHe Ha 0Go6LIeHHble QYHKIUH, MOXKHO CBfi-
3athb o0o6lleHHble (QYHKIHH Ha OKPYXHOCTH C. €PHOAHYECKHUMH
06061eHHbIMH pyHkuuAMH. [Ipu 3TOM nepuoduueckol 0606ujennodl
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¢ynryued (¢ MepHOLOM @) €CTECTBEHHO Ha3biBaThb (QYHKUHOHAJ f,
YIOBJIETBOPAIOIINIA YCIOBHIO

(F&x), e(x—a)=([(x), @(x))

1J1s1 BCAKOA OCHOBHOR (yHKUHH ¢. [IpumMepom nepromnueckoit 0606-
LEHHOH QYHKUHH MOXeT CYXHTb QYyHKUHS

o0

i cosnx=——%—+n Z 6 (x — 2km),

n=I| = — 00

KOTOpas yXe yIOMHHaJach Bblille.

r) Hpyeue ocrosnbie npocrpancréa. Mpl onpenennaH Bblille
060011ieHHble QYHKIHH HAa NpSIMOH KakK JHHeHHble (QYHKIHOHAJB Ha
npocrpaHcTBe K GeckoHeuHO NHOGepeHUHpYeMbIX QHHHTHBIX (PyHK-
. OnHako Takoél BHIGOP OCHOBHOIO INPOCTPAHCTBA — HE eJIHH-
CTBEHHO BO3MOXHbiH. Hanpumep, BMécTo npoctpancTBa (QUHHTHBIX
¢dynkuui K MOXHO GO Gbi B35iTh GoJiee WHPOKOe NMPOCTPAHCTBO
Bcex GeckoHeuHO nubdepeHuHpyeMbix (GYHKUMH ¢(X) HaA HpsMOH,
y6bIBaIOLHX BMECTEe CO CBOHMH IIPOM3BOJHBIMH ObICTpee, ueM Jio6as
crenenb 1/|x|. Tounee roBopsi, GyneM cuutaTh, uTO @(X) npuHaj-
JIEXXHT OCHOBHOMY NpPOCTPAHCTBY, KOTOPO€ Mbl 0603HAUHM S, eciu

Ins mo6blx QUKcHpoBaHHBIX p, ¢ =0, 1, 2, ... cyllecTByeT TaKad
nocrosinnas Cp, 4 (3aBHCALLAA OT P, § H @), UTO
| xP@® (x) | < Cp, 4, — oo < x < oo, (19)

CXoIHMOCTb B S, ONpelessieTcsi TakUM 00pa3oM: MNOCJenoBaTelb-
HocTh {@n (X))} Ha3wBaercs cxomsiencs K @(x), ecau Iasi Kaxaoro
g=20, 1, ... nocnenoBatesbHOCTb {@@ (x)} cXoaHTCA paBHOMEpHO

Ha JIIOO60OM KOHEuHOM HHTepBaJIe H €CJIH B HepaBeHCTBaX
' Pe(@
| ol (x)| <C, ,

noctosinibie Cp, ¢ MOXKHO BHIGpPATh He 3aBHCAILHUMH OT 7.
Ilpu stom noJsyuaercsi 3anac 0600LIEHHBIX QYHKUHHA HECKOJBbKO
Gosee y3Kuii, ueM B cayuae npocrpaHctBa K. Hanpumep, dynkuus

f)=e*

€CTb HeNnpephiBHbIH JHHEHHBIA QyHKUHOHAN Ha K, HO He HAa Sw. Bbl-
60op S« B KauecTBe OCHOBHOI'O MPOCTPAaHCTBa ynoOeH, HampuMep,
NpH paccMoTpeHUH npeobGpasoBaHus Pypbe 060611eHHBIX GYHKUME.

BooO61iie, Kak nokasaJjio pa3BHTHe TeOPHH 00061eHHBIX QYyHKIMH,
HeT HeOOXONMMOCTH CBfI3bIBaThb ceGs pa3 U HaBcerja KaKHM-TO
onpejeseHHBIM BbIOOPOM OCHOBHOTO NPOCTPAHCTBA, a liesecoobpas-
HO BapbHpPOBaTh €r0 B 3aBHCHMOCTH OT pacCMaTpPHBaeMOro Kpyra
sapau. IIpu 3TOoM, OIHAKO, CyllecTBeHHOe TpeGOBaHUE COCTOHT B
TOM, UTOOBI, ¢ OJHOH CTOPOHBI, OCHOBHBIX (QYHKUHH ObINO <«AOCTa-
TOYHO MHOro» (uTOoGBl € HX TOMOLLBI MOXKHO ObLIO pa3jHuaTh
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«0OnuHbIe» (QYHKUHH, a TOYHee, peryJ/sapHble (yHKUHOHAJH), a C
Apyroil, —uToOBl 3TH OCHOBHBIE (YHKUHH 06JaJajH NOCTaTOYHOM
r71aJKOCThIO.

Ynpaxuenue. [IpoBepbTe, 4T0 B NPOCTPAHCTBE S, MOMHO BBECTH CTPYK-
TYpy CYETHO-HOPMHDOBAHHOrO NPOCTPAHCTBA, MOJIOXHB, HaNpHMep,

lota= 3 _ suwp_ |(1 +1x) e (01,

H YTO NOCJAEA0BATENbHOCTb, CXOAAILAACA B S, B onpeneseHHOM Bbillie CMBICe,
CXOANTCSI H B TOIIOJIOCHH, onpenennemoﬁ STHMH HOpPMAaMH.

§ 5. JluHelinbie onepaTopni

1. OnpeneneHne H MpHMepbl JAHHeAHbIX onepatopos. Ilycts E u
E,— nBa J/uHeAHBIX TOMOJIOTHYECKHX MpocTpaHcTBa. Jlunetinoim
oneparopom, pefictyomiuM u3 E B E;, Ha3piBaeTcsi oToGpaxkeHHe

y=Ax (x€E, y=E),
YIlOBJ€TBOpAIOLEe YCJOBHIO
A(ox; + Bro) = aAx; + BAx,.

Cosokynaocts D4 Bcex tex x = E, pas kotopux oto6Gpaxenue A
onpelesieHo, Ha3biBaeTcsl 064acToo onpedesenusn onepatopa A; Bo-
oblie rosops, He npeanosaraercs, 4o D4 = E, ofHako MH Bcerna
Gynem cuutath, ytro D, ecThb JuHellHOe MHOroo6pasue, T. €. €C/IH
x, y= D4, 10 ax + py = D 4 npu Bcex a, B.

Onepatop A Ha3biBaeTCs HenpepuleHbiM 8 Touke X9 & Da, ecnn
ana o6oi okpectHoctH V' ToukM Yo = Axo CywecTByer Takast
okpectHocTb U Touku xo, uTo Ax =V, kak toabko x = U () Da.
Onepartop A Ha3bIBaeTCs HenpepuleHbiM, €ClIH OH HeNpepbiBeH B Ka-
Ko Touke x & D 4.

Korna E u E|— HopMHpOBaHHBle MPOCTPAHCTBA, 3TO Ompejese-
HHe DaBHOCHJbHO cJjeaymollemy: omnepatop A Ha3biBaeTcsi Hempe-
PLIBHBIM, eciH AJs Jioboro € > 0 ¢yumectByer Takoe 6§ =0, uto u3
HepaBeHCTBA

Ix —x"| <8 (¢, " =Dy
caenyer
| Ax’ — Ax”" || < e.

MuoxectBo Tex x<=E, ana koropuix Ax =0, HasbiBaeTcA
adpom auHeitHoro omepatopa A u o6osnauaercs Ker A. Muoxectso
Tex y < E}, nas kotopbix y = Ax npu HekortopoM x & D4, Ha3bl-
BaeTcst 06pasom JuHefHoro onepatopa A u oGosHavaerca ImA.
Kak sppo, Tak U o6pa3s JuHEeAHOro omnepaTtopa, SABJAITCA JIHHEHA-
HbiME MHOroo6pasuamu. Ecau onepartop HempepbiBeH H Dy =E,
To Ker A siBAfieTCsi MOAMPOCTPAHCTBOM, T. €. 3aMKHyTO. UTo Xe Ka-
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caercsl 06pasa HeNnpepbLIBHOrO JIHHEHHOro oneparopa, T0O OH He 06s-
3aTenbHO GylleT moanpocTpaHcTBoM B Ey, naxe eciu Dy = E.

ITousitHe suueiinoro QyHKUHOHAJA, BBEeHHOE B HadaJe 3TOH
rJaBhbl, €CTb YAaCTHHIH cJay4yad JHHeAHOro omepatopa. MmenHo, Ju-
HeAHbIA QYHKUHOHAJ — 3TO JHHEHHHH onepaTop, NepeBOASIIUN NaH-
Hoe npoctpancTBo E B yncnosyio npamyio R'. Onpenenenusn nuneii-
HOCTH H HeIpepbIBHOCTH omepatopa mepexoast npdH E; = R! B co-
OTBETCTBYIOIIHE ONpe/esieHHs], BBeleHHhle paHee Jasl GYHKIHOHAJOB.

TouHO TaK Xe W pAA JajbHeAIIHX MOHATHA M $aKTOB, H3Jarae-
MBIX HHXe JAJd JHHEHHbIX ONepaTopoB, NpeAcTaBiaserT cobol 1o0-
BOJIbHO aBTOMaTHYeCKoe 060611eHHe pe3yabTaToB, YKe H3JIO0XKEeHHbIX
B § | 5TOf ry1aBbl IPUMEHHTENbHO K JHHEHAHBIM (PYHKIHOHANAM.

IIpuMeps MuHeliHbX onepaTtopoB. 1. [lycts E — an-
HeilHOe TomoJIoruueckoe npocrpadcrso. [Tonoxum

Ix=x pnnda Bcex x&E.

Takoh onmepaTop, NepeBOASIUEMA KaXKABIH 3J€MEHT NPOCTPAHCTBA
B ce6s, Ha3LIBAETCH eOUHUUHbIM ONEePaTopoOM.

2. Ilyctb £ u E; —npousBosbHbie JHHEHHBIE TONOJOTHYECKHE
NPOCTPAHCTBA H NYCTh

Ox=0 1nqa scex xE

(3nece 0— HyseBo#t 3aemedT npoctpanctBa E;). Torma O uasb-
BaeTCHA HYAEBbIM ONEPATOPOM.

3. Obuwuii sud auHelinoeo oneparopa, nepegooAuiec0 KOHEUHO-
MepHoe NPOCTPAHCT80 8 Koneunomeproe. I1yctb A — nuHeliHbIN ome-
paTop, otobpaxkamlliuii n-mMepHoe mnpoctpanctBo R™ ¢ 6asucom

€, ..., én B M-MepHOE€ MNPOCTPAHCTBO R™ ¢ 6asucom fl, ey fm.
Ecnu x — l'IpOH3BOJ1beIﬁ BEKTOD H3 Rn, TO
n
X = iZl X:€4,

M B CHJY JIMHEHHOCTH onepaTtopa A
n

Ax= Y x;Ae;.
i=l

TaxkuM o6pa3om, onepatop A 3anaH, €cjaH H3BECTHO, BO YTO OH Ile-
peBOIHT 0a3HCHBIE BEKTOPH €y, ..., €n. PaccMOTpDUM pasJioeHHA
BektopoB Ae; no 6asucy fi, ..., fm. UMeem

m

Aey= é} agifse

Orciona sicHo, uro onepatop A onpenensiercs Matpuuelr Kospdu-
nnenTos |laxill. O6pas npocrpanctsa R® B R™ npencrasasier co6oi
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JINHeAHOe MOANPOCTPAHCTBO, Pa3MepHOCTh KOTOPOTO paBHA, OYEeBH]-
HO, paHry Matpuubl [lapill, T. e. Bo BCAKOM c/yyae He MNPeBOCXO-
Jut n. OTMeTHM, YTO BCSIKHI JIMHEAHBbIH ONepaTop, 3aJaHHbIA B KO-
HEeYHOMEePHOM NPOCTPAHCTBE, ABTOMATHUECKH HelpepbIBeH.

4. PaccMoTpuM ruab6epToBO MpOCTpaHCTBO H U B HeM HeKOToO-
poe moamnpoctpancteo f;. Pasnoxus H B mpsmyio cymMMmy moampo-
cTpaHcTBa f| U ero opTOrOHAJILHOTO AOMOJHEHHUS, T. €. NPeACTABHB
KaXablit sseMenT h & H B Bue

h=h+h, (hy= Hy, hy LH),

nosoxuM Ph = h;. 3T0oT onepatop P ecTecTBEHHO Ha3BaTh onepa-
TOPOM OPTOSOHAABHOZO MPOEKTUPOB8AHUA, UM opTonpoexkTopom H
Ha H,. JluHefiHOCTb H HeNpephLIBHOCTb MpoBepsioTcs Ge3 Tpyna.
5. PaccMOTpUM B mMpOCTpaHCTBE HENPEPHIBHBIX (QYHKUMA HA OT-
peske [a, b] onepaTop, onpexnensiemMblit popMyJoi
b

v () ={K(s o0, (1)

a

rae K(s,!) —HekoTOopas (HKCHDOBAHHASl HempepbiBHA QYHKIHA
ABYX nepemeHHbIX. ®yHKUHMs ¢(S) HempepblBHA 115 JM0GOH Hempe-
poiBHOM GyHKUMU @(f), TaK yTo omeparop (l) melicTBHTENbHO mepe-
BOJAHT NpPOCTPAHCTBO HenmpepblBHbIX (yHKuHHA B ce6si. Ero aune-
HOCTb OueBUAHA. [lJsl TOrO YTOGH TOBOPHUTb O €r0 HEMPEPHIBHOCTH,
Heo0XOAMMO TNpeJBapHUTEJbHO yKa3aTb, KaKas TOMNOJIOTHSI paccMar-
pUBaeTcsl B HallleM NPOCTPAHCTBe HenpepblBHbIX (yHKuui. Ynta-
TeJI0 MpeaJsaraeTcs [J0KasaTh HeNPephIBHOCTbL ONlepaTopa B CJay-
yasix, Korga: a) paccMmatrpuBaetcsa npocrpanctso Cla, b], T. e. npo-
CTPAHCTBO HENpepbiBHbIX (GYHKUHMA C HOPMO IIbthI=ma)I§|<p(t)I;
2

6) xorpa paccMmatpuBaerca Cqla, b], 1. e. II(p||=(S ¢? (t)dt) .
a
6. B ToM Xe mpocTpaHCTBe HempepbIBHBIX (GYHKIHH pacCMOTpPUM
onepartop
V(&)= () @ (1),

rae @o(f) — durcupoBaHHas HenpepbiBHAs GyHKUnA. JluHefiHOCTh
3TOr0 omepatopa oueBHAHA. ([lokaXKHTe ero HenpepbIBHOCTb MNpH
HOPMMPOBKaX, YKa3aHHBIX B NpeAblayllleM rpumepe.)

7. Oauy 13 BaXKHEHLIUX AJA aHAJH3a NPUMEPOB JHHEHHBIX OIle-
paTopoB — 310 omepatop Auddepenunposanus. Ero moxno pac-
CMATpHUBATh B pa3JHUHbIX IPOCTPAHCTBAX.

a) PaccmoTpum mpoctpancTBo HenpepbiBHbIX pyHKuni Cla, b] u

onepaTop Df (ty={'(®),
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JEHCTBYIOUHMA B HeM. DTOT onepatop (KOTOPBIA Mbl CudTaeM fef-
creytomium U3 C|a, b] onsare-raku B Cla, b]) onpenesnen, oueBHAHO,
He Ha BCeM MPOCTpAHCTBE HeNpepbIBHbIX GOYHKUMH, a JIHIbL HA JH-
HeHHOM MHOroo6pa3uu (QYyHKIHH, HMeEIOI(HX HeNpepbiBHYIO MPOHU3-
Boanywo. Oneparop D JsiMHeeH, HO He HempepbiBeH. JTO Bmmo Ha-
IIPHMEp, M3 TOrO, YTO MOCTEeJOBATENBbHOCTD

? (t)—' smnt
n

cxonurest K O (B Merpuke Cla, b]), a nocsienoBare/ibHOCTh
Dy, () =cos nt

He CXOIHUTCA.

6) Onepatop auddepeHIUpPOBAHHSA MOMXKHO PACCMAaTPUBATH Kak
onepartop, AeHcTByolmuil u3 npocrpanctsa C! HenpepblBHO Aud-
depeHUHpYyeMbIX QYHKUHH Ha [a, b] ¢ HOpMO#

@l = max| () | + max| ¢’ (f) |

8 npocrpadctBo Cla, b]l. B atom canyuae onepatop D sinHeeH u He-
npepbiBeH U otoOpaxaet Bce C! Ha Bce Cla, b].

B) paCCMOTpeHHe oneparopa AH(bepeHIHPOBAHHA KAaK omepa-
Topa, mefictByioumero u3 C! B Cla, b], He BmosHe yno6HO, Tak Kak
XOTA NPH 3TOM MBI H TOJIyYaeM HeNpepbiBHBIH OmepaTop, Ompeme-
JIeHHBII Ha BCeM MPOCTPaHCTBe, HO He K 060l ¢yHkuuu u3 C!
MO>KHO MPHMEHHTb 3TOT ONepaTop ABaxAbl. Yao6Hee paccMaTpH-
BaTh onepartop AH{depeHuuposaHus B eule 6oJiee Y3KOM MPOCTPaH-
ctBe, uem C!, a umeHHo, B mpocTtpancrBe C® GeckoneuHo audde-
penuupyemblx $yukuuii Ha orpeske [a,b], B KOTOpOM TOMOJOrHS
3ajaercsl CUETHOH CHCTEMOH HOPM

ol = sup [o® 1
aitibn

Onepartop nuddepeHUPOBaHHS NEPEBOAHT BCE 3TO MPOCTPAHCTBO
B cebs, u, KaK JIerKo NpOBEPUTh, HENpepbiBEH Ha HEM.

r) Beckoneuno nucddepenuupyeMple QyHKIHH COCTaBJAOT BeCh-
Ma y3Kd# KJacc. BosMoxHocTb paccMaTpuBaTth omepaTtop AH(de-
PEHLHPOBAHHA B CYLIECTBEHHO GoJiee WIMPOKOM NPOCTPaHCTBE
U BMeCTe C TeM Kak Hempe p bl BH bl il onepatop gaioT o600LeHHbIE
¢yukuuu. B mpeppinyumiem maparpade Mbl yKe TOBOPHJIH O TOM,
Kak ompepeasercss nubdepeHnuposanue 06o0mennbix ¢yuxkuuit. Us
CKa3aHHOr0 TaM SICHO, 4TO AudbepeHUHPOBAHHE €CTb JHHEHHBLIH
ornepatop B NPOCTPAaHCTBe OOOGIIeHHbIX GYHKUHH, NMPUTOM Hemnpe-
PLIBHLIA B TOM CMbIC/IE, YTO M3 CXOAUMOCTH MOCJeN0BaTENbHOCTH
o6o6uienubix yHkuuit {f2 (£)} K f(¢f) cuaenyer cxomumoctn mocie-
JOBATe/NbHOCTH WX TMPOH3BOAHBIX K HPOU3BOAHOH 00606LIEHHOH

dyHruuu f(f).
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2. HenpepbiBHOCTH H  OrpaHRYEHHOCTb. JIMHeNHHIH omnepaTtop,
neiicteyomnii u3 E B E;, Ha3blBaeTCsl 02PAHUYEHHbIM, €CJH OH
onpefeseH Ha BceM E M KaXjaoe orpaHHYeHHOE MHOXECTBO NEPEBO-
IHT CHOBA B OTpaHHYeHHOe. MeXJy OrpaHHYEHHOCTbIO H HempephiB-
HOCTbIO JINHEAHOro oneparopa CyllecTByeT TeCHas CBA3b, a HMEHHO,
CIpaBeJIHBb CJAENYIOIHE YTBEPXKIEHHS.

1. Besakuii HenpepoisHolll auHelinblli onepaTop OzpaHuyeH.

HefictBurensno, nyctb M — E — orpaHuueHHOe MHOXECTBO, &
mHoXecTBO AM — E| He orpannueHo. Torna B E; nafizerca takas

1
OKpPeCTHOCTb Hyast V, uTo HH ofiHO H3 MHOXecTB —- AM He copep-
xutca B V. Ho Torma cyuecTByer Takas MNOC/A€R0BATENbHOCTL
Xn € M, 4TO HH ONMH H3 5/eMeHTOB — AX, He NpUHaNIeXHT V, u

1
MBI Tonyyaem '), uro -;x,,—»O B E, HO mnociaenoBaTesbHOCTb

)

1
{':T Ax,,} He cxoauTcest K O B E; 3TO NPOTHBOPEYHT HENPEPLIBHOCTH

onepatopa A.

11. Ecau A — oepanudennsil aunelinell oneparop, delicreyroujuid
us E 8 E,, u 8 npocrpancrse E gvinoanena nepsas axkcuoma cuert-
HOCTu, TO onepatrop A HenpepoieeH.

HedicTBuTenbHo, ecain A He HempepbiBeH, TO HARAETCA TaKas
okpectHocTh Hyas V B E; u takas onpeneasiowmas cucreMa {Un}
oxpectHocTell Hyas B E, uro Uy < U, ¥ AJa Kaxaoro n cyue-

‘l .
CTByeT TakKoe X,&—-U,, 4TO0 Ax, & nV. TocaenoBaTeqbHOCT Xy

B E orpanuyena (M naxe crpemurca K 0), a mocnenoBaTelbHOCTb
Ax, He orpanudeHa B E; (mOCKOJbKY QHA He COJAEPMKHTCA HH B OJX-
HoM H3 MHOXecTB nV). HUrak, ecniun oneparop A He HempephiseH, a
B E MMeer MecTo nepBas akcHOMa CYeTHOCTH, To A u He orpa-
HUYEH.

Haie yTBepxk/JeHHe N0Ka3aHo.

Vtak, 042 oneparopa, 3a0aHH020 Ha NPOCTPAHCTEE ¢ nepeoil
aKCcuoMmOtl c4eTHOCTU (K KOTOPbIM, B YAaCTHOCTH, OTHOCATCS BCe HOP-
MHPOBAHHblE H CYETHO-HOPMHPOBAHHBIE TPOCTPAHCTBA), 02PAHU4EH-
HOCTb PABHOCUAbLHA HENPEPLIBHOCTU.

Bce onepatopbl, puBeleHHbie B NpHMepax 1—6 B npeasinyiem
NYHKTe, HENpepbIBHBL. B CHJIY TO/MbKO YTO JOKAa3aHHOTO yTBepXie-
uusa | Bce mepeyHC/eHHBIE TaM ONEepaTOPhl OrpaHHYeHb.

Ecan E u E; — HOpMHpOBaHHbIE TPOCTPAHCTBA, TO YCJIOBHE OTpa-
HHUeHHOCTH omepatopa A, pmeficTByomero u3 E B E;, MoxHO cdop-
MYJHpOBaTh TaK: onepatop A Ha3bIBAeTCsl O2PAHUHYEHHBIM, €CTH OH
MepeBOJNT BCSKHA 1Iap B orpaHHuieHHoe MHOXecTBO. B cuay uu-
HeHHOCTH A 3TO yc/a0BHE MOXHO chOpMy/HpoOBaTh Tak: onepartop A

}} Cwm. ynpaxnenne 1 B n. 1, § 5, ra. 111,
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OrpaHHu4eH, €CJIH CyllecTByeT TAaKad MOCTOAHHAsS C, 9TO AJA BCA-

koro fe E
NAFICITI

Haumenbiiee u3 yucen C, yAOBIETBOPSIOUHX 3TOMY HEpaBeHCTBY,
Ha3biBaeTcsi Hopmou onepatopa A u o6o3uagaercs [Af.

Teopema 1. s a06020 ozpanudennozo oneparopa A, deil-
CTEYrOUe20 U3 HOPMUPOBAHHOZ0 NPOCTPAHCTBA 8 HOPMUPOBAHHOE,

= = sup 1 Ax1L
"A"—niliin"‘qx"_i‘i% i 2)

HoxasaTtenbcTBo. Beenem o6o3nauenne a= sup [ Ax|.
iIxi<1

B cuay nuHeAHOCTH A CpaBefJiMBO PaBEHCTBO
Ax

a= sup ||Ax}l= sup "_l_
1s1<t X9 0 IxA

Tlostomy ans mo6oro aneMenta x

lAx N x < a,
T. €.
NAxi<al x|,
OTKyla CJeLyeT, HTO ‘
[Al=inf C <a.

Hanee, piasa mo6oro e > 0 cyluecTByeT TakOH 3JeMeHT X, 7= 0, uto
a— 8<"Axe"/”xe"

(@—e)ll % 1<l Ax I < Ci x, L.
a—e<infC =] Aj,

M, B CHJIy NIPOU3BOJNILHOCTH &, o << || A ll. CaenoBatennho, || A || = a.

3. CyMMa M NpoH3BeJCHHE OMEPaTopos.

Onpenenenne L. ITlyctb A u B— 1Ba JuHefiHbHX onepaTopa,
JNeACTBYIOIUMX M3 JIHHeHHoro mpoctpanctBa E B mpoctpaHctBo Ej.
Hasosem ux cymmoli A+ B oneparop C, CTaBsllLHil B COOTBETCTBHE
aneMenty x € E sneMent :

y=Ax+ Bx = E,.

OH onpeseseH Ha BCeX 3/eMeHTax, MPHHAIJIEKALUX TepeceyeHHIO
D4 N Dp obnacredt onpenenenus oneparopos A u B.

Jlerko mposeputb, uto C = A 4 B — nuHefiHblii omepatop, He-
npepuiBHbl, ecau A u B HenpephiBHbIL.

Ecin E n E,—HOpMHDOBaHHBe NPOCTPAHCTBA, a OMepaToOphl
A u B orpannuenn, To A 4 B ToXe OrpaHHyeH, npuyeM

1A+ BI<IAI+1IBI. 6)

HJIN

TlosTomy
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JleficTBHTEJbHO, 1JIST BCSIKOTO X

1A+ B) x| =]l Ax + Bx | I Ax [+l Bx IS(T AT+ N BIN I x I,

OTKyZa H cienyer (3).

Onpenenenne 2. [lycte A u B — nuHefiHble onepaTopel, NpH-
uem A neiictByer u3 npocrpanctBa E B E|, a B peficrByer u3 E,
B Ejy. IIpoussedenuem BA oneparopos A u B Ha3biBaeTcss onepartop
C, craBslHil B COOTBETCTBHE 3JaeMeHTy ¥ & E aneMent 2z = B(Ax)
u3 E,. O6nactp onpenenenuss D¢ onepatropa C = BA cocrout us
Tex x = Da, ana kotopuix Ax & Dp. $cHo, uto onepatop BA ju-
Heed. OH HenpepbiBeH, ecit A U B HenpepbiBHHL

‘Ynpaxuenne., Jlokasats, yto D¢ — nuneiinoe Mmmoroo6pasue, ecau D4
n Dy nuneitible MHOroo6pasus.

Ecan A n B — orpannueHHble onepaTopsl, NeHCTBYIOIIHE B HOp-
MHPOBaHHBIX NPOCTPAHCTBaX, TO u omnepatop BA orpauuuyen, npu-

ueM
I1BAII| BI- (4)

JleficTBHTEJbHO,
I BANI<IBI-FAxI<IUBI-TAN- %1, (5)

OoTkyza caenyer (4).

CymMa u npousBesieisie Tpex U 6oJiee ONEepaTOPOB ONPENeNdAlOT-
cst nocsefioBatesibio. OGe 3TH Onepaluy acCOLHATHBHBI.

[IpousBenenne kA onepatopa A Ha uHCIO kR onpefensercs
KaK onepaTtop, KOTOpbIfi 3J€MEeHTy X CTaBHT B COOTBETCTBHE 3Jle-
MeHT RAx.

CosokynHocte & (E, E|) Bcex HemnpepHBHBIX JMHEHAHBIX omepa-
TOpOB, ONpefejeHHbX Ha BceM E u oto6paxatwomux E B E; (rae E
n E; — duxcupoBaHHble JHHEHHBE TONOJOTHYECKHe NMPOCTPAHCTBA),
o6pasyeT, MO OTHOLIEHHIO K BBelleHHHIM BHIIIE ONEpalusM CjoxKe-
HHS H YMHOXEHHS Ha YHCJIa, JHHeHdHoe mnpoctpaHcTBo. Ecau E w
E, — nopMupoBaHHble npocTpaHctBa, To £ (E, E|) — HopMHupOBaH-
HOe TIPOCTPAHCTBO (C TeM ONpefesieHHEM HOPMBI onepaTtopa, KoTo-
poe 6blJIO AAHO BhILE).

Ynpaxueuune. Ilyctb E— HopMupoBannoe, a E; — nojHoe HOPMHpPOBaH-
Hoe TpOocTpaHcTBa. Toraa: a) HOpPMHpPOBaHHOE HpOCTpaHCTBO Z(E,E\) noano;

6) ecnu A, & Z (E, E|) n Z | Agll < e, TO pan Z A, CXOIMTCA K HEKOTO-
pomy onepatopy A& Z (E, E,) "

i< 2 1ALl (6)
k=l

I All=

2 A
k=1

4. O6patunii oneparop, oGparumocts. [lycts A — onepatop,
neiicrytomuit us E B Ey, 1 D4 — o6aacts onpelesnenus, a ImA —
o6pas 3Toro oneparopa.
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Onpeneanenue 3. Onepatop A Ha3biBaeTCss 06pATUMBIM, €CTH
nas awoboro y = Im A ypaBHeHue

Ax=y

HMeeT elHHCTBEHHOE pelleHHe.

Ecau A o6patuM, 10 KaxaoMy y < Im A MoOXHO NOCTaBHTbL B
COOTBETCTBHE eIHHCTBEeHHbIH ajeMeHT x & D4, asasiowufica peure-
nieM ypasHeuuss Ax = y. Onepartop, OCyEeCTBJISIOUHI 3TO COOT-
BEeTCTBHe, Ha3bIBaeTcs o6paTHboim K A u o6o3navaerca AL

Teopema 2. Oneparop A-1, obparnoui aunednomy onepa-
TOpYy A, Takxie AureeH.

JokaszarteabcTso. 3aMeTUM Npexie Bcero, uto o6pas ImA
oneparopa A, 1. e. D,_1, ecTb nuHeftHoe MHOrooGpasue. Ilycts yi,

yo=ImA. JlocTaTouHO NpPOBEPUTH BHINIOJHEHHE PaBEHCTBA

A (g + azys) = alA—lyl + 02A~]y2- 7y
Iyets Axy = yy u Axe = y,. B cuny nuuetinoctn A umeeM
Aoyx) + agXo) = aiy; + oy, (8)

Ilo onpenenenunio o6paTHOro onepartopa,
-1 -1
A7 y=x, A yy=1xy

OTKyJa, YMHOXasl 3TH paBe€HCTBA HaA o) H C2 COOTBETCTBEHHO H
CKJajabiBas, NoJy4YuM

alA—Iyl + GzA—lyz = ;X + az¥,.
C npyro#t cropousl, u3 (8) H M3 onpefeneHHsi 06paTHOroO onepa-
TOpa cJeayerT, 4To
0,X) + apXy = A~ (@, + agys),
YTO BMECTE C NpPeblAyI{HM PABEeHCTBOM [aeT
A (0191 + opys) = alA—lyl + azA—lyz-

Teopema 3 (Teopema Banaxao6ob6paTHoMmonepa-
Tope). ITycto A — aunednoul oepanudennbul oneparop, 83aumHo
00H03Ha4Ho oTobpamaroujuil 6anaxoso npoctpatctéo E Ha 6ana-
xo80 npocrpancréo E,. Tozda obparneui onepatop A-! oepaniiuen.

Jna nokasaTenbCTBa HYXHA Clelylollas JeMMa.

Jemma. [Tycto M — 8cro8y naoTHoe mHOxMecT80 8 6aHAX080M
npoctpancreée E. Toeda 10601 nenyresol sremenr ye& E moxcho
pasaomute 8 pad

y=y1+4+ ... +y.+ ...,
20e yr=M u lly < 3llyl2®
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HokaszaTeabcTBO. DIeMEHTH Yr GyNeM CTPOHTh INOC/ENO-
BaTesNbHO: Y BbiGepeM TakK, 4ToObl

ly —y I<lylV2. 9

3ToO BO3MOXHO, TaK KakK HepaBeHCTBO (9) onpegmensier cdepy pa-
auyca llyll/2 ¢ ueHTpoM B TOuYKe y, BHYTDH KOTOPOR HOJIKEH Haii-
THCb 3/eMeHT U3 M (M Bcrony niotHo B E). BuifepeM y2 & M rak,
uTo6hl [ly — y1 — yall << lyll/4, ys — rax, uto6nl lly — y1 — y2 — yall <
<< [lyli/8 u BooGme y, BoIGepeM Tak, 4TOGH [ly — ¢y — ... —yall <
‘<< |lyll/2". Tako# BeIGOp BCerza BO3MOXeH, TaK Kak M Bciony nJjot-
Ho B E. B cuny BriGopa 3/1eMEHTOB Ye

n

“!/“ 2 Yr

k=1

}—>0 npH n—> oo,

0o
T. €. pal kzl Yr cxoouTcad K y. OLEHHM HODMbI 3JE€MEHTOB Yg:

My ll=ly—y+yI<ly—yll+1lylI<3lyly2,
lyl=lp+y—y+y—nli<ly—yi— pll+ly—y <3l y /4.

HakoHer,
lall=ltnt Y=+ - +1—y+y—y— ... — Yl
<ly—yi— oo —ull+Hly—ypi— oo — g I3l y /2"

JleMma gokasaxa. )

HokaszarteanscTtBo TeopeMbu 3. B npocrpanctse E; pac-
CMOTPHM MHOXeCTBO Mp — COBOKYNHOCTb TeX Y, AJfA KOTOPHIX Bbl-
noausiercss Hepasenctso ||A-'yll<< kllyll. Besiknit sneMeHT npocTpas-

oo

crea E| nonanaer B nekoropoe Mi, T. e. E;= U M;. Tlo Teopeme
k=l

Bspa (teopema 2 u3 n. 3 § 3, ra. II) xors 6bl onHO M3 MHOXecTB
My, ckaxem, M,, mioTHO B HeKoTopoM wwape B. BHyrpu mapa B
BuifepeM LIapoBoil caoil P ¢ uentpoM B Touke M3 Mj; caoit P—
3TO COBOKYIHOCTH TOUYEK 2, IJ51 KOTOPHIX CNPaBe[JIHBO HEPaBEHCTBO
B<llz—yil< a, rae 0 < B < a, yo&E M.

I[Tepenecs cioft P Tak, yToGbl ero LEHTP MOMaj B Ha4ajJo KOOp-
JMHAT, TIOJYYuM MmapoBoit ciolt Po= {z:0 < p <zl < a}.

[ToxaxeM, uto B Py mioTHO HekoTopoe MHOxecTBO My. ITycth
z2e P My, rornaz—yo=Pon :

VA7 e — gl a2l + 1A ol <n(lzl+ 1) <

<n(”2"'y0"+2||!/o")=n_[|z—yo||(l +._._._._...__“2z"_5_";!!" <

<nllz— yoll(1 + 21 o l/8), (10)
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Besmuuuna n (1 + 2| yo /) He 3aBucuT oT 2. IlosoxuM N
N=1+n[l4 2] yl/B].

Torna B cuny (10) 2— yoe My, a u3 Toro, uro M, nnotso B P,
caenyer, uto My naotHo B Po. '
PaccMOTpuUM TNpPOH3BOJbHBIA HeHyJeBO# sjemeHT y H3 E;. Bce-
ria MoxHO mnogobpate A Tak, yrobn 6buio P <|[AYll<ca, T. e
Ay & Po. Tak kak My naotHo B Py, MOXHO NOCTPOHTb MOCJ/EL0Ba-
TeJIbHOCTb Yr & My, cxonsimyiocst k Ay. Torna nocienoBaTeabHOCTD

i
— Yo cXOnHTCH K Y. OueBnpHO, 4YTO ecad Yyr=My, TO M

%ykEMN npu Ja1060M JefAcTBHTENbHOM A 7= 0; TakHM o6pasoM,

My nnorno 8 E,/{0}, a notromy u B E,.
PaccMoTpuM HeHyJeBol sneMeHT y € Eq; no J0oKa3aHHOA JeMMe
€ro MOXKHO Pa3JIOXKHTb B PAM MO 3JeMeHTaM u3 Mn:

y=yi+y.+ ... +y+ ...,

npruem | g, | < 31y I/2".

PaccMotpuM B mpocTpaHctse E psil, cocTaBseHHBIH H3 NpooG-
Pa3soB 3JEMEHTOB Yy, T. €. 3JIEMEHTOB Xp == A~ly;.

DTOT pAN CXOAHTCA K HEKOTOPOMY 3JIeMEHTY X, TaK Kak HMeeT
MeCTO HepaBeHCTBO

Ixsll=1A""g | < Nlypll <3Ny I/2%
NpH 3TOM

0 oo 1
Ixl< ), Ixe <3Nyl ), —=3Nlyl
2

k=1 k=1

B cuay CXOLHMOCTH psifa 'él X, W HeNpephLIBHOCTH omepatopa A
MOXKHO TIPHMEHHTb TouleHHO A K stoMy psiny. IToayunm
Ax=Ax,+ A%+ ... =y +p+ ... =y,
otkyna x = A~'y. Kpome Toro,
47 'yl=lxI<3NIyl,

H TaK KakK OlleHKa BepHa Aanad Jjwoboro y =0, To . ‘varop A-T
OrpaHHYeH.

- TlpuBesieM HekoTOpHe Ba{Hhle CJAeACTBHS 3TOA Teopes. Ilpe-
e BCEro JaJHM ee ecTecTBeHHOoe 0600llleHHe Ha cJyya#, Kornaa
oTo6paxenne A He B3aHMHO OJIHO3HAYHO.

“Caencreue 1 (TeopeMa 06 OTKpPHITOM oToGpaxenun). JIu-
HeliHoe wenpepuisroe oTobpaxenue A 6anaxosa npoctparcrsa E

) Crobxu [ ] o3HanaloT Leaylo 9acTb 4HcAa,
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Ha (s8ce) 6anaxoso npoctpauctéo E\ oTkpoito. 3T0 esiTekaeT u3
JokasanHol Teopembl u caedyrowell remmol.

Jlemwma. [Tycre E — 6anaxoso npocTpancrteo u L — vekoTopoe
g0 3amkuyroe nodnpocrpancreo. Otobpaxcenue B npocrpancrsa E
Ha ¢akrop-npocTparcteo E[L, cTassuee 8 cooTgeTcT8Ue KANOOMY
x = E Kaace cmexrnocTu, codeprcauyull x, OTKPOLLTO.

HeictButensho, nyctb Z — E/L, a G — OTKpPbLITOE MHOXKECTBO
B E uTl =BG. ITlycts zo=T. Toraa naiinercss ajgeMeHT Xo, NpH-
Hagaexawuin B-'2, ) G. Tlycts Tenepb U (xo) — €-0KPeCTHOCTb TOY-
KH Xo, LIeJHKOM Jexaiias B G, U nycTb 2 — INPOU3BOJIbEbIA 3/1eMeHT
e-oKpecTHOCTH Toukn 2T, 1. e. 2—2[l<<e. B coorsercTBHH
¢ ompejeseHHeM HOPMbl B (aKTOp-TIPOCTPAHCTBE 3TO O3HAYaeT Cy-
[IleCTBOBaHHE TAKOro 3JeMeHTa x & B—'z, uto |lx — xofl << e, T. e.
xe U(xy)= G. Ho Torna 2= BG =T, 1. e. €&-OKPECTHOCTb TOYKH
2o conepxurca B I'. CnenoBarenbHo, I' otkpeiTo. JleMma poxasana.

Ipencrasus oto6paxenue A npocrpancrsa E na E; kak cymep-
nosuuuio oro6paxenus B mnpocrpancrsa E na E/KerA=Z (or-
KPBITOTO B CHJy JIEMMBEI) H B3aUMHO ONHO3HAYHOTO OTOOparxKeHHs
C mnpocrpanctBa Z ua E; (OTKPBITOrO B CHJY TeOpeMbl 3), moJay-
yaeM, 4T0 4 OTKpHITO.

Caencteue 2 (nemma o tpoiike). I[Tycre E, E\, E; — 6ana-
X086l npocTpaucTéa u A, B — nenpepoigroie auneiinoie oneparopot,
us 'E 8 E, u usz E 8 E, coorsercreenno, npuvem B orobpasxcaer E
Ha gce Ey (1. e. ImB = E3). Ecau npu 310M

Ker A > Ker B, (11)

70 cyujecteyer Taxkol Henpepolrblil aurelnoi oneparop C, oro-
6pascarowyui Es 8 Ey, uro A = CB.
CHMBOJIHYECKH 3TO YAOGHO U306pa3UTb TAKOH CXEMOH:

KerB—»E—B> E,

N1 e

Ker A—>E—E,

JleficTBHTENBHO, PACCMOTPUM /15 KaXJOro 3jeMeHTa 2 & Ej ero
roJHbE npoo6pas B-lze E. M3 ycaosus (11) caepyer, uTto Bee
sJeMeHTh X, mpuHafjexaune B-!z, nepeBoastca onepatopoM A
B OAMH H TOT K€ JEMEHT 4. DTOT JIEMEHT y Mbl U NOCTABHM B CO-
OTBeTCTBHe 3jeMeHTy 2. ITosnyueHHbt onepatop C oToGpakaeT E,
B E, u, oueBuano, JuHeed. OH HempepbiBeH (a cJaef0BaTeNbHO, H
orpanuyeH). JIeACTBHTEJbHO, eclIH G —— OTKpBITOE MHOXecTBO B Ej,
T0 ero mosHblit npoo6pas C-!G npu oro6paxenud C MOXKeT ChbITa
samucaH Kak B(A7'G). Ho A~'G oTKpbiTo B CHJY HEIPEPBIBHOCTH
onepatopa A, a toraa u B(A-'G) oTKpHITO B CHAY CIEACTBHSA 1.
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Ynpamuenusn I Ilycts E, E;— HOpMHDOBaHHBIE NDPOCTPAHCTBA; JHHEil-
Heift onepatop A, mefictBylomuit H3 E B E|, ¢ oGaactbo onpefeneius Dy < E,
TIPEJCTaBASIOWeH cOG0M JHUHeHHOe MHOTOOGpa3He, Ha3WBAETCA SAMKHYTLIM, €CH
43 YCIOBHH Xn & Da, Xn—X, Axn—y caenyer, uto x& D4 u Ax = y. Ipo-
BepbTe, UYTO BCAKWI OTpaHHYEHHBIH ONEPATOP 3aMKHYT.

2. PaccmoTpuM npamoe npousselenne E X E, mpoctpancte E u E,, T. e. au-
HellHoe HOPMHDOBaHHOE NPOCTPAHCTBO, COCTOsIIee M3 BCEBO3MOMHBIX map [x, yl,
xeE yek, c nopmoit ||lx, gyl =Hxl4+ 0yl (-0 u 0l -1l —vopMu B E,
E cooTsercTBeHHO). OnepaTopy A MOXHO CONOCTaBHTb MHOYKECTBO G, ={lx, yl]
xe DA, Y= Ax} cEX El. Ha3biBaeMoe ero epaguxom. Ilposepbre, uro G4 —
JinHeliHoe MHoroofpasue B E X E;, 3aMKHYTOe TOTJa M TOJBKO TOrja, KOrjia ole-
patop A 3amxuyt. [lokaxute, uto ecau E, E\ — 6anaxosbl npocTpancrsa, a one-
parop A onpedeaen na scem E u samknyr, To on ozpanuder (reopema bBanaxa
0 3aMKHYTOM rpaduke).

Ykasanue. TlpumeHuTe TeopeMy 3 K onepatopy P: [x, Ax] > x, nelicTBylomemy
w3 Ga B E.

3. Ilyctb E u E, — noJiHble CUETHG-HOPMHDPOBaHHEIE pocTpaHcTBa. Jlokaxure,
uro ecan A — HempepLIBHBIN JHHEHHBIH onepaTop, B3aHMHO OIHO3HAYHO OTOGpa-
xawomuli E #Ha E,, To ofpatHbiit omepatop A-! HenpepbiBeH. ChopMmynupyiite H
JOKAXKHTe TeopeMy O 3aMKHYTOM Trpacduxke AJAS CYETHO-HODMHPOBAHHBIX IIPO-
CTpaHCTB.

Paccmorpum MHOxectBo Z(E, Ey) orpaHuyeHHBIX JHHEHHBIX
onepatopoB A, oto6paxawiux 6aHaxoBo npoctpancTBo E B Gaua-
x0BO npoctpancTBo E;. DTo — 6aHaXxoBO npocTpaHCTBO. Brigenum
B Hem MHoxectBo $Z (E, E|) onepartopoB, oroGpaxawomux E Ha
Bce £, M uUMeIOLIHNX OrpaHUYeHHbIHi OOpaTHBHIA. DTO MHOXECTBO OT-
kpoito B Z (E, E,). VImenno, cnpaBeqJuBa Cjeyoollas Teopema,

Teopema 4. Hycre Ao = L (E, E1) u nycre AA — npouseoas-
#tuid oneparop us Z(E,E,) rtaxod, uro |AA|<1[|A5"]. Toed
oneparop (Ao + AA)~! cywecrsyer u oepanusen, T. e. A=
=Ao+ANA=3ZL(ELE)).

HoxkaszarteabctBo. OPuKcHpyeM NPOU3BOJNLHBLIH  3JEMEHT
ye=E, nu pacemorpum oroGpaxenue B mnpocrpanctsa £ B ce6s,
onpeaensemoe GopMyJoH

Bx=Ay"y — Ay' AAx.

-1 -1
Hs ycnosus {|AA |I<|]Ao " caenyeT, 4To orobpaxkeHue B cxu-
mamplinee. Tak Kak E noJsiHO, TO CylleCTBYeT €JMHCTBeHHAsl Hemo-
JABHXHasl TouKa x oroOpaxeHus B:

x=Bx=Ao_'y— Ay ' AAx,
QTKyJa
Ax = Ayx +AAx=y.

Ecau Ax” =y, T0 X' — ToXe HenmoABHKHAs TOYKA OoTOGpaKenus B,
Tak yro ¥’ = x. Takum o6pa3oM, A1s Beskoro y & E; ypaBHenue
Ax = y umeer B E ennHCTBeHHOe pelleHHe, T. e. onepatop A obJaa-
Jaer obpatHbiM A-!, ompenesenHeiM Ha Bcem E;. Ilo Teopeme 3
onepatop A-! orpanuuen, uto H TpeGOBANIOCh HOKA3aTh.
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Teopema 5 [Tycro E — 6anaxoso npocrparcreo, I — rosxde-
“cysenntili oneparop 8 E, a A — taxod ozpanuuennold asuneiinoul
oneparop, orobpascarowuii E 8 ceba, uro ||All<< 1. Toeda oneparop
(I — A)~! cywecrsyer, ozpanuyen u npedcrasaserca 8 sude

(1—A)“=§) AF, (12)
k=0

JoxaszarenbcTBo. CyuecTBoBaHHe H OrpaHHYEHHOCTb oOlle-
patopa (I — A)~! BhTegaer u3 TeopeMH 4 (BIpOueM, 3TO CjaenyeTr
TaKXe H W3 PHBOJHMOr0O HHXe pacCyXIeHHs:). ‘

©o co

Tak kak A< 1, To X | A< Y IAIF < oo. IMpoctpancTeo E
=0 k=0
o0
TIOJIHO, TNIO3TOMY H3 CXOAMMOCTH psja Z | A® | BeITeKaeT, uTO cyMMa
£=0

o0

pana ,‘Z A® npencraBasier co6ofi orpaHuueHHbl JHHeAHMA omepa-
?_0

tTop. Jlasd jo6oro n HMeeM

n n
I—A) Y A=Y A" (1 — A)=1— A
k=0 k=0

nepexoiss K mpeledy TIpH n->00 M yunThBas, uro [An+|<C
< ||AfI»*! >0, nonyuaem , _

I—AY A=) A*(I—A)=I,
k=0 k=0
OTKyZAa
I—A"'=) 4%
k=0

YTO W Tpe6oBaOCh J0Ka3aTh.

Vnpaxuenne Ilycte A — orpannueHHnit NuHeAHWA omepaTtop, oToGpa-
XaloWHA GaHaxoBo MpocTpaHcTBO E Ha GaHaxopo npoctpanctBo E;. okaxkwute,
YTO CylIeCTBYeT Takas NMocTosiHHas & > 0, uto ecnu Be Z(E, E)) n |[A —B| <
<< o, To B oto6paxaer E Ha Bce E; (BaHax).

5. ConpsxeHHble omepaTopnl. PaccMOTpHM HenmpephiBHBIA JH-
HeAHBIA omepaTop y = Ax, orobpaxaiomuil JHHEAHOe TONMOJOrHYe-
ckoe mnpocrpaHcTBo E B Takoe XKe mnpocrpancrso E. Ilycte g —
AMHeAHBIA QYHKUHOHAJ, onpeleneHHu# Ha E,, 1. e. g €< Ei. Ipnu-
MeHHM (YHKUHOHAM g K 3jeMeHTy y = Ax; Kak Jierko IPOBEPHTb,
g(Ax) ecTb HenpephIBHRIA JHHEHHHA (YHKIHOHAJ, ONpENENCHHBIR
Ha E; o6o3nauuM ero f. ®yHKuHOHAT | €CTh, TAKHM oﬁpasoM, aje-~
Ment npocrpanctBa E*. Kaxnomy oyukuuonany g€ Ei Mbl nocra-
BWIH B COOTBeTCTBHe yHKuuOHaA [ E*, T. e. NMONYYH/IH HEKOTO=
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puift omepartop, oro6paxaiowuit Ef B E'. DTOT omepaTop Ha3b-
BaeTcs ConpAadseHHbim K onepatopy A H o6GosHauaercs A*.

O603naunB 3HaueHHe PYHKUHMOHANA [ HA 3JeMeHTe X CHMBOJIOM
{f, x), nonyuum, uto (g, Ax)=(f, x), uau

(g, Ax)=(A"g, x).

DTO COOTHOUIEHHE MOXHO NPHHATb 3a ONpefie/ieHHe COMNpsIKeH-
HOro orneparopa.

Mipumep. Conpanennoui onepaTop 8 KOHEYHOMEPHOM RPO-
crpanctse. Ilycte feficTBHTEbHOE n-MepHOe mpoctpaHcTBO R™ oTo-
Gpaxaercss B npocTtpaHcTBo R™ (m-MepHoe) onepatopoM A u nycTb
lla;;ll — matpuua storo oneparopa. o :

~Orobpaxenne y = Ax MOXHO 3amHcaTb B BHIE CHCTEMBl pa-
BEHCTB

n
y‘-=zla,,x,, i=l1,2,..., m,
I=

a ¢yukuuonan f(x) — B BuIe

[ =3 iz

U3 pasencraa

f(x) =g (Ax)= ;i gy = i;{ l; giayx;=

n m
/;l Xy lgl g;t?u
m

TIONy4HM, 4TO f;== 121 g.a;;. Tak kak f = A*g, otciona caenyer, uto

onepatop A* 3amaercs MaTpHLefl, TPaHCIIOHHPOBAHHON IO OTHO-
LIEHHIO K MaTpHue onepatopa A.

Caenyoolide CBOACTBA CONDSIKEHHBIX ONEPAaTOPOB BHITEKAIOT
€pasy H3 onpejesieHHs.

1. Onepatop A* nuHeeH.

2. (A+ B)*= A* | B*.

3. Ecau k—uncho, To (RA)* = kA*.

Ecan A — nenpepuBHbiii onepatop H3 E B Ej, To A* ecTb He-
npepuiBubii onepatop u3 (E1,b) B (E* b) (npoBepbTe 3to!). Ecan
E u E,—GanaxoBb NPOCTPAHCTBA, TO 3TO YTBEpKIEHHE MOXKET
6bITb YTOYHEHO CJeNYIOLIHM 00pa3oM:

Teopema 6. Ecau A — oepanudennoui aunelnsii oneparop,
orobpaxcarowuil 6anaxoso npocrpancréo E e 6anaxoeo npocrpan-

cr8o E;, 10 .
, AT =14l
HokaszarteabcTBo. B cuny cpoficTB HOpmbl omneparopa

HiMeeM
- (A%, ¥ 1=1(g, A)I<lgl-NAl-lxl
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orkyna |A"g|<IAll-l gll; cnenosarensHo,
I A" <X AL (13)

A
Ilycts x= E u Ax = 0; noioxum yo=nf—”EEn: OUYEeBHAHO,

uto ||yoll= 1. Ilo cnencrBuio U3 TeopeMnl XaHa-Banaxa cyumecrByer
tako# Qynkuuonan g, uro llgl=1n (g y)=1, 1. e. (g Ax)=
=|{Ax|l. Y3 coorHomIEeHu#H

Il Axjl=(g, Ax)=[(A"g, x)I<<
KA - I<HA™ - ligh-Nx =0 A"} - ]t
noayuaeM | Al <|| A”), uto BMecTe ¢ HepaBeHcTBOM (13) maet
IA*|=}AlL
Teopema mokasana.
Ynpaxunenne. Ilycte E n E; — pednekcuBubie 6aHaxOBH NPOCTPAHCTBA H
A e Z(E E)). lokaxkute, uto A** = A,

Caenyiolllee yTBepxKIeHUE INpeAcTaBisieT COOOi elle OAHO MO«
Jie3Hoe caeAcTBHe TeopeMbl BbaHaxa 06 o6paTHOM omepartope.

JlemMa (06 aunyasrtope sgpa oneparopa). IHycre A — nenpe-
poisHbli Aunelnbul onepatop, orobpaxcarowul E na ece E,, 20e
E, E; — 6anaxoset npoctparcrsa. Tozda

(Ker A)* =1Im A", (14)
ﬂeﬁCTBHTeJIbHO, HpOBepHM CHauaJia BKJIOUEHHE ’
(Ker A)* > Im 4" (15)

Ecin feImA* rto cymecrByer Takoii 3jaeMeHT ge E], uTOo
f=A*g, n pas Bcex x & Ker A umeem:

(f! X)=(A'g, x)=(g) AX)=0, T. €. fE(Ker A)l
,Zloxa}}(eM Tenepb 06paTHO€ BKJIIOUEHHE:

(Ker A)* = Im A". (16)
IMycts f e (Ker A) L. Torna ana oto6paxeHuit
f: E->R mn A: E—>E

BbINOJHEHE! YCJOBHS JIEMMBI O TpofiKe (caeicteue 2). HOSTOMY
cyulecTByer Takoi ajneMmedt ge& Ej, uro (f, x) =(g, Ax),
f=A*g. Tem caMmbM BKJawoueHne (16), a 3HauuT, H paseﬂcmo
(14) noxasaHnl.

6. ConpsixxeHHbIN onepaTop B €BKJHAOBOM npocrpancre. Camo-
conpsixKeHHble onepatopel. PaccMoTpum ciyuait, korga A — orpaHu-
JeHHbIH onepaTop B ruab6epToBOM npoctpaHcTBe H (aeficTBUTENb-
HOM HJIH KoMIllekcHOoM). CorsiacHo Teopeme 06 06lLeM BHAE Jnuel-
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HOro HeNpepLHBHOro (PyHKUHOHAJa B TU/IbGEPTOBOM MPOCTPAHCTBE
0oT0GpaxKeHHe T, conocrasiasiollee KaXxaoMy y & H aunefinsii Qyuxk-
HHOHAJ

(ty) (x) = (x, y),

ectb W3oMopdu3M (HJIH conpsxKeHHbIH H3oMop¢u3M, eciu H Kowm-
IJleKcHo) mpocTpaHcTBa H Ha Bce conpsiKeHHOe MPOCTPAHCTBO H*.
Ilycte A* — onepatop, conpsixkeunblli onepatopy A. Slcuo, uto oto-
Gpaxenue A* = t-'A*t npeacrasisier co60i OrpaHMYeHHBIA JHHeM-
HBIll onepaTtop, AeHcTBYoulHil B H; Jlerko BUAeTb, UYTO M5 JIOGBIX
x,yEH

(Ax, y)=(x, AY).

_ Tak xak || A"|=[| All, a oto6paxeHus T u T~ ! H3IOMETPHUHbI, TO
1A% =1 Al

Bce ckazaHHOe crpaBelJIMBO, pa3yMeeTcs, W AJAs KOHEYHO-
MEepHOro eBKJHAOBA NPOCTPAHCTBA, NEHCTBUTENBHOrO HJH KOM-
fIJIEKCHOTO.

IlpuMem cienymwoluee corsaiuiesde. Ecau R — eBKIHAOBO mpo-
<TpaucTBO (KOHEYHOH uau GeCKOHeuYHOH pas3MepHOCTH), TO omnepa-
TOPOM, conpaxXcenHbin K AeficTByiolleMy B R oneparopy A, Mbl Ha-
30BeM OnpeleseHHb Bblile omepatop A*, neACTBYIOIHHA B TOM
K e mpocrpaHcTBe R.

Cienyer NogyepKHYTb, YTO 3TO ONpefeseHHe OTJAHYAeTCs OT
OlIpeJieIeHNsT CONPSKEHHOro onepaTtopa B NPOH3BOJNILHOM GaHaxo-
soM npoctpaHcTBe E, cOryacHO KOTODOMY CONpPSKeHHbIH omepaTtop
A* meiictByer B conpsi:keHHOM npocrpanctBe E*. Muoraa oneparop
A* B orimume oT A*, Ha3BIBAIOT IPMUTOB0-conpascerrbim. Utobbl He
YCJIOKHATD TEPMHHOJOrHM H O6O3HayeHHH, Mbl OyaeM nucatb A*
BMeCTO A* ¥ rOBOPHTb O CONPSXKEHHOM onepaTtope, MOMHS, OAHAKO,
YyTO B EBKJH/JOBOM CJydyae CONpPAXKEHHBIH OmepaTop BCerjga rmo-
HHMaeTcs B CMbIC/Ie, YKa3aHHOM B 3TOM NYHKTE.

$IcHO, YTO B €BKJIHMAOBOM NpPOCTPAHCTBe R omepaTtop, CONPSXKeH-
#bll K A, MOXHO oONpeneJUTb KaK TaKOH onepartop, KOTOPBbIA mpH
BCex X, ¥ = R ynosjerBopsieT paBeHCTBY

(Ax, y)=(x, A'y).

Tlockoabky omepatopbl A u A* fneficTByiOT Tenepb B OJHOM H TOM
2Ke NpOCTpPaHCTBe, BO3MOXHO paBeHcTBo A = A*. BbizenuMm Bax-
HbIH KJacC ONepaTopoOB B €BKJHJOBOM (B YaCTHOCTH, THJIbOepTO-
BOM) IIpPOCTPaHCTBe.

Onpenenenne. 4. OrpanuueHHblll JuHedHblll omepatop A,
JeHACTBYIOIUHA B eBKJHJOBOM MNpOCTpaHCTBe R, Ha3miBaercs camo-
conpaxcennowm, eciu A = A* 1. e. ecin

(Ax, y)=(x, Ay)
A Bcex X, y = R.
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OTMeTuM cjlenyolllee BaXKHOe CBORCTBO omepatopa A*, comps-
*eHHoro K onepatopy A. IloampocrpanctBo R; eBKAMAOBa Mmpo-
cTpaHcTBa R Ha3bIBaeTCsl UHBAPUAHTHLIM OTHOCHTEJbHO oOmepaTtopa
A, ecnn 3 x = R, utekaer Ax = R,. Ecau nodnpocrpancreo R,
UHBAPUAHTHO OTHOCUTEAbHO A, TO €20 OPTO20HAAbHOE OOHOAHeHUE

n . n
Ri" unsapuantho oTHOocuTesrbno A*. [leiicTBuTENbHO, €ciH ¥y E Ri,
TO JJIs1 BCeX X & R; uMeem

(x, A'y) = (Ax, y) =0,

nockoabky Ax = R,. B uactHoctH, ecau A — caMoCONpsiKeHHbIR
onepaTop, TO OPTOroHaJbHOE NOMOJHEHHE K J11060MYy ero HHBapHaHT-
HOMY TOANPOCTPAHCTBY CaMO HHBAPHAHTHO OTHOCHTENbHO A.

Ynpaxuenue, Jlokaxure, uyto ecin A W B — orpasHueHHble JHHEHHbIE
OTepaTopsi B €BKJHLOBOM NPOCTPAHCTBE, TO CNPABEAJHBH PaBEHCTBA:

(¢A + BB)" =a A" + pB",
(AB)* = B*A®,
(A7) =4,
I* =1 (I — exuuuuHMA omepaTtop).

7. Cnexrp oneparopa. PesoabBenra '), Bpsg i MOXHO yxa3aTh
6oJiee BaXXHOe NIOHSITHE B TEOPHHU ONEPAaTOPOB, UeM MOHSTHE CEKTpa.
HanoMHuM npeze 3TO NMOHATHE 1151 KOHEUHOMEDHOro cayuas.

ITycts A — nuHeliHbIHl onepaTop B A-MepHOM mpocTpaHcTBe Cn.
Uucno A HasbiBaeTcsi cOOCTB8eHHbIM 3Ha4eHuem omeparopa A, ecau
ypaBHeHHe ‘

Ax=1Ax

uMeeT HeHyJeBble pemennsi. COBOKYITHOCTb BCeX COGCTBEHHBIX 3Ha-
YeHHH Ha3bIBAETCs CNEKTpOMm onepatopa A, a BCe oCTajbHble 3Ha-
yeHHUs1 A — peeyraproimu. Haue rosopsi, A ecTb peryasipHas Touka,
ecan onepatop A — A o6partum. Ilpu stom (A — AJ)-! onpenmenen
Ha BceM C" W, KaK M BCSIKMH OmepaTop B KOHEYHOMEPHOM IPOCTpaH-
cTBe, orpanuuyed. HMrtak, B KOHeuHOMEpHOM INpPOCTPAHCTBe Cylie-
CTBYIOT JABE BO3MOMKHOCTH:

1) ypaBHenne Ax = AX uMeeT HeHYyJleBOe pellleHHe, T. €. A eCTb
co6¢cTBeHHOe 3HaueHue aas A; omepatop (A —A)~' npu sTom He
CYyLeCTBYeT;

2) cywecTByer orpanudeHnbiii onepatop (A — AJ)~L, onpenenen-
HBIY Ha BCEM NMPOCTPAHCTBE, T. €. A €CTb peryJsipHasl Touka.

Ho ecan A —onepatop, 3agaHHbll B GeCKOHEUHOMEpPHOM IIpo-
crpanctse E, To HMeercs elle U TPeTbs BO3MOXKHOCTb, 2 HMEHHO:

~ " 3) onepatop (A — AJ)"! cyulecTByer, T. e. ypaBHeHHe Ax = Ax
HMeeT JHIIb HYJEBOE peliicHHe, HO 3TOT ONepaTop ONPENe/ieH He Ha
sceM E (4, BO3MOXKHO, HeorpaHHYeH).

') Bcioay, rAe peub HOET O CNeKTpe ONepaTopa, MBl CUHTaeM, YTO Omepatop
ZeHCTBYeT B KOMTIIJI€ K C HO M NpPOCTPAHCTBe.
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Beemem caexyomyio TepMuHOJOrHIO. YHcaAo A MBI Ha30BeM
pezyaapHoim Iasi omepatopa A, pmeficTBylowmero B (KOMIJIEKCHOM)
6aHaxoBoM mnpocrpaHcTBe E, ecan onepatop Ry = (A—Ail)-},
Ha3blBaeMHll pe3oavsentoll onepatopa A, onpedesen na scem E u,
caedosareavno (teopema 3), oeparuuer. COBOKYMHOCTb BCEX Oc-
TaJbHBIX 3HaUeHHH A HasbiBaeTcs cnekTpom onepatopa A. Cnextpy
npHHaJJIeXaT Bce COOCTBeHHble 3HAuYeHHsi omnepartopa A, TakK Kak
ecan (A—A)x =0 npu Hekotopom x=0, T0o (A—A-! He
‘cymiectByeT. MIX COBOKYMHOCTb Ha3BIBAETCSl TOHEHUHbIM CHEKTPOM.
QOcranbHas 4acThb CIEKTpa, T. €. COBOKYNHOCTb T€X A, I/l KOTODHIX
(A — Al)~! cymectByer, HO ompelesneH He Ha BceM E, HasmBaercs
HenpepbisHoim cnekTpom. WITak, Kaxkaoe 3HaueHHe sBJAseTCA LM
onepaTtopa A HJIH peryJsipHbIM HJIM COOCTBEHHbLIM 3HAUEHHEM, HJIH
TOYKOH HENpepbIBHOrO crneKTpa. Bo3Mo:KHOCTb Ha/nHuMsi y omepa-
TCpa HENpepHLIBHOTO CEKTPa — CYLIeCTBEHHOE OTJIHYHE TEOPHH Ore-
paTopoB B GeCKOHEUHOMEDHOM MPOCTPAHCTBE OT KOHEUHOMEPHOro
cayuas.

[Mycts A — orpaHuueHHbIl onepaTtop, AEHCTBYIOUHA B GaHaxo-
BoMm mnpoctpauctBe E. Ecau Touka A perynasipHa, T. e. omeparop
(A — AI)-! onpenenen Ha BceM E W orpaHdueH, TO MPH AOCTATOYHO
masom & omnepatop (A —(A -+ 8)I)~! Toxe ompeaenen Ha Bcem E
¥ orpanuued (teopeMa 4), T. e. TouKa A 4 & Toxe peryaspua. Ta-
KuM 00pasoM, pezyasphbie TOUKU 06pas3ytoT OTKPLITOE MHOMCECTSO.
CuenoBaTesnbHO, CneKTp, T. €. JOMNOJHEHHe 3TOro MHOXEeCTBa, —
B3aMKHYTOE MHOXCECTBO.

Teopema 7. Ecau A — oepanuuennoiii auneiinoui oneparop 8
6arnaxosom npocrpaxcrge E u |A| > ||All, To A — peeyaspras rouka.

Hdokazarteabctso. Tak Kak, O4eBHIHO,

A-M:—A(I-%A),
TO

lya
)
k

A

Ak
k

™M

Ry—(A— ) = — = (1—4)" =

I
(=]

Tipu ||All<<|A| sTOT psim cxoauTcs U 3amaer onpejiesieHHBIH Ha BCeM
E orpauuuennoii onepatop (teopema 5). Muaue rosops, cnekrp
oneparopa A codepscurcs 8 kpyee paduyca [|All ¢ uentpom B HyJe.

[MMpumeps. 1. B npocrpancree Cla, b] paccMoTpum omnepa-
Top A, onpenensieMblit popMyo#

Ax(ty=tx (). (17)
A—=ADxBO=@E—A)x(¢).
Onepartop (17) obpaTtuM mpu J1060M A, TAK KaK H3 paBeHCTBa
' t—Ax@®=0

Torpa
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CJIeflyeT, YTO HenpepbiBHAsf QYHKUHS x(f) TOXKIECTBEHHO paBHa
nymo. Onnako npu A&([a,b] obpatHbiii onepatop, 3ajaBaeMsblil

¢opmynoin
(A=Al k() == x (1)

onpegesned He Ha BceM Cla, b} u HeorpanuueH. ([dlokaxkurte 3to!}
Takum o6pa3om, cnextp onepatopa (17) npencrasiasiet co6oil oTpe-
30K [a, b], npuueM coOGCTBEHHBIE 3HAYEHHS] OTCYTCTBYIOT, T. €. HMeeT-
sl JIMIlb HEMpepbIBHBIA CIEKTP.

2. PaccmorpuM B npocTpaHcTBe [; onmepatop A, onpenensiemblit
CJeayIoIHM 00pa3oM:

A: (xh X9, "')—')(01 Xy, X, "')' (18)

ITOT omepaTtop He uMeeT coOCTBeHHBIX 3HaueHHH. ([loxkaxure 3to!)
Omnepatop A-! orpanuyeH, HO ompefiesieH B Iy JHIIb Ha UOANMPO-
crpanctBe x; =0, T. e. A= 0 ecTb TOuKa CIeKTpa olnepartopa.

ViupaxHenus ColepXHT au crnektp onepatopa (18) kakue-nmnbo TOUKH,
KpoMme A = 0?

3amevanusn (1) Bcaxkuii orpaHHueHHBI JIHHeHHBIH omepaTop, onpeje-
JIEHHBI1 B KOMIJIEKCHOM 0aHaXOBOM INPOCTPAHCTBe, HMeIOIEM XOTS Obl OXWH OT-
JIMUHBIH OT HYJISI 3JIeMeHT, HMeeT Henyctod cnexTp. CyllecTBYIOT ONepaTopHl, Y
KOTOPHIX CIIeKTP COCTOMT H3 €IHHCTBEHHOH TOYKH (HampHMep, OnepaTop YMHO-
JKEHHs Ha YHCJIO).

(2) Teopema 7 Moxer OHITb yTOuHeHa cJaeaywolium obpasom. IlycTs

n

r= lim /[l A* |

n-»oo

(MOXKHO [OKa3aTh, YTO B3TOT NpeJesa CYyIeCTBYeT AJs JI060T0 OrpaHWYEHHOTo
onepatopa A), TOrma cnexrp oneparopa A yeaukom aexcur 8 Kpyee paduyca r
¢ yenTpom 8 Hyse. BeaHuwHa r Ha3blBAaeTCsd CHEKTPAAbHbIM pPAOUYCOM Olepa-
Topa A.

(3) PesoabBenTHBIE OnepaToph Ry, M Ry, oTBeyalomHe TOYKaM M H A, Nepe-

CTaHOBOYHBI MeXJY cO60H H Y[ OBJIETBOPSIOT COOTHOUIEHUIO
Ru — R, = (n—4) RuRm
KOTOpOe JIerKO NpPOBEPHTb, YMHOXHB 0oGe 4acTH 3TOrO paBeHCTBa Ha
(A=Al (A—pl).
Otciofa BbITEKaeT, UTO €CJIH Ag~— peryasipHasi Touka IJjs A, TO NPOH3BOAHas OT
R mo A mpu A == A, T, €, Ipefien
o Rypan— Ry,
lim ———0 2
AA>0 AA

. 2
CYLIECTBYET (B ¢MBICJI€ CXOAHMOCTH MO ONnepaTOpPHOH Hopme) H paBHa Rka'

YnpaxHeHnue. IlycTh A — orpaHHYeHHbIH CaMOCONPsIXKEHHbI omnepatop
B KOMIJIEKCHOM THJIbGepTOBOM mnpoctpanctse H. JloxaKurte, YTO €ro CHEKTP eCTh
3aMKHYTOe OrpaHHYeHHOe MOAMHOXKECTBO JeACTBHTENbHOH OCH.
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§ 6. KomnakTHble omepaTtopsl

1. OnpepeneHue u npumMepbl KOMNAKTHBIX OnepaTtopoB. B oTJ/H-
qHe OT JIHHeHHbIX ONEPAaTOPOB B KOHEUHOMEPHBIX NPOCTpaHCTBAX,
IJ1s1 KOTOPbIX MMEETCsl HCYepIbiBaloUlee ONMHCAHHE, H3YYeHHE NPOH3-
BONbHLIX JHHEHHEIX ONepaTopoB B 0GeCKOHEYHOMEPHHIX MpOCTpaH-
CTBax NpeacTaBjsieT cO60H BeCcbMa CJIOXKHYIO H, IO CYUIECTBY, He-
0603pumyio 3agavy. OIHAKO HEKOTOpble BaXKHbIE KJIACCH TAKHX Olle-
paTopoB MOTYyT OBITb ONHCAHBI NOJHOCTbIO. CpelH HHX OIHH M3
BaXKHeHlInX o6GpasylT TAaK Ha3biBaeMble KOMMaKTHBIE oOmepa-
TOpbl. DTH OMEpaToOpbl, ¢ OAHOH CTOPOHBI, GJH3KH MO CBOHM CBOH-
CTBaM K KOHe4HOMepHbim (T. €. OTrpaHHUYEHHBIM OlepaTopam, Iepe-
BOASILIUM JaHHOE INPOCTPAHCTBO B KOHEYHOMEPHOE) H HONYCKAIOT
NOCTATOYHO JeTaJbHOe OMNHMCAaHHe, a ¢ JAPYroH, HrpamT BaXHYIC
pOJib B Pa3/IHYHBIX MPHJIOXKEHHSX, B NEPBYI0 Ouepeib B TEOPHH HH-
TerpaJbHbIX ypaBHeHHH, KOTOpbM OydeT mocBsileHa ra. 1X.

Onpenenenne 1. Onepatop A, orobpaxamiuii GanaxoBo
npoctpalctBo E B cebst (unu apyroe 6aHaxoBo MpocTpaHCcTBO Ey),
HA3bIBAETCSI KOMNAKTHOLIM, HIIN BNOAHE HENpPePbl8HbIM, €ClTH OH Ka-
XKJI0e OrpaHHYeHHOe MHOXKECTBO NEPeBOJUT B NpeAKOMIAaKTHOE.

B kKoHeyHOMepHOM HOPMHPOBAHHOM NPOCTPAHCTBE BCAKHH JIHHEH-
HBIfl omepaTop KOMNAaKTeH, NOCKOJLKY OH IepeBOJAHT JIboe orpa-
HHYEHHOE MHOXKECTBO B OIPAaHHYEHHOE, a B KOHEYHOMEPHOM IMpO-
CTpaHCTBe BCSIKOE OTPAHHYEHHOE MHOXKECTBO IPEIKOMIIAKTHO.

B GeckoneyHOMEpHOM IPOCTPAHCTBE KOMMAKTHOCTL ONepaTtopa
ectb Tpe6OBaHHe CYLIECTBEHHO 6oJiee CHJIbHOE, 4eM MPOCTO ero He-
IpepbIBHOCTb (T. €. orpaHuHYeHHOCTb). Hanpumep, enuHHUHBIH omle-
paTop B rHAbGEPTOBOM INpPOCTPAHCTBE HENpPEpPBLIBEH, HO OTHIOAb He
komnakrteH. ([loKaXKuTe 3TO HE3aBHCHMO OT pacCMaTPHUBaEMOro
HUXe npHMmepa 1.)

PaccMOTpHM HeKOTOpble MpHMEPHI.

1. lycts I — enuuuynblil onepatop B 6aHaxOBOM INPOCTPAHCTBE
E. IToxaxem, yto ecau E GecKoHewHOMepHO, To onepatop / He KoM-
naxrteHd. /s 3TOr0 DOCTAaTOYHO, OYEBHJHO, NMOKAa3aTb, YTO e€IHHHY-
ubpifl wap B E (KoTopblf, pa3ymeercsl, NnepeBOAUTCS onepatopom [
B ce6s1) He MpPEIKOMIAKTeH. DTO B CBOIO Ouepelb BBITEKAET H3
clenyioulell JIeMMBbI, KOTOpass HaM MOHaJoOHTCH M B JaJibHEHALIeM.

Jdemma 1. ITycre xy, X9, ... AUHELHO He3aB8UCUMbIE BEKTOPLL 8
HopmuposanHom npocTpancteée E u nycre En, — nodnpoctparncrso,
nopostdennoe eekTopamu X, ..., Xn. lo2da cyujecreyer nociaedo-
BAaTEALHOCTbL BEKTOPO8 Yy, Y, ..., YOOBAETBOPAIOULAN CALOYHOUYUM
ycaosuam:

Dlgall=1; 2) yo€E;; 3) p(yn, Enm)) > 1/2,
rae p(Yn, En—y)— paccTosiHue BeKTOpa Yn OT En—y, T. €.

inf —xl
xelrén_lllyn x|
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HoxasateabcTBo. [leACTBUTENbHO, TAaK KaK BEKTOPH Xi,
X2, ... JJHHEHHO HE3aBHUCHMBHI, TO Xn & Eny ¥ p(Xn, En—)=a > 0.
‘Tlyers x* — takoit BekTop u3 En—y, uto |¥n — x*|| << 2a. Toraa, no-
' CKOJIBKY @& == P (Xn, En—j) = p(Xa — x*, En_), BeKTOp
_  Xxpg—=x
In= Tan—x"1

yLoBIeTBOpsAeT BceM ycaoBuaM 1)—3). 3a y; npu 3TOM MOXKHO
B3ATb X1/ x4l.

Jlemma nokasaHa.

[Tonb3ysich 3TOA JeMMOH, B eIlHHHYHOM [Iape BCAKOrO GeCKOHeY-
HOMEPHOTO HOPMHPOBAHHOTO NPOCTPAHCTBA MOXKHO MOCTPOMUTH IIO-
CJ1e/I0BATeNbHOCTb BEKTOPOB {Yn}, NS KOTOPOH p(Yn—1, yn) > 1/2.
SIcHO, uTO Takas MOC/eNOBATEJbHOCTb HE MOXET COMAepXkKaTb HHKa-
KOH CXOAsIEHCH MOANOCIeI0BATENBHOCTH. A 3TO U O3HAYaeT OTCYT-
CTBHE NPeXKOMIAKTHOCTH.

2. Tlyctb A — HenpepbIBHBL JHHEAHBIA OMepaTop, MepeBOASLIHEA
6aHaxoBOo MpocTpaHcTBO E B HEKOTOpPOe ero KOHeYHOMepHOoe moj-
NpOCTpaHCcTBO. TakoH omepaTop KOMIAKTeH, MOCKOJbKY OH NepeBo-
JIUT BCSIKOE OrpaHuyeHHoe NoaMHoXectBo M — E B orpaHuaeHHoe
NOJAMHOXKECTBO KOHEYHOMEPHOTO MpPOCTPAHCTB&, T. €. B MpPeIKOM-
MaKTHOE MHOXKECTBO.

B wactHocTH, B ruab6epTOBOM NPOCTPAHCTBE ONEPaTOP OPTOro-
HAJIbHOTO NPOEKTHPOBAHHA HA NOANPOCTPAHCTBO KOMIIAKTEH B TOM
H TOJbKO TOM CJydae, eC/IH 3TO NMOANPOCTPAHCTBO HMeeT KOHeyHyIo
Pa3MepHOCTD.

3. Paccmorpum B mpoctpanctBe [ onmepatop A, onpeneseHHBIH
CJIeRYIOIHM 00pa3oM: eclid X = (X, X2, ..., Xn, -..), TO

Ax=(x1, ‘;—XQ, ...,—;Fx,,,...). (1)

drtor omepatop KoMnaxTeH. JleHCTBUTENBHO, NOCKOJBLKY BCSAKOE
OrpaHHUYEHHOE MHOXECTBO M3 [y CONEpXKHUTCA B HEKOTOPOM HIape
3TOr0 MPOCTPAHCTBA, OOCTATOYHO JOKa3aTh, YTOo 06pasnl WAapoB
NpeJKOMIAaKTHbI, @ B CHJY JHHEHHOCTH OmepaTopa JOCTaTOYHO Npo-
BepUTh 3TO JUis eauHuuHoro wapa. Ho omepatop (1) mepeBoaut
eJMHUYHBIH LIap NpOCTpPaHcTBa I B MHOXECTBO TOYEK, COjeprKa-
ieecss B ocHoBHOM napaJuenenunene (cM. ra. I, § 7, m. 1). Caeno-
BaTeNbHO, 3TO MHOXKECTBO BIOJHE OTPAaHHYEHO, a 3HAUMUT, H Ipel-
KOMIAKTHO.

VYnpaxueuue Ilycts Ax = (ayxi, aoxs, ..., @nXn, ...); NPH KakKHX Yyc-
JIOBHSIX HAa TOC/TEN0BATEJNbHOCTb YHCeN {a,} stoT omepartop B [, KOMNakTeH?

4. B npoctpaHcTBe HenpepoiBHbIX GyHKuufA C [a, b] BaxHbIA Ka1ace
KOMIIAKTHBIX ONepaTopos 06pas3yioT omneparTopsl, NPeACTaBHMbIC
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B BHIE
b

ax=y() =K Hr@at. 2)

a

IMokaxeM CHOpaBelIHBOCTb CJeJYIOUIEro YTBEPXKACHHA: ecAu
¢ynkyua K(s,t) oepanuuena na keadpare a < s<<b, a<it<)b
U 8ce ee TOYKU PA3PLIBA AEHCAT HA KOHEYHOM HUCAE KPUBLLX

t=qp(s), k=1,2,..., n,
20e @n — HenpepoigHvle Pynkyuu, 10 popmysra (2) onpedessner 8
npocrpanctse Cla, b] komnaxTHoli oneparop.
I eACTBUTENbHO, 3aMETHM, NpEXAe BCEro, 4TO B YKa3aHHLIX yC-

JoBHsIX MHTerpaa (2) cyuiecTByer AJs J0GOro S H3 oTpeska [a, b,
T. e. GyHkuus y(S) onpeneneda. JaJee, myctsb

M= sup blK(s, |

ass, t <
u nyctb G — MHOXKeCTBO Tex ToueK (S,!), AJs KOTOPHX XOTsl O
npu ofHOM k=1, 2, ..., 1 BHINOJHAETCS HEPABEHCTBO
e
[t—gr(s) 1< ToMn *
Cnenom G(S) 3TOro MHOXKeCTBa Ha KaXA0M npsMoi § = const cay-
JKHT 00beAMHEHUE HHTEPBAJIOB

n

66 =U {# 11— 091 <5 }-

IMycts F — nonosnenne MHoxkectBa G o KBajpaTta a << S, ¢ <Cb.
Tak kak F komnakrtHo, a ¢yukuus K(s,t) nenpepniBua ua F, T0
cyurecTByeT Takoe § > 0, uto

IK(", )= K(s", 1)1 < 55—

ans mo6uix touek (s',t), (s”,t”) u3 F, ynoBneropsiomux ycnao-

BHIO
|s' —s” |+ |t —t"| <. 3)

Ouennm renepp pasHoctb yY(s’')— y(s’’) B mNpeaAnoJoXKeHHH, UTO
|s" — s"”| << 8. UMeem

b
1y =y (1K (s, =K (", Dllx@ a8

a

JJ1Sl OLEHKH CTOAILIEro ClpaBa HHTerpasa pa3o6beM IPOMEXKYTOK
HHTerpupoBauus [a, b] Ha o6bennHenue uutepsasos G(s’')U G(s”),
KoTtopoe 0603HayuM P, H oCTajbHyl0 YacTbh oTpe3ka [a, b], koTopyio
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o6o3nauuM Q. 3ameTus, uTo P ectb 06beAHHEHHE HHTEPBAJIOB, CyM-
MapHas JJIHHA KOTOPHIX He mpeBocXonuT &/ (3M), mosyuaem

Vike, o=k, 01201 <202

P

Hnrerpaa mo Q nomyckaer, OueBHAHO, OLEHKY

VK 0= K& DXl < Zixn
Q

Takum ob6pasom,
[y () —y () <elx]l. 4)

HepageuctBo (4) nokasbiBaer, uto GyHKUUA y(S) HempepbiBHA,
T. e. dopmyJsia (2) deHCTBUTENbHO OINpejensieT ONepaTop, MepeBoad-
muit npocrpanctso Cla, b] B ce6s1. [asee, u3 TOro e HepaBeHeTBa
BHIHO, 4t0o eciu {x(f)} — orpaHuuenHoe MuoxectBo B C][a, b], 10
COOTBeTCTBYyIOIee MHOXecTBO {y(S)} paBHOCTENEHHO HeENMpepbIBHO.
Haxkoneuw, ecau x| << C, 10

b
lyl=suply () 1<sup{IK(s Dllx@)1dt<MB—a)lx].

a

Takum o6pa3oM, oneparop (2) mepeBOAUT BCAKOE OrpaHHYEHHOE
MHoxecTBO U3 Cla, b] B MHOKeCTBO (yHKLUHU, paBHOMEpPHO OrpaHu-
YeHHOE H PaBHOCTENEHHO HeNpepbIBHOE, T. €. MPEeIKOMIaKTHOE.

4a. Pacnonoxenne Touek paspbiBa ¢yHkuuu K(s,!) Ha KoHeu-
HOM YHCJIe KPHBBIX, MepeceKalolluX npsiMble § = const Jullb B 0f-
HOH TOuKe, cylulecTBeHHO. [1ycTb, Hanpumep,

1 mpu s<1/2,

K{s, t)={ 0 mpu s=1/2;
onepaTtop (2) c TakuM fiIpOM, 3allaHHbIM Ha KBaapate 0 << s, f << 1
¥ HMEOUIHM TOYKaMH paspbiBa Becb OTpe3ok § = 1/2, 0Tt <1,
nepeBoAUT GyHKUHIO ¥ (f)= 1 B pa3pbIBHYI0 PYHKLHIO.

46. Ecaun nosoxutb K(s,t)=0 npu ¢{>s, 1o onepartop (2)
IpHMeT BHI

§
y6)={ K nxat )

a

Bynem cuntath, uto ¢yukuusa K(s,?) senpepbiBHa mpu ! <CS; TO-
raa M3 CKa3saHHOTO B mpuMepe 4 cjesnyert, uTo onepaTtop (5) BIOJHE
uenpepoisen B Cla, b).
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AToT omepaTop HasuBaercs oneparopom tuna Boasreppal).

3amMeuaHHue. [Ipy OpHHATOM HaAMH ONpelesieHHH KOMIAKTHOTO
onepaTopa MOXET OKa3aThCsl, YTO 00pa3 3aMKHYTOrO eJHHHYHOrO
1apa HeKOMNakTed (XOTA OH MpeldKoMnakTeH). [eficTBHTenBHO,
paccmotpum B npoctpaHctBe C[—I1, 1] onepaTtop uuTerpupoBanus

Ix(s) = g x () dt;
=1

Mo OO0Ka3anHOMYy Bhille, J — BIOJHE HeNpephiBHBIA OmMepaTop B
C[—1, 1]. Honoxum
0, eciu —I1<<IKO0,

x,()=9 ntf, econ 0<t<l/n,
1, ecaun l/n <t<l.

Torna xn & C[—1, 1], lxnll = | a5 Bcex n u
0, ecan — 1 << <0,
Yy, (y=1Ux, ()= nt¥/2, ecin 0 <t 1Yn,

t—1/2n), ecan 1jn<t<l.
ScHo, yTo mocaeNoBaTENbHOCTD Yn cxoguTcs B C[—1, 1] kK dyuxuun
0, eciu —1<EKO,
y(t)={ f, ecmn 0<i<I,

KoTOpasi He fiBJAsfeTcs o6pa3oM (mpu oTtoGpaxkeHHH J) HHKaKo
¢yuxkuuu u3 C[—1, 1], u6o dynkuus y’(¢) paspoiBHa.

OnHako MOXKHO JOKa3aTb, YTO €CJH IPOCTPAHCTBO pedJieKCHBHO
(Hanpumep, ruab6epToBO), TO 06pa3 3aMKHYTOrO eAHHHYHOTO Lapa
Npy KOMIAKTHOM JIHHEHHOM OTOGDaiKEeHHH KOMMAaKTeH.,

2. OcHOBHbIE CBOHCTBA KOMNAKTHBIX OMEPaTOPOB.

Teopema 1. Ecau {An} — nocaedosaresbrHocTe KoMnakTHbLX
oneparopos & 6anaxosom npocrpancree E, cxodaujanca no Hopme K
HexoTtopomy oneparopy A, To oneparop A ToxHe KOMNAKTEH.

JokasaTteabcTBO. Has ycTaHOBJEHHS KOMIAKTHOCTH OIle-
patopa A mocTaTouHO MOKa3aThb, UYTO, KakoBa Gl HU OBl1a OrpaHH-
YyeHHAsl TOCJAENIOBATENbHOCTb Xy, X2, ..., Xn, ... 3JE€MEHTOB H3 E,
H3 nocaenosatenbHocTd {Axn} MOMKHO BBIAENHTb CXOLSILLYIOCS MOJ-
N0C/1el0BaTeNbHOCTb.

Tak xak onepatop A; KOMIakTeH, TO H3 NOCAENOBATENbHOCTH
{A1xn} MoxHO BbIOpaTb CXOASLLYIOCH MOANOCTENOBATENBHOCTD.
Ilycts

A L (6)

1) Buto Bosnbreppa — HTaNbAHCKHA MaTeMaTHK, aBTOp psia paGoT no ¢QyHk-
IHOHAJIbHOMY aHaJH3y M HHTEerpasibHeIM yDaBHEHHSIM,
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— TaKas NOANocaefoBaTeabHOCTD, uto {A X"} cxomutcs. Paccmot-
puM Tenepb nocaenosatenbHocTs {Ax1}. U3 nee onarb-rakn MoX-
HO BHIGpATh CXOASILYIOCH NMOANOC/AeN0BaTeNbHOCTD. ITycTh

@, x@, ., XD, L

— Takasi NMOANOCJAeL0BaTeNbHOCT, Bhi6paHHas u3 (6), uto {Azxff)}
cxoautes. Ilpu atom, ouesuaHo, {Alef’} ToXe cxouutcs. Paccyxpas
anajiorHuHo, BhifepeM M3 MOCJeJ0BaTeJbHOCTH {xf’} Takylo IMOA-
MoC/ie0BaTENbHOCTh

P, x®, .., X9,

uto {A,x} cxonnrcs, u 1. 1. Bo3bMeM 3aTeM JmaroHasbHyio nocJe-
J0BaTeabHOCTb

D A
Kaxauiii u3 oneparopos Ay, Ay, ..., An, ... IE€peBOJUT €€ B CXOAS-
myrocsi. IlokaxkeM, uTo u onepatop A ToXe NEPEBOAUT €€ B CXOMs-
wytocsa. TeM cambiM KoMmnaktHocTb A Gyner ycraHoBsena. Tak Kak
npocTpaHcTBo E NOMHO, TO J0CTAaTOYHO TNoOKa3aTh, uto {AxW} —

(l)YHILaMeHTaJIbHaH NoCcJeIoBaTeNbHOCTh. ViMeeM
J ) — A < A — Ao+
A — A+ A — AL @

Iycts ||xnll << C; BuiGepem cHauana k tak, uto |A— Arll << &/(3C),
a notom BbiGepeM Takoe N, uto6el npu Bcex n >N u m > N Bn-
HOJIHSAJIOCH HEPABEHCTBO

[Apx — AP <ef3

(sT0 BO3MOXKHO, Tak Kak mocaenoBatenbHocts {4,xM} cxomutcsa).
Tlpu stux ycaosusx u3 (7) nosyuaem, uto

A — x| <

IJIsl BCeX NOCTAaTOYHO 6OJBIUHMX n H M.

Teopema nokasaHa.

JIerko npoBepuThb, UTO JHHeHHAas KOMOHHALHUS KOMIAKTHBIX OIe-
patopoB KomnaktHa. CienoBaresbHO, B npocTpanctBe Z(E, E)
BCeX OrpaHHYEHHBIX JIMHEHHBIX ONEpaToOpOB, onpeleseHHbHX Ha E,
KOMIIaKTHBIE OmnepaTopsl 06pa3yloT 3aMKHYTOe JIHHEHHOe IOANpO-
CTPAHCTBO.

[TocMoTpuM Tenepp, 6YReT JiH COBOKYITHOCTb KOMIAKTHBIX Olle-
paTopoB 3aMKHYTa OTHOCHTEJNBHO ONepauMH NMepeMHOMKEeHHsl omepa-
TopoB. Ha camoM Jnese 3aech cnpaBeiJHBO Jaxe CYECTBEHHO 6o-
Jiee CHJIbHOE YTBepiK/eHHe. '
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Teopema 2. Ecau A — komnakTHeui oneparop, a B — oepanu-
uennoill, To oneparopei AB u BA xomnakrro..

HoxasarteabctBo. Ecnin MHOXecTBO M < E orpanuueHo, To
BM toxe orpanuueno. CiaenoBatenbHo, ABM mnpenkoMnaktHo, a
3TO W 03HauaeT, uTo onepatop AB Komnakren. anee, ecain M orpa-
HHYeHo, T0 AM npeaKoMNaKTHO, a TOTAa, B CHJIY HenpephBHOCTH B,
mHuoxectBo BAM ToXe mpeakoMnakTHo, T. €. omepatop BA kKowm-
TaKTeH.

Teopema nokasana.

Cnencteue. B 6eckonewnomeprom npocrpancrse E xomnaxr-
Holll OnepaTop He MONET UMETb 02PAHUHEHHO20 06pATHOZ0.

IleficTBuTeIbHO, HHAYe edMHHUHBIH omepaTop [ = A-'A 6bu1 6Hl
KommnakreH B E, uto HeBo3MoxkHO (cM. mpumep 1).

3ameuanue. TeopeMa 2 nokasniBaer, 4YTO KOMIaKTHbIE onepaTopsl obpasytor
B KOJIblle BCeX OrPaHHYeHHLIX ONepaTopos o4 (E, E) psyctopounuit ugean 'y,

Teopema 3. Oneparop, conpsaxcerHoul KOMNAKTHOMY, KOM-
nakren.

HokasarteabcTBo. IlycTe A —KoMnakTHbI omepatop B
6anaxoBoM mnpocrpanctse E. TlokaxkeM, uTo conpsiKeHHBI! omepa-
Top A* meiictByowuil B E¥, mepeBoAUT KaxkKaoe OFpaHHYEHHOE MOJ-
MHoKecTBO H3 E* B mpeakommnakTHoe. IToCKOJBKY BCsiKOe orpaHu-
YeHHO2 MOJMHOXKEeCTBO HOPMHPOBAHHOTO MPOCTPAHCTBA COAEPKUTCA
B HEKOTOpPOM IIape, AOCTATOYHO MOKasaTth, 4To A* mMepeBOAHT Ka-
3KIbIH [ap B NpeJKOMIaKTHOE MHOXKeCTBO. B cuay auHeiHoCTH Ome-
patopa A* gocTaToyHO NMOKa3aTh, 4To 06pa3 A*S* 3amkHyTOrO enu-
HHYHOTrO mapa S* < E* npeKOMIaKTeH.

Bynem paccmarpusaTh s;neMentl M3 E* Kak QyHKUuMHM He Ha

BceM npocrpaHctBe E, a Juip Ha KoMnakte AS — 3aMblKaHuH 06-
pasa eauHu4HOro mapa npu oto6paxenun A. Ilpu 3ToM MHOXKe-
crBo @ QyHkuui, oTBevamux PpyHKUHOHAAaM u3 S* 6yneT paBHO-
MepHO OTPAHHYEHO U PABHOCTENEHHO HempepbiBHO. JleHcTBUTENDBHO,
ecn [l < 1, To

sup [ (x)[= Sup lo ()< IIclexsglgsllelKllAil

x < AS
lo(x) — o (") <INl Il — x” I/ & — x” |

CnenosarenbHo, 310 MHOXKecTBO @ NpeIKOMNAKTHO B MPOCTPaH-
_CTBe C[AS] (B cuay TeOpeMbl Apuena). Ho mHoxectBo @ ¢ merpu-
KOH, HHAYLHPOBAHHO! OOBIYHON METPHKOH NMPOCTPAHCTBA HEMpPephiB-
Hux ¢ynkunit C[AS], usomerpuuno muoxectsy A*S* (¢ merpukoi,

1) HOeasrom (ABYCTODOHHHM) B HEKOTOPOM KOJblle R Ha3plBAeTCH TAKOe NOM-~
kombno U, uro e assll, reER, v aresUl nras i,
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{HIyUUPOBAHHON HOpMmoll npocTpaHcTtBa E*). IleficTBUTenbHO, €cau
g1, 82 S* 10

| A% — A'g, = sup | (A"g, — A%gy, %) |=
= sup | (g, — g9 Ax)|= sup (g, — &s, 2) |=
xS zeE AS
= sup |(g— & 2)|=p (g &)

ze AS

ITockoabky @ NMpenlKOMIAKTHO, TO OHO BIOJHE OrPaHHYEHO; CJaeHo-
BaTeJbHO, BIIOJHE OrPaHHYeHO H H3OMETPHYHOE €My MHOMKECTBO
A*S* Tlostomy A*S* nmpenkomnaktio B E*,

Teopema nokasaa.

3amevanue. Herpyano mposeputs, uto muoxectso @ 3aMmk-
nyto B C[AS], TaK 4TO OHO KOMNAKTHO, MO3TOMY KOMIAKTHO M MHO-
xkectBo A*S*, xoTd (KaK 3TO BHAHO M3 3amedyaHuss Ha crp. 241)
06pa3 3aMKHYTOTO eIMHHMYHOTO IIapa NPH INPOH3BOJLHOM BIIOJNHE
HeNmpepLIBHOM 0TOGpaKeHUH MOXKeT He ObTb KoMmakrtoM. Cutyauus
B TOJBKO YTO JIOKa3aHHOM TeopeMe OTJHYaeTcsi OT O6LIeHd TeM, UTO
3aMKHYTHIH eIMHHMUHBIH wap S* B £* KoMnakTeH B #-caaGoi TOmO-
JOTHH mpoctpaHcTBa E* (cM. teopemy 5 § 3). Orcioma u caenyer
KOMIIAKTHOCTb (B MeTpHKe npocrpaHcrBa E*) obpasa MHOXKecTBa
S* nast Mo60Oro KOMNaKTHOrO OnepaTopa.

YnpaxHernunsn 1. Ilyetb A — orpaHnueHHslii JauHeliHnlll onepatop B Ga-
HaxoBoM mpoctpanctBe. Jlokaxure, uto ecaH omnepatop A* KomnakrteH, To H A
KOMIIaKTeH.

2. Jas toro utobnl JuHeli#blit onepatop A B rHab6epToBOM npocTpaHctBe
6Ll KOMIAKTeH, HeOGXOJAHMO H J10CTaTOYHO, YTOOL (3PMHTOBO) CONpSIXKEHHHIH K
Hemy onepatop A* Gblil KOMNAKTEH,

3. CoOcTBeHHBlEe 3HAYCHHS KOMIIAKTHOIO oneparopa.

Teopema 4. Beakuii komnaktueui onepatop A 8 6anaxosom
npocrpanctee E umeer npu aobom 8§ >0 auwe xoHeuHOe 4uCAO
AUHEIIHO He3a8UCUMbLX COOCTBEHHbIX BEKTOpPOB8, OT8EYArouiux co0-
CTBEHHOIM 3HAYEHUAM, NO MOOYAI0 NPesocxo0auum 6.

JdokasateabctBo. ITycts Ay, Ag, ..., Ap, ... KaKag-au60 1mo-
CJIe10BaTeAbHOCTh COBCTBEHHBIX 3HAUeHHH onepaTopa A (pasiHyHEIX
MM C NOBTOPEHHSIMH) TaKHX, UTO |An|>6; X1, %3 ..., X5, ...—
oTBeYawIlasi MM IMOCTENOBATEAbHOCTh COOCTBEHHBIX BEKTOPOB, M
NYCTb 5TH BEKTODPH! JHHEHHO HE3aBHUCHMBL.

Bocnosbayemcs jgemmo#t 1 {(cTp. 237) B mocTpoMM Takylo mnocde-
JOBATENbHOCTb BEKTOPOB Y1, Y2, «« - Yn, - .. UTO

1) ynEEm 2) ”yn”=1; 3)p(ym En—l)= inf ”yn_x”> 1/2»

x€E,_

rae £, — noAnpoCcTpaHcTBO, MOPOKAEHHOR X1, X2, « .« Xn.
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ITocnenoBatenbHoCTh { ‘K"} OorpaHHYeHa B CHJYy HepaBeHCTBa

[An]>> 6. Mbl yTBepkpaeM, 4TO M3 MOCAENOBATENBHOCTH 06Pa30B.
{ (%"— } HeJb3sl BbLIGpPaTh cXopsulyiocs. JleficTBHTENbHO, MyLTh
n

n
= ) aX; TOrza

k=l
A(3e)= Z“" % O = Uy + 21,

rue

n—1
A
z,,——-z a (%— l)xk EE,-,.

k=1

IToatomy npu Ja106wIX p > q
|4(32) -4

NOCKOJBKY Y, + 2, — 2, E ).

3T0 NPOTHBOPEYHT KOMIAKTHOCTH oneparopa A.

M3 poxasaHHO! TeOpeMbl, B YAaCTHOCTH, BHITEKAET, YTO YHCAO
JIMHEHHO He3aBHCHMbIX COOCTBEHHBIX BEKTOPOB, OTBEYAIOIIHX AaH-
HOMY COGCTBEHHOMY 3HaueHHIO A 7 0 KoMmakTHOro omeparopa A,
KOHEYHO.

M3 31Ol TeOpeMHl CJeAyeT TaKKe, YTO YHCJIO COOCTBEHHbIX 3HA-
YeHHH An KOMIIAKTHOTO oIepaTopa A Bo BHewmHocTH Kpyra |A| >
> 6 > 0 Bceraa KOHEYHO, H YTO BCe COOCTBEHHbIe 3HAUEHUsI Omepa-
Topa A MOMKHO NepeHyMepoBaTb B NOpPSAJAKe HEBO3PACTaHHA MOIY-
aei: || =|he| =

4, KoMnakTtHble onepa'ropu B THJAb0EPTOBOM mNPOCTPAHCTBE.
Bhiiie Mbl TOBOPHJIH O KOMIIAKTHBIX ONEPaTopax B IPOH3BOJbHOM
6anaxoBoM mpocrtpaHctBe. Cefiuac Mbl JONOJHHM 3TH CBeleHHS He-
KOTOpPBIMH aKTaMH, OTHOCSLIMMHCS K KOMIAKTHBIM ONlepaTopaM B
rujab6epTOBOM NPOCFPAHCTBE.

Mbl HasBasu omepaTop A KOMNAaKTHBIM, €CJIH OH MEPEBOIHT BCS-
KOoe OrpaHHYeHHOe MHOXecTBO B npeaxomnakrHoe. Ilockoabky
H = H* 1. e. H ecTb mpOCTPaHCTBO, CONMpPSIKEHHOe K celapabesb-
HOMY, B HEM BCe OrDaHHYEHHble MHOXKeCTBAa (M TOJBKO OHH) caabo
npeakomnakrtHel. Cllef0BaTeNbHO, B THJIBOEPTOBOM [POCTPAHCTBE
KOMIIaKTHBIH OMEpaToOp MOXKHO ONpENeNHTb KaK OmepaTtop, IepeBo-
IAIWMA BCSIKOe ¢JaGo NpPeAKOMIAKTHOE MHOMECTBO B MHOXECTBO,.
NpPeIKOMIAKTHOE B CHJILHOH TOIIOJIOTHH.

1) =t 20— 4+ 21=
=”yp—(yq+2q_zp)”> ]/2»
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Hakonel, B HEKOTOPBIX CJayyasiXx yAoGHO ellle H Takoe ompelese-
HHE KOMIIAKTHOCTH OMepaTopa B ru/ib6epTOBOM MPOCTPAHCTBE: OIle-
patop A HasbiBaeTcs KOMNAaKTHHM B f, eciiH OH Besikylo caa6o
CXOASIIYIOCS MOC/TeA0BATEIbHOCTb NEPEBOAHT B CHJBHO CXOASLLYIO-
5. JleHCTBUTEJNbHO, MYCTh 3TO MOCJEJHEe YCJOBHE BBLINOJHEHO H
nyctb M — orpaHuveHHoe MHoxecTBo B f. Kaxnoe GeckoHeuHoe
NIOJAMHOXECTBO MHOXKecTBa M cojepXHUT ¢abo CXOASLLYIOCS Mocie-
JIOBaTeNbHOCTh. EC/IH OHa NepeBOJHTCA B CHJIBLHO CXOMSLLYIOCS MO-
cle/loBaTeqbHOCTb, TO AM mnpeakommaktHo. O6GpatHo, nmyctb A —
KOMIAKTHBIH omnepatop, {xn} — cnabo cxoisiuasics NmocJenoBaTesb-
HOCTb M X — ee cnabbiid npepen. Torna {Ax»} comepxut mopmocse-
JIOBATEeNbHOCTb, CXOAAILLYIOCS CHJbHO. B To ke Bpemsi {Axn} cxo-
AUTCA caabo, B cusy HempepblBHOCTH ‘A, K AX, OTKyZAa CJeAYeT, YTO
{Axs} He Moxer uMeTb Gosiee onHOH mpenenbHoi Touku. CienoBa-
TeJbHO, {Axn} — CXoAsiasncsa MOCAef0BaATENLHOCTD.

5. Camoconpsikennble xomnaktHble onepatopst 8 H, [lns camo-
COTIPSIKEHHBIX JHHEHHBIX ONEepaTopoB B KOHEUHOMEPHOM. €BKJHIO-
BOM I[IPOCTPAHCTBE H3BECTHA TeOpeMa O NPUBEIEHHH Ma/Tpuuu Ta-
KOTo onepatopa K JAHAroHajbHOH (GopMe B HEKOTOPOM OPTOTOHAJIb-
HOM HOPMHpPOBaHHOM G6asuce. B 3TOM nyHKTe MBI pacnpocTpaHHM
3TY TEOpEMY Ha KOMIAKTHBIE CaMOCONPSIXKEHHbiE OMEPATOPL B TUJlb-
-6epTOBOM INpOCTpaHCTBe. PesynbTaThl 3TOr0 NYHKTA CIIPaBEAJIHBBI
KaK JIJs JEHCTBUTEJbHOrOo, TaK M JJIS KOMIJIEKCHOTO THJIbGEpTOBa
qipoctpanctBa. lasi onpeneseHHocTH GyneM cudrtath, uto H KoM-
IIEKCHO.

YcTanoBHM mipexJe BCEro HEKOTOpPble CBOHCTBAa COGCTBEHHBIX
BEKTOPOB H COOCTBEHHBIX 3HAYEeHHH CAMOCONPSKEHHBIX ONEpPaTopoB
B H, Bno/sine aHaJOrHuHble, BIPOYEM, COOTBETCTBYIOLIHM CBOHCTBaM
KOHEUHOMEPHBIX CaMOCOIPsiKEHHbBIX ONepaToOpOB.

[. Bce cobcTBennble 3HAUCHUS CAMOCONPAYCEHH020 onepaTtopa A
8 H Oelicrsurensno.

B camom nene, nyctb Ax = Ax, llx|| = 0, Toraa

A(x, x)=(Ax, x)=(x, Ax)=(x, Ax) =14 (x, x),

OTKyHa A = A.
[1. Cobcrsetinbie 8eKTOpbL CAMOCONPANEHHO20 ONEPATOPA, OTEE-
qaroujue pasAudHbIM COGCTBEHHbIM 3HAYEHUAM, OPTOZOHAAbLHOL.
HeirctBuTenbHo, ecan Ax = Ax u Ay = py, npuuem A s=p, 10
Ax, y)=(Ax, y)=(x, Ay =(x, ny)=n(x, y),
oTKyaa (x,y)=0.
HokaxeM Tenepb Ciaelyoilyo QyHIaMeHTAJIbHYIO TeopeMy.
Teopema 5 (FTuav6epr—UImMmunt). Haa awboeo kom-
NAKTHOZ20 CAMOCONPANEHHO20 AUNelin020 onepaTopa A 6 eurvbepro-
som npocrpanctge H cyujectsyer opTO20HAALHAA HOPMUPOBAHHAR
cuctema {Qn} COBCTBEHHOIX BEKTOPOB, OTBEHAIOUUX COOCTBEHNLIM
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anauenuam {hn} (A, 5= 0), Taxasn, 4to KaxOoviii ssement t = H 3anu-
cbiBaeTcn eOUHCTEeHHbIM 06pa3om 6 eude

E= Z e+ F,

. 20e eextop ' = Ker A, 1. e. ydosnemopner ycaosuro At .= 0; npu:
3TOM
A= ; ArCrPs

u ecau cucrema {@,} 6eckoneuna, 10 limi, =0 (n > o0).

Jns moxasaTeabCTBa 3TOH OCHOBHOH TEOpPEMHB HaM NOHALOGATCS
CJeRylollHe BCIOMOraTe/JbHEIE YTBEPKAEHHS.

Jlemma 2. Ecau {Es} caabo cxodurca x & u auneiinoii onepa-
TOp A KOMNAKTEH, TO

Q (En) = (Agm gn) - (Ag, g) = Q (g)-
JoxasarteabcTBo. Jaa Beskoro n
I (Agm En) - (Ag, g) I<l (Agm gn) - (Ag, gn) |+I (Ag; gn) - (Agt g) I—
Ho
| (AL, &) — (A8, &) IIEN-NAE, —E)II
(A, & — (48, B =1 & AG—DI<IEN-TAG—DI,
H Tak Kak uuchaa || E,|| orpanuuenw, a fA(E, —E)]|—0, To
I (Agn’ gn) - (Ag, g) I—)O’

4yT0 U TpeboBaJOCh AOKA3aThb.
Jlemma 3. Ecau ¢pynkyuonan

QE) 1=1(4E, 8)|,

20e A — ozparuuennbiil camoconpaxcennoi auHednvil oneparop,
docTuzaer Ha eOUHUYHOM Wape MAKCUMYMa 8 To4Ke o, To us
(&0, n) = 0 sviTexaer, ut0

(AEo, )= (%, An)=0.
HoxasarteabcTso. Ouesunno, ||&l = 1. Tonoxum

§= Eo+an
VTFTalZ iz’

rie a— NPOU3BOJIbHOE KoMIekcHoe uncao. M3 [|Ell = 1 caenyer,

YT1O .
Ngj=1.
Hanee

QB =Ty [Q®) + a4k, m) +a (A W +1aP Q]
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Yucsio @ MOXHO B3fITb CKOJIb YroaHo MaJbiM HO MOAYJIO M TAKHM,

410 @(AE, u) — NeficTBHTeNbHAasT BennuuHa. Torda a(AEy, n)=
= ﬁ(Ago, ’]) H

Q(8)=Q (o) + 2a (A%, 1) + O (a?).

‘U3 nocnennero pasenctsa sicuo, uto ecau (A&, m) %= 0, T0 @ MOXKHO
BbIGpaTh Tak, 4to |Q(E) |>|Q (&) |, a 3T0 NPOTHBOPEUHT YCIOBHIO
JIeMMBI.

N3 nemmbl 3 HenocpeAcTBeHHO BhITeKaet, uto ecau |Q(E)| mo-
cTHraet Makcumyma npu § =2Ep, To &y ecTb COOCTBEHHBII BEKTOD
oneparopa.

HdokaszaTtenbcTBo TeopeMbul 5. Dyxem cTpouth 3/ieMeHTH
‘@r IO MHAYKIHY, B MOPsIKe YOBIBAHUS aGCOMIOTHBLIX BEJIHYHH COOT-
BETCTBYIOLUHX UM COOCTBEHHBIX 3HAUCHHH:

IMIZI M= 2 k>
JI1st TOCTPOEHHs! 3/1eMeHTa ¢ paccMoTpuM BoipaxeHHe | Q(E)| =
==| (AL, &) | u mokakeM, 4TO OHO Ha eJMHHYHOM IIApe NOCTHraer
maxkcumyma. Ilycts
S= sup |(4E, &)!

1E0<t
u Ey, £y, ... — TaKas nocjenoBaTeqbHOCTh, uTo [|Enll=1 u

l(Agm En)l"‘"s MpH #n-> 00,

Tak xak enuHuunblf mwap B [ cna6o koMnakTeH, To U3 {En} MOXKHO
BHIOPATh MOJANOC/AENOBATENLHOCTD, €l1ab0 CXOAAILYIOCS K HEKOTOpO-
my saeMenty . Ilpu stoMm [Inll << 1 u B cuny neMMb 2

[(An, n) |=S.

DaeMeHT 1 Mbl M IpuMeM 3a @;. SicHo, uTO [[n]l B TouHOCTH paB-
uaerca 1. (HefictButennHo, nycth [[n|| < 1; monoxuMm n=nflnl;
corga [ l=1 u [(An,, m)[> S, uTo mnpOTHBOpeuHUT ompejeJe-
uuto S.) Ilpu stom

Ap =19,
T | (A )|
— P, @1 =1(A =S
(A @ o) [ (Ag), @)1 .
Tlyctb Tenepb COGCTBEHHBIE BEKTOPDI
P P2y oo s Py
oTBeyalolie COOCTBEHHBIM 3HAUEHHUSM
A’h A’2’ ey A’n)
yxe mnoctpoennl, Ilyets M(@y, @o ..., @,)— MOANPOCTPAHCTBO
HATAHYTOe Ha @, P, ..., P, PaccMOTpuM QyHKLHMOHAJ

[ (A8, §)1
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Ha COBOKYINHOCTH 3JIEMEHTOB, NpHHAJE€XalluX
Mi=HOM®, 0p ---» 0,)

(T. €. OPTOTOHAJbHBIX @1, P2, ..., Pn) H YAOBJETBOPSAIOUHX YCJIO-
puwo |EIl<<1. MHoxecTBO My ecTb MOANPOCTPAHCTBO, HHBAPHAHT-
Hoe OTHOCHTeJbHO A (TaK Kak monanpocrpaHctBo M (i, @2, ..., §a)

L
unBapuanTHo H A caMmoconpsixken). Ilpumensis k My npoBeneHHble

Bbillie PacCyXJeHHs, MOJYYHM, UTO B My uafgercs BeKTOp (060-
3HAYHM €ro Qn41), COGCTBEHHDbIA A5 onepaTopa A.

BosMoxHbl 1Ba cayuasi: 1) mocje KOHEYHOro yHcJa IIAaros Mbk
NOMYYHM TOANPOCTPAHCTBO Ma, B KoTopoM (AE, &) =0; 2) (AL, &)=
== 0 na My npu Beex n.

B nepBoM cayuae M3 JeMMbl 3 BBITEKAET, UTO M,t NnepeBOJUTCH
onepatopoM A B HyJb (monoxute 1 = AE), T. €. UETHUKOM COCTOMT
H3 COOCTBEHHBIX BEKTOPOB, OTBeuawuux A = 0. CucreMa mocTpoeH-
HBIX BEKTOPOB {®,} COCTOHT H3 KOHEYHOTO YMCJa 3JEMEHTOB.

Bo BTOpOM cayuae mnonyyaeM NOCA€LOBaTENbHOCTb {pn} €0G-
CTBEHHbIX BEKTOPOB, ISl KaMIOro u3 KOTOpbIX An 7= 0. Ilokaxem,
Y10 An —> 0. IlocaenosatenbHocTs {@n} (Kak ¥ BCSIKasi OPTOroHaJb-
Hasi HOPMHPOBAHHAs MOCJEN0BATEJbHOCTb) €260 CXOAUTCA K HYJIO,
NO3TOMY 3JeMeHTH AQn = AnQn MOJKHBI CXOAHUTBCA K HYJIO IO
HopMe, OTKyJa |An|=[A@all - 0.

Ilyctp

M=HOM@, 92 -y Puy ...)=[| MF 0.
n

Ecmn Ee M u E5£0, 10 (AE, B)<<A,llEIR nast Beex n, T. e.
(At, &) =0. Orciona B cuy nemms 3 (npu max| (Ag, &) | =0), npu-
MeHeHHOH K M- nonyuaem AE =0, 1. e. noanpocrpancteo ML ne-
peBOAUTCS onepaTtopoM A B HYJIb.

H3 noctpoennsi cucteMbl {¢n} SICHO, UTO BCSIKHA BEKTOD MOXHO
NpeACTaBUTh B BUJE

E= D e+ &, rne A =0
OTKylla BbITEKdEeT, UYTO
At = Z ACrPp.

Teopema nokasana. 3Srta TeopeMa Hrpaer (yHAaAMeHTaJAbHYIO
posib B TEOPHH HHTErpajibHbLIX ypaBHEHHH, O KOTOPbIX 6yner HATH
peub B . IX.

3ameuanne. Jlokasannas TeopeMa 03H@uaeT, uTo AJA BCS-
KOro KOMIAKTHOrO camocolnpsixkenHoro onepatropa A B H cyue-
CTBYeT OPTOrOHaJbHbIH 06a3uc npoctpancrsa H, cocrosimuii n3 co6-
CTBeHHBIX BEKTOPOB 3TOro onepartopa. JleficTBUTeNbHO, A5 NMosyue-
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tust Takoro 6a3uca JOCTaTOYHO JONOJHHTb MOCTPOEHHYIO B [0Ka3a-
“TeJIbCTBE TEOPEMbl CHCTEeMY COOCTBEHHBLIX BEKTOPOB {®n} mMpoOu3BOJIb-
HBIM OpTOTrOHaJbHHM 0a3ucoM noanpocrtpaHctBa ML nepeBogumoro
-onepatopom A B Hy/b. lHBIMHU C/IOBaMH, 3/ieCb MOJy4aeTcsi pe3yJib-
“TaT, BMOJIHE AHAJOTHYHBIH TeopeMe O NMPHBEJCHHH MATPHUBI KOHEY-
40MEPHOTr0 CaMOCOMPSKEHHOro ofepaTtopa K AHAroHaJbHOMY BHAY
B OpTOroHajibHoM 6a3Hce.

HAnst HecaMocONMpsiKEHHBIX ONEpaTOpPOB B N-MEPHOM NPOCTpaH-
CTBE TaKoe NpHBeleHHe, Booblle roBopsi, HEBO3MOXKHO, OJHAKO Bep-
Ha c/elyOUlasl TeOpPEMa: 8CAKOe AuHeliHOe npeobpa3osanue 8 n-mep-
HOM NpOCTpancTae umeer xoTa 6oL 00un cobcersennsil sextop. He-
“TPyAHO yGeIHTbCS, YTO 3TO YTBEPIKICHHE He MEPEHOCHTCS Ha KOM-
naktuble oneparopsl B f. [lefictBuTenbHO, mycTh onepatop A 3agau
8 l; dopmyJtoh

Ax=A(x,, xz,...,x,,,...)=(0,x.,1;-,...,ﬁ:'—,...). 8)

n—1

Dror omnepaTop KoMnakTeH (npoBepbTe!), HO He UMeeT HH OJHOrO
€O6CTBEHHOTO BEKTOpa (HAOKaXHTe 3TO).

¥Ynpaxueuue, Hallgure crektp oneparopa (8).
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Tlonatue Mepm p(A) MHOMecTBa A ABNAETCH €CTECTBEHHBIM:
o6o6HieHueM NOHATHH:

1) naunn I(A) orpeska A,

2) naowanu S(F) naocko#t purypu F,

3) o6wema V(G) npoctpancreeHHon purypu G,

4) npupamennsa @(b) — q(a) Hey6mBawomen ¢yukuun @(f) Ha.
noayuurepsae [a, b),

D) MHTerpasa OT HeOTPHUATENbHOH (QYHKUUH, B3ATOrO IO HEKO-.
TOPOH JIHNHEHHOM, TMJIOCKOH HJIH NPOCTPAHCTBEHHOH 06JAacCTH, H T. I._

AT0 NMOHATHE BO3HHKJIO B TEOPHH QYHKUUA NeACTBHTEJBHOIO me-
PEMEHHOrQ, a OTTY/la Nepello B TEOPHIO BEPOATHOCTEH, TEOPHIO IH-
HaMHUYeCKHX CHCTeM, (QYHKIHOHaJbHHHA aHaJH3 M MHOrHe Ipyrue
06J1aCTH MaTEMaTHKH.

B § 1 370/ riraBE MBI H3JIOXKHM TEOPHIO Mephl /I MHOXECTB Ha,
NJIOCKOCTH, OTNPaBJAAAChH OT NOHATHA IVIOWAAH NPAMOYTOJbHHKA..
O61mas teopus Mepnl Gyjer usioxeHa B §§ 2 u 3. Uuratenn serko
3aMETHT, UTO BCE€ pacCyXXJeHHs, npoBejeHHble B § 1, uMeior o6umit.
XapakTep H B a6CTPAKTHOH TEOPHH NOBTOPAIOTCA 6e3 CYIHeCTBEHHBIX
H3MEHEeHHUH.

§ 1. Mepa NAOCKHX MHOXECTB
1. Mepa 9saemenTtapubix MHOXKecTB. PaccMoTpum cucremy &

MHOXECTB Ha IVIOCKOCTH (X, ¥), KaXJ0e H3 KOTOPHIX ONpeleaseTcs,
OIHMM M3 HEpaBEHCTB BHIA

a<x<bh, a<x<b,
a<x<bh, a<x<b
H OJIHHM H3 HepaBeHCTB BHIA
cSy<d, c¢<y<d
‘ c<y<<d, c<y<d
rae a, b, ¢ u d — npou3poNbHbe uncna. MHOXKECTBA, NPUHALIENKA-.

IHe 3TOM CHCTeMe, Mbl 6yJeM Ha3bBaTh NPAMOY20A6RUKAMU. 3aMK-.
HYTHIA NPAMOYTOJbHUK, ONpejieisieMbii HepaBeHCTBAMH

as<*<h, c<y<d,
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npeicTaBaser co60f NPSMOYrOJILHHK B OGLIYHOM CMbic/ie (BMecTe
¢ rpanuuef), ecid a << b u ¢ < d, orpesok (ecan a=b u c<<d
Hiu a<< b n ¢=d), tToury (npu a=b, ¢ = d) u, uakonen, ny-
€CTO€ MHOXEeCTBO (eciu a > b uau ¢ > d). OTKpHTH NpPSMOYrob-
HHK

a<x<b, c<y<d

6yleT B 3aBHCHMOCTH OT COOTHOIUIEHHS MeXAy a, b, ¢ u d npsmo-
YrOJbHHKOM 06e3 rpaHHUBl HJIH NYCTHIM MHOXKecTBOM. Kauwili us
NpPSAMOYTOJIbHHKOB OCTaJbHBIX THIIOB (HAa30BeM HX MOJYOTKPBITHIMH)
TpeAcTaBiseT co60H HACTOSILIHA NPAMOYroJbHHK. 6e3 OQHOH, JABYX
UM TpexX CTOPOH, HHTePBaJ, NOJYHHTEepPBaJ, 16O, HAKOHEL, MyCTOe
MHOECTBO. , 4

Kaacc Bcex NpsiMOyroibHHKOB Ha IJIOCKOCTH 00o3HauuM ©.

s Kaxxaoro M3 mpsIMOYrOJIbHHKOB ONpeseJHM €ro Mepy, B CO-
OTBETCTBHH C H3BECTHBIM H3 3JI€MEHTAapHOH TeoOMeTpHH MNOHSATHEM
nJomany. MimMenno:

a) Mepa NycToro MHoxecrBa pasHa 0;

6) Mepa HemyCTOro npsiIMOyroJbHHKAa (3aMKHYTOrO, OTKPWITOro
HJIl TIOJYOTKPBHITOrO), ONpelessieMoro yucjaaMu a, b, ¢ u d, pasHa

(b—a)(d— o).

Takum o6pa3oM, KaxaOMy NpsAMOYroJbHHKY P Ha © nocrasiieHO
B COOTBETCTBHE yHCJIO m(P)— ero Mepa; NpH 3TOM BbINOJHEHBI CJle-
Lyiollue YCJIOBHSA: ,

1) Mepa m(P) npunumaer pgeficTBHTe/NbHbIE HEOTpPHIlATe/bHEE
3HaYyeHHs;

‘n
2) mepa m(P) addurusna, 1. e. eciu P=kU1 P, uw PNP,=@
apu i # k, 10

n

m(P)= k; m(Py).

Hama 3agaya — pacnpocTpaHHTb, ¢ cOXpaHeHHeM CBOHcTB 1) u 2),
Mepy m(P), onpesneneHHy10 MOKa AJsi NPSIMOYrONbHUKOB, Ha GoJiee
UINPOKHH KJ1aCC MHOXKECTB.

CuayaJsia Mbl paclpoCTPaHHM Mepy Ha TaK HasblBaeMble 3JeMeH-
TapHbie MHOXKecTBa. HasoBeM mocKOe MHOKECTBO 34EMEHTAPHOIM,
€CJAH ero MOXHO INPeaCTaBHTh XOTH Obl OJHHM CrOCO60M KakK 06b-
eJHHEHHE KOHEYHOr0 YHCJIa INOMAPHO HeMepeceKalouHxcss MpsMo-
YroJIbHUKOB. , ' )

Hna nanpuefiliero HaM MOHaNOGHTCA CJIeAyIOLUIasi TeopeMa:

Teopema 1. O6vedunenue, nepeceuerue, pasiocTo u CUMMeT-
puU4ecKas pasHocTs 08YxX INeMEHTAPHOLY MHOKECTE TAKKHEe ABARIOTCA
DACMEHTAPHLIMU MHONCECTBAMU.
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Takum o6pasoM, mo TepMuHosoruu, Beelennos B § 5 ra. I, aue-
MCHTapHble MHOXeCcTBa 06pa3yoT K0 J1b I 0.

HokasatenbcTBo. $IcHO, 4TO NepeceyeHue LBYX MpsAMO-
YTOJILHHKOB eCTh CHOBA mpsMoyroJbHHK. ITosToMy, ecau

A=LkJPk u B=LJJQ,

— JiBa 3JIEMEHTAPHbLIX MHOXKECTBA, TO H HX IlepeceuyeHne

A”B=kU,~(Pk”Q’)

-— 3JeMeHTapHOe MHOXeCTBO.

Pa3HocTb ABYX HPAMOYTOJILHHKOB €CTb, KaK Jerko INpOBEPHTbL
37eMeHTapHOoe MHoxecTBO. CJlefoBaTebHO, BBHIYHTAS H3 MHPAMO-
YroJIbHHKa HEKOTOPOe 3JeMeHTapHOe MHOXECTBO, Mbl CHOBa MOJYy-
YHM 3Je€MeHTapHOe MHOXKeCTBO (KaK NepeceueHHe 3JIEMEHTaDHBIX).
Tlyctb Tenepn MuoxectBa A u B — snemenrtapusie. Hafinercs, oue-
BHIHO, NPSMOYroJbHHK P, comepxawuii Kaxpuoe u3 HuX. Torza

MHOeCTBO
AUB=P\I[(P\AN(P\B)]
B CHJIy CKa3aHHOTro Bbille Gymer sneMeHtapHeiM. Otciona u u3 pa-
BEHCTB .
ANB=AN(P\ B)
AAB=(AUB)\ (AN B)

H

CJIe[lyeT, UTO Pa3HOCTb H CHMMETPHYeCKas Pa3HOCTb 3JEMEHTapHbIX
MHOXECTB SIBJSIOTCA 3JeMeHTapHBIMH MHOXecTBaMHu. Teopema po-
Kasaua.

OmnpenesaumM Tenepb Mepy m’(A) nas sMeMeHTapHBIX MHOMKECTB
cjenyiouyM o6pa3oM: ecau '

A= l) Pk,
rje Ph — MOMapHO Hemnepecekamliuecsd NpAMOyrosbHHKH, TO

m’ (A)= Z m (Py).

k

Tlokaxewm, uto m’(A) He 3aBHCHT OT cnoco6a pasnoxeHusi A B cyM-
My KOHEYHOTO YHCJIa NMPSIMOYTroJbHHKOB. ITycThb

A=Ur=Q,

rae Pr u Qj — npsamMoyroabHEkH, © PN P, =, Q;NQ,= @ npu
i k. Tak kak nepeceueHne Pr(}Qj IBYX TNPSMOYroJbHUKOB eCTb
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NpAMOYTrOJIbHHK, TO, B CHJIy aJiANTHBHOCTH Me€pPbl ISl NPAMOYroJib-
HHKDB,

EmP)=XmPNQ)=2 m@).

B uyacTHOCTH, /sl NPSIMOYrOJLHUKOB Mepa M’ COBNajaer ¢ MCXO[-
HON Mepo# m.

Jlerko BHAETH, YTO ONpefeeHHAsi TAKAM 06pa3oM Mepa 3JeMeH-
TapHBIX MHOXeCTB HEOTPHUATENbHA M AfJMTHBHA.

YcraHOBHM Cileflylolliee BajXKHOE CBOACTBO MEPHI 3JE€MEHTApPHBIX
MHOXECTB.

Teopema 2. Ecau A — 3rementaproe muoxcectéo u {An} —
KOHEYHAR UAU CHETHAA CUCTEMA IACMEHTAPHLIX MHONCECTE TAKAR,
410

Acl 4,
n

TO
m’ (A) << ; m’ (A,). (1)

ﬂoxasaTeanTBo Jas no6oro € > 0 u fanHoro A MOXKHO,
OYeBHIHO, HafiTH TaKOe 3aMKHYTOe 3JeMEHTapHOe MHOXeCTBO
A, KoTopoe CONepKHUTCS B A ¥ YAOBJETBOPSET YCAOBHIO

m’ (A)>=m’ (A) — ¢/2.

(docTaTouno Kaxawi u3 k coctaBasiomux A npsaMoyroJbHHKOB Py
3aMEHHUTDb JIeXaUMM BHYTPH HEro 3aMKHYTHIM NPSMOYTOJbHHKOM C
niowanbio 6oabued, uem m(P;)— ¢/ (24).)

Hdanee, a5 Kaxa0ro A, MOXHO HaiTH OTK P Bl TO € 3JE€MeHTap-
HOe MHOXecTBO An, comepxaulee An, U yaOBNETBOpsiIOLIEE YCIOBHIO

' (&) < (An) + s

SlcHo, uTO _ -
Ac | A4,

n
Us {A,} MoxHo (no nemme Teiine — Bopess) BH6pPaTh KOHEUHyio
cucteMy A,, ..., As, nokpmBaiowyio A. Tlpu sTom, ouesuaso,

s

(A LI 2"
m (A)<i§l m’ (An,)

(Tax xak uHaue A oKa3asochb Gbl MOKPHTHIM KOHEUHHLIM YHCJIOM Mpsi-
MOYFOJILHHKOB, CYMMapHOR IJIOWaAH MeHblued, yem m’(A), uto He-
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Bo3moxHo). [Tostomy

W< )+ S <Y () + 3 < T )+ 5 <

=l

<Y m A+ ) s+ o=), m (A) +e,

OTKy/a B CHJIy NPOU3BOJNBHOCTH & > 0 BhiTekaer (1).

CaoilcTBo Mepl m’, ycraHaBauBaeMoe TeopeMod 2 (Mepa MHO-
JKeCTBa He MPeBOCXOAHT CYMMBbl Mep MOKpBIBAIOILHUX €ro MHOKEeCTB,
B3ATHIX B KOHEUHOM HJIH CYETHOM YHCJIe), HaswplBaeTcs noayadou-
TusHocTeto. VI3 Hero BHITeKaeT CBOACTBO TaK HA3BIBaeMOH C4eTHOL
adouTusHOCTU, WIH G-Q00UTUBHOCTU, COCTOfAIEe B CJACAYIOUIEM.

ITyctb 3/1eMeHTapHOe MHOXeCTBO A mpencraBieHO Kak CyMMa
CYETHOTO YHCIa HeNmepecCeKalo Ul ¥ XC s 31eMEeHTaPHBIX MHO-
KeetB A, (n=1,2, ...):

A= U Ay
=l
TOorga

m ()= 5 m' (4)

(T. e. Mepa CyMMbl CUETHOTO YHCJA HelepeceKaloUINXcsl cjlaraeMux
paBHa CyMMe Mep). ,
JeACTBHTENBHO, B CHJY aJAMTHBHOCTH MPH Ji060M N HMeeM:

N N
m’ (A =m’ ( Ul A,,) = Zl m’ (A,).
n= n=
TTepexoast x mpeneny npu N —> oo, mosyuaem
m’ (A) > Z‘,l m’ (A,).

B cuany TeopeMbl 2 MMeeT MeCTO H NMPOTHBONOJOXHOE HEPaBeHCTBO.
Takum 06pa3om, G-aAJHTHBHOCTb Mephl M’ 10Ka3aHa.

3aMeuaHue. Y uHTaTe/Il MOXKET CJAOXKHTbCA BIEYaT/IEHHE, UTO
C-aJAHTHBHOCTb MepHl HA IJIOCKOCTH MOJY4aeTCst aBTOMaTHYECKH H3
e€ aJJHTHBHOCTH, NyTeM IpelejbHoro nepexona. Ha camom pene
3T0 He TaK (B [0Ka3aTeJbCTBe TeOPeMbl 2 Mbl, HCIOJNb3Ys JeMMY
Tefine — DopeJist, CyIeCTBEHHO ONMHPAJIHCh HA CBA3b MeXAY MeTPH-
YeCKHMH H TOMOJIOTHYECKHMH CBOACTBAMH IJIOCKHX MHOXECTB).
B § 2 npu u3yueHun Mep Ha NPOH3BOJIbHBIX aGCTPAKTHHIX MHOXe-
CTBaX Mbl YBHIHM, 4TO M3 AJUIHTHBHOCTH MepH, BoOGUle roBopd, ee
C-aJJUTHBHOCTb He CJeayer.
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2. JleGeroBa Mepa MAOCKHX MHOXeCTB. D/ieMeHTapHBHle MHOXKe-
CTBa He HCYEPNBbIBAIOT BCEX MHOXECTB, KOTOpPble BCTPeUaloTcsi B reo-
MEeTPUH W B KJaccudeckKoM aHaJuse. [Tostomy ecrecTBeHHo nonsl-
TaTbCA PACIPOCTPAHUTL NOHATHE MePhbl, C COXpPAHEHHEM ee OCHOB-
HbIX CBOHCTB, Ha KJacCC MHOXeCTB (oJiee LIHPOKHH, YeM KOHEYHbie
o6beJJHHEeHHS] NPAMOYrOJBbHHKOB CO CTOPOHAMHM, Napajlie/lbHbIMY
OCSIM KOODJAHHAT.

PeweHnue 3Toll 3aJaun, B U3BECTHOM CMbICJe OKOHYaTeJbHOE,
6bw1o nano A. Jle6erom B Hauase XX Beka.

Ilpu n3soKeHuu Teopun Mephbl JleGera HaM npufiercss paccMar-
pPHBaTbh He TOJbKO KOHEeuHble, HO H 6ecKOHeuHble OObeHHEHHsI Tpsi-
MOYroJIbHHKOB. /1 TOoro 4To6Gbl NpH 3TOM Cpasy e He CTOJKHYTb-
€l C MHOXeCTBaMH «0eCKOHeUHOH Mepbl», OrpaHHYUMCS CcHepBa
MHOXECTBaMH, LIeJHKOM NPHHaJMexXamuMu kBaapaty £ = {0<<x <<
<LO0<y<I}

Ha coBOoKymHOCTH BceX TAKMX MHOXKECTB ONpeleauM (YHKIHIO
u*(A) cnenywomuM o6pasom.

Onpenenenue 1. Buewneil mepoii MaoxectBa A HasbBaercs

4HCI0 _ :
p (A= inf D m(Py), (D

At::UPIz k ]

rie HHXHsiS rpaHb Gepercst IO BCEBO3MOXHBIM MOKPHITHAM MHOXe-
cTBa A KOHEYHBLIMH HJIH CUETHBIMH CHCTEMAaMH NpPSMOYTOJbHUKOB.

3ameuanus. Ecau Gbl Mbl B OnpefiesieHHH BHelllHeH Mepbl pac-
CMAaTpPHBaJH MOKPLITUSI, COCTOSIHE HE TOJbKO U3 NPSIMOYTOJbHHUKOB,
HO M3 JIOGBIX 3JIEMEHTAPHbIX MHOXECTB (B3STHIX B KOHEUHOM WJIH
CUETHOM YHCJE), TO Mbl NOJY4YHJIH Obl, OYEBHJHO, TO XKe caMoe 3Ha-
yenHe p*(A), NMOCKONbKY BCSKOe 3JeMeHTapHOe MHOXeCTBO eCTb
CYMMa KOHEUHOTO YHCJIa NPSAMOYTrOJbHUKOB.

2. Ecin A — sneMeHTapHoe MHOXKecTBO, To n*(A4)=m’(4).
JeiicTBurenbuo, nycrb Py, ..., Py — cocrasasiomue A npsiMoyroJib-
Huku. Torga, no onpenenenuio,

m’ (A) = ,-; m (Py).

n
Tak Kak npsMoyroibHuku P; nokpuiBaior A, 1o p*(A)<< Y. m(P;)=
=l

=m’ (A). Ho ectu {Qj;} — npou3Bo/ibHas KOHeyHAsd MM CYETHas
cuCTeMa TNPSAMOYroJbHHKOB, NOKPbIBaoulass A, TO B CHIy TeOpeMu! 2

m' (A< 3, m(Q;), nostomy p*(A) = m’(A).
!
Teopema 3. Ecau
Ac UA,,,
n
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20e A, — KOHEYHAS UAL CHETHAR CUCTEMA MHOXECTS, TO

pt (A) < ; n* (A,). (2)

B uacthocTu, ecau A < B, 1o p*(4) << n*(B).
HNokazaTteabcTBo. [lo onpeneneHHi0 BHEINHEH Mephl, A/
Kaxaoro An HafifleTca Takas CHCTeMa NpSMOYroabHHKOB {Pnz}, KO-

HeyHasl uau cueTHas, uto A, <= \J Py 4
&

Y m(P) <p'(4) + 5r
k

rae € > 0 Bei6pano npoussoabHo. Torna

ACU[AJP,,k

mm<;;mwm<;mem

INockonbKy € > 0 npoH3BOJbLHO, OTCIOAA BbLITEKAET YTBEPKIAEHHE
TEOpeMH.
Tak KaK Ha 3/J1eMeHTapHbHIX MHOXKeCTBaX m’ W p* COBmajaioT, ro
TeopeMa 2 npeacraBaseT co60H 4acCTHHIH cayuaid Teopembl 3.
Onpenenenune 2. MHoxecTBO A Ha3bIBAETCH U3MEPUMbIM
(B cmbice JleGera), ecan ans Jawo6oro € = 0 HalifeTcss Takoe 3Jje-
MeHTapHOe MHOXKeCTBO B, uto

wW(AAB)<e. (3)

dyukuus p*, paccMaTpuBaeMas TOJIbKO Ha H3MEPHMBEIX MHOXKe-
cTBax, HasbiBaeTcs sebeeogoli mepod. bynem o6o3Hauath ee ue-
pes3 w.

3amMeuaHHe. DBBeieHHoe HaMH onpejejeHHe H3MEPUMOCTI
HMeeT JOCTATOYHO HArAsAZHBIA cmbica. OHO o3Hayaer, UTO MHOXe-
CTBO M3MEPHMO, €CJIH ero MOXKHO «CKOJIb YTOZHO TOYHO NMPHUOJH3HTL»
aJleMeHTapHbBIMH MHOXeCTBaMH.

Hrak, Mbl onpenenusu HexoTopblii Kinacc My MHOKeCTB, HA3HI-
BaeMblX U3MepHMbIMH, U QyHKuHIO p, Mepy JleGera, Ha 3TOM KJaacce.
Hama 6ankaifinas uesb — yCTaHOBUTb CJefyioliue QakThi:

1. Cosokynnocte ME usmepumolx MHONECT8 3AMKHYTQ OTHOCU-
TEAbHO Onepayull 83ATUR KOHEHYHbLX UAU CHETHLIX CYmMMm u nepece-
yenuil (T. €. npeacTaBiaser coboit g-aare6py, cM. olpefenesHe B I. 4
§ 5. I).

2, dynxyus n o-addurusra Ha M.

Hukecneayiouine TeopeMbl NpeaCTaBAAOT CO00H 3Tanbl A0Ka3a-
TeJAbCTBA 3THX YTBEPXKACHHH.
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Teopema 4. Honosnenue usmepumozo MHOMECTBA UIMEPUMO.
3To cpasy clelyeT H3 paBeHCTBa

(EN\A) A(E\B)=AAB,

KOTOpOe NPOBEpsieTCd HeNocpeiCcTBEHHO.
Teopema 5. Cymma u nepeceuerue KOHEUHO20 HUCAQ UMEDU~
MbLX MHOXMCECT8 CYTb U3MEpUMble MHONMCECTBA.
HdokaszartenabcTBo. JIOCTATOYHO, OYEBHAHO, TPOBECTH AOKa-
3aTeJbCTBO 1151 ABYX MHOXKecTB. ITycte Ay u Ap — H3MepUMBbIE MHO-
3)KecTBa. JTO 3HAUYHUT, 4TO AJs Jwoboro & > 0 HalgyTcs Taxkue aJe-
MeHTapHble MHOXecTBa By u By, uto

p'(4; A B) <e/2, p* (A A By) <gf2.
Tak xax :
(A UA) A (BIUBy = (4, AB)U(A A By),
TO

p (AU A) A (BiUB)I<<1" (4, A B) +p* (4, A Bz)/< &.
Ho B;UB;—aneMeHTapHoe MHOMKeCTBO, II03TOMY MHOXECTBO .
A UA; usmepumo.

I/ISMepPlMOCTb nepecedyeHuda ABYX H3MEPKMbIX MHOZKECTB BbLITC-
KaeT u3 Te0peEMbI 4 ¥ COOTHOLIEHUS

ANA,=ENUENA)U(EN 4] 4

CnenctBue. PasHocte u cummerpuyeckas pasHocts 08yx us-
MEPUMBLY MHONCECTE U3MepUMbL.
D10 BBITEKAET U3 TeopeM 4 U O U paBeHCTB

AI \ A= Aln(E\ A2), 4 AAz'—‘—(Al \Az)U(A2\A1)-

Teopema 6. Ecau Ay, ..., An — nonapro nenepecexaroujuecs
uamepumble MHONECT8A, TO

2 (0 a)=3 . ©

Haa pokasaTenbCTBa 3TOH TEOpEeMBl HAM NOHAAO6GHTCA CJELYIO-
as jJeMma. >
Jlem™a. Jas awoboix dsyx mrosxecrs A u B

[p*(4) —u* (B) I<pn"(AAB).
JlokaszaTeabCcTBO JeMMBbl. Tax Kax
A< BU(A A B),

TO B CHJIy TEOpeMBI 3
pr A <p'(B)+p* (A AB).
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OTciona BbiTeKaeT yTBepxkiaeHue JjeMMbl B cayuae p*(4) = p*(B).
Ecan xe p*(A4) << u*(B), 10 yTBEpKACHHE JEMMbl BBITEKAET H3 He-

paBeHCTBa
W (B)<p*(4) +u* (4 A B),

yCTaHaBJIMBaeMOro aHaJOTHYHO.

HoxasateabctBo TeopeMb 6. Kak u B TeopeMe 5, no-
CTATOYHO paccMOTpeTb CJIyuyald ABYX MHoxecTB. Broibepem mpous-
BosibHOe & >> 0 U TakHe 3JeMeHtapHble MHOXecTBa By u By, uto

p* (4, A B) <e, . (6)
u*(4; A By) <Ce. (7

. TMonoxum A = A UA; u B = B(UB,;. MnoxectBo A u3MepuMO B
cuay teopemul 5. Tak kak MHoxectBa A, u A, He mepecekaTCcs, TO:

B NB,= (A A B)U(4; A B)
H, CJeJ0BaTeJbHO,

m’ (B, N By < 2e. @8y

B cuay neMMbl 43 (6) u (7) BbITEKaeT, UTO
| m"(B)) —u*(4) | <e, 9y
| m’(Bg) — n* (A | <e. (10):

Tak Kak Ha COBOKYIHOCTH 3JeMEHTAaPHBIX MHOXKECTB Mepa ajin-
THBHA, TO U3 (8)—(10) nonyuaem

m’ (B)=m' (B)) +m’ (By) — m’ (B, N By) = n* (4)) + n*(Az) — 4e.
3ameTus eme, uto A A B< (A4, A B) U (4. A B,) uMeeM, HaKOHell,.
p (A)=m’ (B)—u" (AA By =m' (B)— 2e>p" (4) + u* (4,) — 6e.
Tak kak € > 0 MoxeT GbiTb BEIGPAHO MPOU3BOJBHO MAJbIM, TO
w*(A) = p* (4) + u* (49).

[TockoabKY HPOTHBONOJNOXKHOE HepaBEHCTBO
w (A <p'(4) +p' (4)

CpaBefJIMBO (B CHJIy TeopeMbl 3) BCerja, OKOHYaTeJbHO MOJyyaeM
w(A) = p*(A) + n*(A);

taK Kak Ay, A; 1 A u3MepuMbl, TO 31eCb W* MOXKHO 3aMeHHTb Ha [.
Teopema nokasana.
113 3T0#1 TeOpeMbl, B HaCTHOCTH, CJAEIYET, UTO IJIs BCIKOrO H3Me-:

pumoro A
BENA)=1—p(A).

Teopema 7. Cymma u nepecedenue C4eTHO20 HUCAQ UBMEPUMBLY
MHONCECTB CYTb UBMEPUMbLE MHONECTEA.
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Hdoxaszarteabctso. [Tycts
A, Ay ..., A ...

— CYeTHaga CHCTeMa H3MEDHMbIX MHOXECTB H A= U An' IMonoxum
n=I
-1

Ar=A,\ U A,. Slcdo, uto A= U A,, npuueM MHOXecTBa A,

TIoNapHo He TepeceKaoTcs. B cuay TeopeMbl 5 u cneacTBHA U3 Hee
Bce MHOXecTBa An H3MepHMbl. B cuny TeopeMni 6 B ompenenenus
BHelllHe Mephbl MpH JI060M KOHEYHOM 7

3 w=n( 0 4)<w @,

NMO3TOMY pAjl

2 u(AD)
n=lI
CXOJHUTCA H, CJAeL0BaTeNbHO, A5 Jioboro & > 0 nafinercs takoe N,
qTO
D, b)) <5 (1)
n>N

N .
Tak xak MHoxectBOo C = U A, u3MepHMO (KaK CyMMa KOHEYHOro
n=I

qHcia H3MEPHMbIX MHOXECTB), TO JJIA Hero HaijeTrcsa Takoe 3Je-
MeHTapHOe MHOXecTBO B, uto

n*(C A B) <eg/2. (12)
Ilockonbky

AABc:(CAB)U(nLJNA;),

To u3 (11) u (12) BHITeKaer
n'(AAB)<e,

T. e. A uaMepuMoO. ,
Tak xak JAOMOJHEHHs H3Meppmux MHOXECTB H3MEpHMbi, TO
yTBepXK/eHHEe TeOpPeMbl OTHOCHTeNIbHO TlepeceuyeHHH BbiTeKaeT H3 pa-

BEHCTBA
Na,=ENU(ENA).
n n

Teopema 7 ycuausaer TeopeMy 5. Cueayioumias Teopema mnpes-
cTaBaseT co60of aHAMOrHYHOE ycHJIeHHe TeopeMbl 6.
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Teopema 8. Ecau {An} — nocaedosaresvbsocre nonapuo Hene-
pecexarouuxca usmepunsix muoxecrs u A=\J A,, ro
n

b (4) =X 1 (4).
JdokasateabcTBO. B cuny teopemn 6 mpu mwo6om N
2(04)=2 nad <u .
Tepexoas k npeneny npu N —- oo, nonyuaem
b (A>3 n (4. (13)
C 1pyro#t CTOpPOHB, COrJIaCHO Teopeme 3
b A< T8 (4. (19

Hs (13) u (14) BhiTekaeT yTBepHKAEHHE TEOPEMBbI.

YcranoBiaenHoe B TeopeMe 8 CBOACTBO Mephni GLJIO Ha3BaHO ee
CUeTHOL alO0uUTUBHOCTLIO, HIH G-addutusnocteto. VI3 o-agauTUBHO-
CTH BbITEKaeT cJedylolilee CBOMCTBO MepHi, Ha3niBaeMoe Henpepots-
HOCTB10.

Teopema 9. Ecau A\ DAy D... — nocaedo8aresbHOCTy 640-

dcennblx Opyz 8 Opyea usmepumblx mHOXecT8 u A= ﬂ A, T0
n
B (4) = lim p(4,).
n—»oo

IlokasarteabctBo. Jlocratouno paccMoTperb ciayualt A =
= &, obuui caydadi CBOAHTCH K 3TOMYy 3aMeHolt An Ha A\ A.

Hmeem
A=A\ A)UA\NAAU ...,
An =(An N\ An+l) U (An+l AN An+2)U ey

fipHueM cCJjiaraeMbie He nmepeceKaroTCo. HOSTOMy, B CHJY O-aaAHTHB-
#HOCTH B

L4l

B(A) = 3 1 (4 A (15)

B (4,) = éﬂ B (A \ Aeyr)i (16)
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TaKk Kak paf (18) cxoaurcs, To ero ocratok (I6) crpemurcsa k O
npu n—>oo. Takum o6pasom;

p(4,)>0 npu n—>oo,

4TO H TpeéOBa.HOCb AO0Ka3aThb.
Crencrsue. Ecau A, < Ay < ...— 6o3pacTarouas. nocaedo-
BATEAbHOCTL USMEPUMDBLY MHOKECTE U

A=l A,
T0 "
u(A) = lim p (4,).

n-»co

Has mokasatenbcTBa AOCTaTOUHO nepemn OT MHOXecTB A, K
HX JOMOJIHEHHSIM H BOCIOJb30BAaTLCA TeopeMoil 9.

OTtMeruM B 3aK/IOuYeHHe ellle OJHO OYEBHAHOE, HO. BaXKHOE 06-
CTOSITENLCTBO. Brsikoe mHOMecT80 A, BHEWHAS Mepa KOTOPO2O paAs-
Ha 0, uamepumo. JJocTatouHo nonoxuts B = &; rorja

WAAB)=p (A4 @)=p"(A)=0<e.

Hrak, Mbl pacnpocrpaﬂmm Mepy ¢ anewemapﬂblx MHOXeCTB Ha
Gostee wmupokuii Kiaacc Mg, 3aMKHYThIl OTHOCHTE/ILHO ONepaluii
B3SITHS CUETHBIX CYMM H IepecedeHHil, T. e. IpeACTaBIsIOmHUA co6oi
g-aareGpy. IToctpoennas Mepa ¢-aiquTHBHA Ha 3TOM Kiaacce. Ycra-
HOBJIEHHbIE Bhillle T€OPeMbl NO3BOJIOT COCTABHTD CJeAYyIOllee Mpej-
CTaBJIEHHE O COBOKYIHOCTH M3MepPHMbIX N0 JleGery MHOXKeCTB.

Bcsikoe oTKpBITOE MHOXKECTBO, NpUHaLJexaulee E, MOXHO npen-
CTaBUTb KaK OObeIHHEHHE KOHEUHOro MJH CUETHOro 4YHCJaa OT-
KPBITHIX NpPSIMOYrOJIbHHKOB, T. €. U3MEPUMBIX MHOMECTB, H B CHJIY
TEOpeMBl 7 BCE OTKPHITblE MHOXECTBA M3MEPHMbl. 3aMKHYThHIE MHO-
WECTBA CYTb JONOJHEHHS] OTKPHIThiX, CJAEAOBATENbHO, OHH TOXKe H3-
mepumbl, CorsiacHo teopeme 7 U3MEPHMBIMU HOJIKHBI GbITb U BCE TE
MHOXeCTBa, KOTOpble MOTYT GHITh NOJYYeHbl H3 OTKPHITHIX U 3aMK-
HYTBIX C IIOMOLIbIO KOHEYHOT'O HJIH CYETHOrO HHCJIA onepauuil B3s-
THSl CYETHBIX CYMM H NepeceueHHH. MOXHO moxasaTb, OAHAKO, UTO
3TUMH MHOXECTBAMH BCE ‘U3MEDHMble MHOXECTBA ellle He HCYepIhl-
BAlOTCA.

3. Hekotopble fnonoanenns n 0606menus. Boie mMbl paccMaTpu-
BaJH TOJbKO Te MHOXECTBA, KOTOpLIE CONEPKATCS B E€AHHUYHOM
kBaapate E = {0 << x, y << 1}. Herpynso ocsoGomuthesi oT 3TOro
OrpaHHueHus, HampuMep, ciaexyioliuMm obpasom. Ilpencrasus Bcro
IJIOCKOCTh KaK CYMMY MHOJYOTKDPBITBIX KBaApaToB E,, ={n << x <<
<n+l, m<y<m-1} (n, m—uense), Mbl OyieM TOBOPHTb,
YTO IJOCKOE MHOXKecTBO A H3MepHMO, €eClAH €ero IepecevyeHde
Apm = ANEnm ¢ KaXaslM #3 3THX KBaapaTtoB H3mepumo. Ilpu
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STOM Mhl NIQJIOKHM, 110 OoInpeneJeHHIo,
n, m

Psn, crosawmuit cnpasa, AH60 CXOAHTCA K KOHEUHOMY 3HAYEHHIO, JIHGO
pacxoautces K -+ oo, IlosToMy Mepa p MoxkeT NmpHUHHMaTbh H GeCKoO-
HeuHble 3HayedHs. Bce cBoHCTBa Mepbl U H3MEPUMBIX MHOXKECTB,
YCTaHOBJIEHHble BbIlIE, OYEBHJIHBIM 00Pa3OM NePeHOCATCA HA 3ITOT
cayuait !). Hago oTMeTuTb Juulb, UTO CYMMa CYETHOrO yHCJIa H3Me-
PUMBIX MHOXECTB KOHEUHOH MepBl MOXKeT MMeTb 0eCKOHEUHYIO Mepy.
Kinacc n3MepuMblx MHOXECTR Ha BCed NJAOCKOCTH 0f0zuaunm U,
Mb1 H3J103KuAH B 3TOM maparpade nocrpoenie Mephbl JieGera aas
IVIOCKHX MHOXeCTB. AHAJIOTHYHO MOXKeT GLITb MocTpoeHa JeGerona
Mepa Ha NPSIMOH, B TPeXMePHOM IPOCTPAHCTBE HJH, BoOOLIe, B €B-
KJIHJIOBOM INPOCTPAHCTBE JIOG0H pasMepHOCTH n. B KaxkzaoOM u3 aTUX
CJly4aeB Mepa CTPOHTCA NO OJHOMY H TOMY XKe o0pasily: HCXOAS U3
Mepbl, ONpeae/ieHHOA 3apaHee JJisl HEKOTOPOH CHCTEMbl MPOCTEHIIHX
MHOXKeCTB (HIPSIMOYTOJIbBHHKOB B CJydae IJIOCKOCTH, HHTEDBaJOB
'¢a, b), orpeskoB [a,b] u noayuutepsanos (a, b}, [a,b) B cayuae
npsaMoi, U T. I.), MBIl OmpejesisieM Mepy BHauaje AJ1s1 KOHEUHBIX
o6belMHEHHA TAKHX MHOXECTB, a IOTOM DaCIpOCTpaHseM ee Ha ro-
pa3go 6GoJsiee HIMPOKUH KJaCcC MHOMKECTB — Ha MHOMECTBA, H3MEpH-
Mble 1m0 JleGery. Camo ompenesnedHHe H3MEPDUMOCTH AOCJIOBHO Hepe-
HOCHTCSI Ha MHOXECTBa B MPOCTPaHCTBe JIOGOH pasMepHOCTH.
BBoas nousitue Mepol JleGera, Mbl HCXOAUIH U3 OGLIUHOTO OrIpe-
JleJleHHsT TIIoLIaAd. AHaJOTHYUHOe MOCTPOeHHe /s OAHOMEpPHOrO
CJaydyasi OMMpaeTcs Ha NMOHfATHE JJMHB HHTepBaja (OTpe3ka, ToJay-
HHTepBasa). 31ecb, OHAKO, MOXKHO BBECTH MOHATHE MePbl M HUbIM,
6oJiee OGLIUM. CITIOCOGOM.
. Ilyerp F(¢)— HexoTopasi HeyGbiBawoLlas, HeINpepbiBHAs CJjeBa
dynkuusa Ha npsaMon. ITonoxum

m(a, b)=F()— F(a40),  mla, b]=F (b +0) — F(a),
m(a, b]=F((®+0)— F(a+0), mla, b)=F (b)) — F(a).

Jlerko BHAeTb, UTO TaK oOlNpefejeHHass (YHKUHsS HHTepBaja m
fleoTpUllaTeJbHa H agguTHBHA. Ilpumensis kK Hell paccyxieHus,
aHaJIOTHYHble NIPOBeJEHHLIM B HacTosilleM naparpade, Mbl MOXKeM
TOCTPOUTb HeKoTopyio Mepy pr(A). Ilpn atom coBokymHocte Up
MHOXEeCTB, H3MeDHMbIX OTHOCHTE/NbHO JaHHOH Mephl, 3aMKHyTa OT-
HOCHTEJIBHO Olepaluil B3ATHS CUETHBIX CYMM H NepecetieHHi, a Mepa
ur Gyner c-aaautusHa. Kmacc U MHOXKECTB, H3MePHMBIX OTHOCH-
TeJbHO pr, Gynet, BooOIIe roBops, 3aBHCETb OT BbIGOpa pyHKuuH F.

1) Ognako B TeopeMe 9 HYXHO N06aBHTb YeaoBHe RE{ << + 00, 4T06h cXO-
puncss pax (15). Ilpuseaute mpuMep, NOKasulBaollkl, YTO-6e3. 3TOTO yCROBUA
FeopeMa MOXKeT CTaTb HeBEPHOil, ,
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Onnako npu n060M Bu6ope F OTKpbITHE H 3aMKHYTHlE MHOXECTBA,
a cle0BaTeJbHO, H BCe HX CUETHble CYMMB! H IlepeceueHHs 3aBeJo-
Mo GyayT H3MepHMBl. Mephi, NosyuaeMble ¢ IOMOLUBIO TOA HJH HHOM
¢yukunn F, HasnBawoTces mepamu Jlebeea — Ctuatveca. B uactHo-
ctH, GyHkunn F(f) =t orBeuaer oGuiuHas Mepa JleGera Ha mpsiMOM.

Ecan Mepa pr TakoBa, uto ona paBHa 0 mnasa m060oro MHoXe-
cTBa, o6bluHasi jeGeroBa Mepa p  Koroporo pasHa 0, To mepa pp
Ha3biBaetcss abcoat0THO HenpepoleHol (oTHOcHuTeNbHO p). Ecau
Mepa pr LEJHKOM COCPeNOoTOYeHa HAa KOHEYHOM HJHM CUETHOM MHO-
JecTBe TOYeK (3TO0 GyleT B TOM cJyuae, KOrja MHOXECTBO 3Haue-
HHH GyHKUMH F KOHEUHO HJIH CueTHO), TO OHa HasniBaercss Juc-
KpeTHotd. Mepa pr HashiBaercs cuHeyaaprol, ecau oHa paBHa O
IJ1s1 J11060r0 OJHOTOYEYHOTO MHOMKECTBAa, HO UMEETCS TaKoe MHOXe-
ctBo M neGerosoit Mepn 0, uTo Mepa pr ero AonoJHeHus pasHa 0.

MoxHo nokasatb, 4To BCsiKasi Mepa pur HpeicTaBHMa Kak CyMMa
a6CoJIIOTHO HenpephiBHOH, AUCKPETHOH H CcHHryaspHoi Mep. K Me-
pam Jle6era — CTuaTbeca Mbl ellle BepHEMCSl B CJeNyMOLUeH riase.

Cyujecteoeanue Heusmepumobix mHoNecT8. Mbl BHIeNH, UTO
KJacc u3MepuMbiX no JleGery mnoxectB BecbMa IINPOK. EcrecTBeH-
HO CIIPOCHTb, CYLIECTBYIOT JH BOOOllle HeH3MepHMble MHOXeCcTBa?
ITokaxeM, YTO 3TOT BOMpPOC pellaeTcs NOJMOXHTeabHO. [Ipolue Bce-
ro HeM3MepHMble MHOXKECTBA CTPOSITCA HAa OKPYKHOCTH, Ha KOTOpOH
BBeJleHa JuHeRAHas Mepa JleGera.

ITycts C — oKpyKHOCTb, AJIHHA KOTOPOH paBHa 1, H a — HeKo-
TOpoe HppaunHOHaJbHOe yHca0. OTHeCeM K OJHOMY KJaccy Te TOYKHA
okpyxHoctH C, KoTopnle MOryT ObiTh NepeBeleHbl OJHA B IpPYryio
noBopotoM okpyxHoctH C Ha yroa namn (n — uejoe). Kaxapiii us
3THX KJAacCOB GYyJeT, OUEBHJHO, COCTOATb H3 CUYETHOrO MHOXKeCTBa
ToueK. BriGepeM u3 Kaxmoro Takoro Kjaacca no opHo# touke: Ilo-
Ka)keM, U4TO MOJYyYeHHOe TaKuM oGpasoM MHOXeCTBO (0603HauuM
ero @y) Henamepumo. OGo3nauumM uepe3 (P, MHOXKeCTBO, moJsyyae-
Moe u3 @y noBOpoTOM Ha yroJ nasw. JIerko BHAETb, 4YTO BCe MHOXe-
ctBa @, nomapHO He rnepecekalOTCss W B CyMMe COCTaBJSAIOT BCIO
okpyxHoctb C. Ecin 6n mMuoxectBo @y Gblio H3MepHMO, TO ObUIK
H3MePHMBl H KOHTPY3HTHble eMy MHOXecTBa Dn. Tak Kak

c= | o, 0,N0,=@ npu n%m,
ne==—oo
TO B CHJY O-aJOHTHBHOCTH M€phl OTCI0OAA CJeJ0BaJO 6b], yTO
n=-—oo

Ho KOHrpy3sHTHbIe MHOXKECTBa AOJIXKHHI HMETb ONHY H Ty XKe Mepy,
Tak yto ecan Oy u3mepumo, T0

B (D,) = p (D).
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Orciona BuaHO, yro pasenctBo (17) HeBO3MOXKHO, TaK Kak CymMMma
pana, crosuiero B ero mpasofi yactH, paBHa 0, ecnin p(®p) =0, u
6eckoHeunoctd, ecan p(®o) > 0. Hrak, mHoxkecrso My (a caeno-
BaTesbHO, H Kaxnoe @,) HeH3IMePHMO.

§ 2. O6Guee noHsTHE Mephbl.
MpoponxkeHne Mepnl C MOAYKOALUA HA KOJALUO.
AIIHTHBHOCTb H G-aJJIHTHBHOCTD ')

1. Onpepenenne mepnl. Mbl CTPOHJIH Mepy IVIOCKHX MHOXECTB,
OTMPaBJSASCL OT Mepbl (MJOLLAJH) NMPSAMOYroJibHHKA H pacmnpocrpa-
HAs ee Ha GoJsiee IIHPOKHH KJacc MHOXKecTB. [ HaliuX mocrtpoe-
Hufl CyU{eCTBEHHO OblJIO BOBCE HEe KOHKPETHOE BbIDAaKeHHe MJIOLaiu
NnpsMOYTroJibHHKA, a JIHIIb ee o6liHe cBoHcTBa. HMIMeHHo, mpu mpo-
JONIKEeHHH TJIOCKOH Mepbl C MPSMOYroJbHUKOB Ha 3Jj1eMeHTapHble
MHOJKECTBa Mbl MOJb30BaJHCh JIHIIb TE€M, YTO MJIOLLAJAb — 3TO He-
OTpHLaTeJNbHas alAUTHBHAS QYHKLHS MHOMECTBA, H TeM, YTO COBO-
KYMHOCTb NPAMOYTOJILHHKOB eCTb MoJyKoJblo. [Ipu mocrpoenuun Je-
GeroBa MpOLOJIXKEHHS MJOCKOH Mepbl Obljia, KpOME TOro, Ba)KHa ee
0-aIITHTHBHOCTb.

B cusy TOJBKO 4TO CKa3aHHOTO, KOHCTPYKIIHH, H3/10XKeHHO# B § 1
TIPUMEHHTEJbHO K MJOCKHM MHOXeCTBaM, MOXHO MPHAATb BIOJHE
o6y abcrpakTHylo ¢opmy. TeM caMbiM ee mpUMeHMMOCTb Gyner
CYILIECTBEHHO pacliMpeHa. DTOMY H MOCBAIIEHH OJHKafiiue 3a
naparpada.

BBeneM mpexxie Bcero clefylolllee OCHOBHOE OMpeleJeHHE.

Onpenenenne 1. ®yuxuus MHoxecrBa u(A) HasbiBaercs
Mepol, eclu:

1) o6nacte onpepenenuss &, dyakuuu p(A) ecTb NOAYKOJNbUO
MHOXECTB,

2) suayeHuss GyHKUHH w(A) HAEACTBHTEJIbHbl H HEOTPHIATENbHBI,

3) w(A) apnuTHBHA, T. €. I/ JI060r0 KOHEYHOTO Pa3JiOKEeHHS

A=Al ... UA,

MuoxectBa A = ®,, Ha (mONapHO HeMepeceKaoUHecsi) MHOXKeCTBa
Ay = ©,, BHINOJHEHO PABEHCTBO

kA= X (4.

3ameuanune. M3 pasoxenns @ = |y BuTeKaeT, 4TO
1(@)=2u(®), 1. e. n(B)=0.

) B srom naparpade H majblle Mbi OyfieM CHCTEMATHYECKH NOJIb30BATHCA
TOHATHAMH 4 daKTaMH, H3J0XeuHbiMH B § 5 rar. [,
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2, Jlponoaxenne Mepbl ¢ NOJYKOJbLA HAa NOPOXKIEHHOE HM
‘Kosbuo. [IpH MOCTPOEHHH ‘MepBI MJIOCKHX MHOMKECTB TIEPBHLIM IATOM
6blI0 pacnpocTpaHeHHe Mephl ¢ NMPAMOYrOJIbHHKOB . Ha 3JeMeHTap-
Hble MHOXECTBa, T. €. Ha KOHeyHble CyMMbl MOMAPHO Henepecekaw-
WHXCS NPAMOYro/ibHUKOB. Celiuac Mbl PacCMOTPHM aGCTpPaKTHBIA
aHaJor 3Tot KOHCTPYKILHH. ChopmyupyeM npexje BCEro clelylo-
lllee onpeseeHue.

Onpenenenne 2. Mepa p HasbiBaeTCss nPoQOAXCEHUEM MEPHI
m, ecin &, =@, u qs kaxaoro Ae=S,, uMeeT MeCTO PABEHCTBO

w(A)=m(A).

Tlenb 3TOro mMYHKTAa COCTOHT B JOKAa3aTeJbCTBe CJeIYIOLIEro
NPeNJIOKEHH S,

Teopewma l. Haa kaxdoid mepor m(A), s3adannod na HexkoTo-
pom noaykoavye Sy, cyujecToyer 00HO U TOALKO 00HO npodoadce-
nue m’(A), umerowgee ceoetl 0b6aactoio onpedesenus kKosvuo N (Sy)
(1. e. munumarsvroe KoAbYO HOO ©un).

HokasarteabcTBo. Jdna kaxkaoro MHoxectBa A= R(S,)
CYLIECTBYET pasyoxeHue

A=UB: (Bis@u BiNBi=0 mpu k1) (1)
(Téopema 3§ 5 ra. I). IlonoxuM, no onpeneneHuo,
= X, m (By). @

Jlerko BuJeTb, uYTO BenuuyuHa m’(A), onpeleNeHHass PaBeHCTBOM
(2), ne 3aBucuT oT BbIGOpa pasaoxeHHs (1). ,L[encnamenbﬂo, pac-
CMOTPHM JIBa pPa3JOXKeHHs

A= UB = Uc,, B,=8,, C,E@m.
i=l
Tak xak Bce nepecevenust B;(1C; npunannexar Sy, T0 B cuiy an-
JNHUTHBHOCTH M€pHI M
n n r r :
2mB)=2 Y mBNC)= Y, m(C)),
i=l i=l j=I =1
yTO U TpeGOBaNOCh 10Ka3aTb.
HeoTpuuateJpbHOCTh W aAfMTHBHOCTL (PyHkiuu m’(A), onpene-
JisieMo# PaBeHCTEOM (2), oueBupubl. Hrak, cymeCTBOBaHne npo-

JoJukeHHss m’ Mepsl m Ha Koabllo R (©,) poxasawo.
Jl1a 1oka3aTeabCTBa €ro EI_IHHCTBEHHOCTH 3aMeTHM, 4TO, MO Of-

peneseHnIo NPONOJIKEeHHUs, eClIU A=kUl By, rne By — Henepecekaio-
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Hiiiecss MHOXKeCTBa U3 &y, TO AN JMIO60r0 NPOOJIKEHHS 1l MEPHL M
Ha xoubuo R(S,,) -

m(A)—Zm(Bk)—Zm(Bk) =m’ (4),

T. €. Mepa i coBnajaer ¢ Mepon m’, onpeseNeHHON paBeHCTBOM (2).
Teopema poKa3aHa.

[To cymecTBy, Mbl MOBTOPHJIHN 37eCh, B aGCTPAKTHBIX TEPMHHAX,
npueM, KOTOPBIM Mbl B § | NPOMOMKHIH Mepy C NMPAMOYTOJbHHKOB
Ha 3JeMeHTapHble MHOXKeCTBa. Kiace s/ieMeHTapHBIX MHOXKECTB KakK
pas u npeacrasisieT coG0H MHHMMAJbHOE KOJBIO HAZ IOJYKOJbLOM
IPSIMOYTOJIBHHUKOB.

Vs ajinTHBHOCTH H HEOTPHLATENLHOCTH Mepbl BHITEKAIOT cae-
Lyiolllye NOYTH OUeBHIHLIE, HO BaXKHbIE CBORCTBA.

Teopema 2. [lycte m— mepa, 3a0aHHAS HA HEKOTOPOM KOAb-
ye My, u muoskecrea A, Ay, ..., An npunadarexmar Rm. Toeda

1. ecau .pI,AkCA u ANA =@ npui+j, 10
g::l m(A) <m(A);

I1. ecau kUlAk DA, 10
n

2 m(A) > m (A

8 sactroctu, ecau A< A" u A, A =R, ro m(A)<m(A).
,[[encmmenbﬂo ecin Ay, ..., An nonapro He nepeuexalo'rc;i "
congepxarcs B A, TO B CHJIy aJAHTHBHOCTH MepHl

m)=3 m@d+m(ax U 4,).

n .
ITockoabky m (A N\ kUl Ak) =0, orcioga mnosyuaem cBoiicTeo I.
Hanee, nas mobux A, A, =R, uMeeM

m (AU A)) =m(A) + m (4) — m (A4, N A) <m(A) + m(4).

ITo HHAYKIHH OTCIOAA MOJyYdeM, YTo

n(04) <3 ma.
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. n
Haxkonen, onAtTb-TakH B CHJAY aRAHTHBHOCTH MepH H3 Ac:U Ag
k=1

clleJlyeT, uTo
n n n
m(A)=m(kL=JlA,,)—m(LJl A\ A <m(kt=JlA,,),

OTKyJZla B CHJIy NpeiblAylllero HepaBeHCTBA H BbiTeKaeT cBoficTso 1I.

Mul pokasaau cBofictea I u Il nns Mepnl, 3a1aHHOl HaA Kosble
mHoXecTB. Ho ecan Mepa mepBoHauanpHo 6bula 3ajaHa Ha moJy-
KOJIblle, TO NPH MPOJOJIKEHHH ee Ha KOJbLO MEPbl MHOXECTB, NpH-
HaJUIeXalliX HCXOAHOMY NOJYKOJbLY, He MeHstoTcs. [loatomy cBoil-
crBa I u Il cnpaBepsiuBE M NJ1 Mep Ha NOJYKOJbIIAX.

3. o-apauTHBHOCTh. B pa3sHuHBIX BOmMpocax aHaJjH3a TPHXO-
IUTCS paccMaTpuBaTh OGbeJHHEHHST He TOJbKO KOHEYHOro, HO M
CYUETHOr0 YHCJa MHOXeCTB. B CB3H ¢ 3THM YCJ0BHE afiiHTHBHOCTH,
KOTOpPO€ MBI HaJIOXKHJH Ha Mephl (onpejeneHue 1), ecTrecTBEHHO 3a-
MeHHTb 00Jiee CHJbHBIM TpeGOBaHHeM G-aJAHTHBHOCTH.

Onpenenenne 3. Mepa m HasbpiBaeTcss C4eTHO-addutusHoll,
WIH o0-a00utusnol, ecau Aasa Jwo6bix MHOXectB A, Ay, A, ...
..., Ap, ..., NIpHHaANEXKauMX ee o6JacTtH onpefpejeHus S, n
YAOBJETBOPSIOHIUX YCIOBUSAM

A=nL=JlA,,, ANA;=@ npu i +j,

HMeeT MeCTO pPaBEHCTBO

oo

m(A)= 2, m(4,).

n=1

Inockas mepa Jlebera, nocrpoenHas HaMu B § 1, o-anauTHBHZ
(tTeopema 8). IlpuMep o-amaHTHBHOM Mephl COBCEM HHOH NPHPOIBL
MOXXHO MOCTPOUTH CaeAylolwHM ob6pasom. ITycrs

X={x, x5 ...}

—— IIPOH3BOJIbHOE CYE€THOE MHOXECTBO H YHCJA Pn >0 TaKoOBbl, 4TO
00
)y Pn=1
n=!

COOTBeTCTBleH.lHI:l KJiacc H3MepHMHX MHOXXECTB COCTOHT H3 BCexX
noaMHoxectB MHOXectBa X. Jlaa kaxporo A < X nonoxum

m (A)=x§Ap”‘

Jlerko npoeeputb, yto m(A) Gymer G-anAMTHBHOH MepoOH, NpH-
yeM m(X)=1. 10T nNpUMep eCTECTBEHHO MOSIBJAAETCA B CBA3H CO
MHOIHMH BONPOCAaMH TEOPUH FEpPOSITHOCTEH.
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YkaxeM npuMep Mepnl afJHTHBHOH, HO He G-aaauTHBHOHA. ITycTh
X — MHOXeCTBO BceX palHOHAJbHbIX Toyek orpeska [0, 1], a &, co-
CTOHT M3 NepecedeHHN MHOXecTBa X C NPOH3BOJIbHBIMH HHTEpBa-
Aamu (a, b), orpeskamu [a, b] unu nonyunrtepanamu (a, b], [a, b)
u3 [0, 1]. Jlerko BuaeTb, 4To ©m mpelcraBaseT co6OA MOJYKOJbLO.
Jlng Kaxaoro Takoro MHoXxectBa Aup = G, MONOXKHM

m(Ag)=0b—a.

Drta Mepa aAJHTHBHA, OJHAKO OHa He O-afAJUTHBHA, TaK Kak
m(X)=1, u B To ke BpeMss X eCTb CyMMa CYETHOrO YHCJA TOYEK,
KaxJ1as H3 KOTOpHIX HMeeT Mepy O.

Mephl, KoTopble GylyT paccMaTpPHBATbCA 3[eChb H B CiefyiolleM
naparpade, Mol Oyaem npeanosaratb o-aAAHUTHBHBIMH.

Teopema 3. Ecau mepa m, onpedeseHnana Ha HEKOTOPOM NOAY-~
rxoavye ©,,, 0-al0uTusna, TO U Mepa W, NOAYHAIOWAACA ee npcios-
ocenuem Ha koasyo R(S,,), o-addurusHa.

JJokaszartenbcTBO. [lycTh

A=RS,), B,=R(S,), n=12, ...

oo
A= ] B,,

n=l
npuueM B;(1B,=  npu s=r. Torga CymecTBYIOT TaKHe MHOKe-
crBa A; v B, u3 &, uto

A=LIJA,, By=Bu, n=12, ...,

i
IIpHYEM MHOXeCTBa B NMpPaBbIX HaCTAX KaXJAOTO M3 3THX DPaBEHCTB
MONapHO He nepeceKaloTcsl, a CYMMBI 1O { U j KOHeuHHl (Teopema 3

=4

§ 5, ra. I).

[Mycte Cnij = Bni N A;. Jlerko Bupgetb, 4t0 MHOXKectBa Crij
MONAPHO He TepeceKaloTCsl, U MPHTOM

Al =ngl L‘J Cnl]» Bnl = L]J Cn”.

ITosToMy B CHAY G-afAHTHBHOCTH Mephl M Ha ©p u) oM

m (A= 2 X m(Cuy), ®
m(By) = Z/: m (Cpyj), C))

8 B cuay onpejeneHns Mepn p Ha R (Sn)
w(A) = ). m(4), (5)

i

U(Bn) = ; m (Bru')- (6)
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Us (3)—(6) BbiTekaer, yto K (A4) = le (B,). (CyMMbl o i u 10 |

31eCh KOHEUHbI, PSABI 1O 7 CXOASTCA. )

IlokaxeM Tenepb ClelyiOliHe OCHOBHble CBOHCTBA O-aiJHTHBHBIX
Mep, IpeicTaBsioliHe cOO0H O060OLIeHHs Ha CuHeTHble CYMMBI
cBoiicTB, chopmyaupoBaHHbXx B TeopeMe 2. ITockKoabKy, Kak Mbl
YCTaHOBUJIH, O-aJIHTHBHOCTD Mepbl COXpaHseTcsi IMpH IpOJOJXKe-
HUH Mepbl Ha KOJIbLO, MOXHO C CaMOTO HayaJja CYHTaTh, YTO Mepa
3ajlaHa Ha HEKOTOPOM KoJble K.

Teopema 4. [Tycto mepa m o-addutusna u muodxecrse A,
Ay, ..., An, ... npunadaesxcar koavyy R, Toeda

lo. Ecau kU[AkCA u AiNA)=@ npui=j, ro

oo

2. m (A <m(A);

o0
Ilo (cxernas noayaddurusuocrs)., Ecau U A, DA, 1o
k=l

o0

2. m(A) =m(A).

HokxaszatenbctBo. Ecau Bce Ap He mepecekaloTes H co-
nepxarcst B A, To, B cuay cBofictBa I (Teopema 2), mpu saw6oM n

HMeeM
n

3 m (4 <m(4).
Ilepexoast 3mech K mpeleny IpH 7—> 00, MOJydaeM IepBOe yTBep-
HKJEHHEe TEOPEMBIL.

HoxkaxeM Bropoe yrBepxaeHue. [Tockonbky R ectb Koablo, MHO-

KecTBa
-1

B,= (An N A) AN kul Ak
npuHagiexat R. Tak kak

A= UIB,,, B, 4,
s

¥ MHOXecTBa B, nmonapHo He mepecekalorcs, TO
o] o0
mA)= 2, m (B,) < X m (4,).
n= n=
3ameuaHHe. YTBepXKAeHHe I; H0Ka3zaHHOM TONBKO YTO Teo-
peMbl He ONHpaeTcs, OYEBHIHO, HA O-aJAHTHBHOCTb pDaccMaTpHBae-
MOH Mephl; OHO OCTaeTcsl CHPaBeAJHBBIM U IJ151 JIOOBIX aJJUTHBHBIX
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mep. HaoGopor, yrBepxiaenne 1l cyuiecTBeHHO ucCmoJb3yeT 0-an-
IHUTHBHOCTb Mepbl. JleHCTBUTENbHO, B NIPHBEAEHHOM BBHIIE IIpHMepe
aJIHTHBHOM, HO He ¢-aJJAMTUBHONH Mepbl BCE MPOCTPAHCTBO X, HMEIO-
iee Mepy 1, MOKpHIBaeTCA CYETHOH CYMMOH OJHOTOYEYHBIX MHO-
JKeCTB, Kaxjaoe u3 xotopblx umeer Mepy 0. Bosee Toro, HeTpymaHo
y6enuTbesi, uTo CBOHCTBO llg Ha caMOM feJie paBHOCHJIBLHO C-aijH-
THBHOCTH. JleficCTBHTENBHO, NYCTb [ — HEKOTOpAst Mepa, olpe/eseH-
Has Ha noaykoable @. Ilycts mMHokectBa A, Ay, As ..., An, ...
npuHamiaexar ©, 4 = lgAk H Bce Ap momapHoO He MepeceKaloTcs.

Torna B cuny cBoiictBa I, (KoTOpHM, Kak Mbl BuaeaH, objanaer
Jo6asi Mepa)

2 (A <u (.

Ecan xe p obnagaer u cpofictBom Ilg, 10 (mockosbky Ax B coBO-
KYIHOCTH MOKpHIBaloT A)

PN ST
H, TaKHM o6pa3om,

3 nA)=n ).

IIpoBepuTb CUETHYIO MOJYaAAHTHBHOCTb Mephl (cBoficTBO 1lg) 6wl-
BaeT yacTo Opolle, YeM IPSIMO YCTAHOBHTb €€ G-afJHTHBHOCTD.

§ 3. Jle6eroBo npogonxeHue Mepbl

1. JleGeroso npoaoJKeHHE Mephl, ONpefeNeHHOl HA MONYKONbLE
c enuHHued. Eciu Mepa m, 3aflaHHas Ha MOayKoJable &, obiagaer
JIMIb CBOHCTBOM aJAHTHBHOCTH (HO He G-aIJHTHBHOCTH), TO ee
npogonkeHueM Ha R(Sm) HCUepNBHIBAIOTCS B 3HAUUTENLHOH CTe-
NIEHH BCE BO3MOXKHOCTH PacHpOCTpaHEHHS TaKOH Mephl C HCXOLHOTO
nosykoJblla Ha Gosiee IUMPOKHH Kjaacc MHOXectB. Ecam xe pac-
¢MaTpuBaeMasl Mepa G-aJJAHTHBHA, TO OHa MOXeT GHTb pac-
npocTpaHena ¢ &, Ha KJacc MHOXeCTB 3HAaUHTEJbHO Gosiee o6uIMp-
Hblf, yeM KoJablLo R (Sm), # B HEKOTOPOM CMBICJE MAKCHMAaJbHBIH.
3T0 MOXHO CAeNaTh C JOMOLIbI0 TAaK Ha3hHBaeMoOro JeGeroBa
npoaonaxenusa CHayala Mbl pacCMOTPHM J1e6eroBO IPOJOIIKe-
HHe Mepbl, 3aaHHOH Ha MoJyKoJble ¢ eauHHUeH. O6uwmi cayuai
Gyxet pacCMOTPeH B C/IENYIOUIEM MYHKTE.

[lycte Ha HEKOTOPOM MOJAYKOJbLUE MHOXKeCTB &y, ¢ enununeh E
3ajana o-agautuBHass Mepa m. Omnpenenum Ha cucteMe 2 Becex
MOJAMHOXeCTB MHoXeCTBa £ ¢yHkuuio p*(A) — BHewHOlO Mepy
CleyiolUM 06pa3oM.
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Onpenenenne 1. Brewneil mepoil MHoxectBa A — E Hasm-
BaeTCs YHCIO
u*(A) =inf ), m(B,), (1)

rle HHXHSAA rpaHb 6epeTcsl MO BCeM MOKPLITHAM MHOXecTBa A Ko-
HEYHBIMH HJIH CYETHLIMH CHCTEMaMH MHOXeCTB B, & Gy,
Caenywoliee CBORCTBO BHeLIHeR Mepbl HFpaeT OCHOBHYIO pOJib BO
BCEeM JaJibHeHlIeM NMOCTPOEHUH.
Teopema 1 (cueTHas NONyaAJdUTHBHOCTL). Ecau

ACUA,,,

2de {An} — KoHeYHas uru CHETHAR CUCTeMa MHOXECT8, TO
WA < X pt(4,).
n

JloKa3aTenbCTBO 3TOrO YTBEpIKIEHHA COBNajgaeT € J0Ka3aTelb-
cTBOM TeopeMbl 3 § | u Mbl He 6yeM ero NOBTOPSTD.
Onpenenenue 2. MHOXecTBO A HasbiBaeTcs uamepumoin (no
JleGery), ecan, kakoBo Obl HH Gblno & > 0, HafijeTca Takoe B &
e R(&y), uto ‘
n'(A A B)<e.

dyHKUHUS p*, paccMaTpuBaeMasi TOMbKO Ha H3MEPHMbIX MHOXe-
CTBaX, Ha3biBaeTcs sebe2080l mepold (uau npocto mepoi) H 0603Ha-
yaetcs W. SIcHO, uTO Bce MHOXecTBa U3 ©p, U U3 R(Sn) uU3MepuML.
Ilpu 3tom, eciu A € €5, TO

p (A) =m(A).

3To paBeHCTBO JA0KAa3blBAaeTCs TOUHO TaK Ke, KaK H €ro aHaJor aJs
MHOXECTB Ha MNJOCKOCTH.
U3 paBeHcTBa

caenyet, yto ecau A HM3MepHMO, TO ero JOMNOJHEHHE TOXe H3Me-
puMmo.

YcraHoBUM Tenepb OCHOBHble CBOHCTBA H3MEpPHMbIX MHOMXECTB
U onpejiesleHHOR Ha HHX J1e6eroBod Mepbl.

Teopema 2. Cuctema M 8cex usamepumvix MHOMECT8 ecTb
K0AbUO0.

HoxasareabcTBo. Tak Kak Bcerjaa

AN A=A\ (4, \ Ay
AIUA2=E\[(E\A.)ﬂ(E\A2)],

TO NOCTATOYHO TNoOKa3aTb caeaylomee. Ecin A, €M, A, &M, 10
H A == Al \ A2 = m-

H
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IIycts A n A, uaMepuMmH; Torza cymectsyior B, &R (S,) »
B, =®(5,,) takue, uto

1n* (4, AB) <e/2 u p*(A; A B,) < ef2.
Ilonaraas B= B, \ B2 =R (©,,) u noabsysnch COOTHOLIEHHEM
(A1 \ A A (B, \ By) = (A, & B))U(A; A By),

nonyuaem
w(AAB)<e.

B cuay npousBosnbHOCTH € >> 0 OTCIOfA BRITEKAaeT H3MEPHMOCTb MHO-
xKecTBa A.

3ameuanue. OueBuano, 4yto E ectb egunuua kosasuna M, ko-
TOpoe, TakKHM 06pasoM, sBjaseTcd areGpPol MHOXKeCTB.

Teopema 3. Ha cucreme M usmepumvix mroxmecrs Gynxkyus
u(A) addurusna.

Jloka3aTenbCTBO 3TOH TeopeMbl MpeicTaBiasieT coGOA AOCTOBHOE
MOBTOPEHHE 10Ka3aTenbCcTBa TeopeMbl 6 § 1.

Teopema 4. Ha cucreme M uszmepumvix muHoxects Gyuxyus
w(A) g-addurusHa.

HokxasateabctBo. Iycts

oo

A= Ul A, A AL Ay ..M, ANA=0Q npu i

n=

B cuny Teopemsl 1
BA< Y p(4), ()

a B cuny TeopeMbl 3 mpu aobom N

N N
= (U 4)=Z ),
OTKyZa
(A= 2 u(4,). 3

Wa (2) u (3) crenyer yTBepxKaeHHe TeOpeMbl.

B § 1, paccmaTtpuBas nsockyio Mepy Jle6era, Mbl MoKa3aJss, YTo
He TOJbKO KOHEYHbie, HO H CUeTHble CYMMbl H MepeceyeHHs H3Me-
PHMBIX MHOXECTB TaKxXe H3MepHMbl. ITO BepHO H B 06iieM ciayuae,
T. €. CIPaBeANHBA CNeAYIOUAs TeopeMa:

Teopema 5. Cucrema M usmepumorx no Jlebeey muosxecrs
aganerca g-arzebpoi ¢ edunuyeid E.

JokaszaTeabCcTBO. Tak Kak

OAn=E\U(E\A,,)
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¥ TaK Kak [ONOJHEeHHe U3MepHMOro MHOXKECTBA H3MePHMO, TO J0-
CTaTOYHO MOKasaTb caenyiouee. Eciu Ay, Ay, ..., An, ... npunan-

aexar M, o A= U A, taxxe npunannexur M. JokasaTenbcTso
n

3TOTO YTBepXKJAeHHs, NpoBefieHHoe B TeopeMe 7 § 1 mas miockux
MHOXKECTB, JI0CJOBHO COXPaHAETCS U B O0LLEM ciyuae,

Tak e kak u B cayuae njockoil mepn Jlebera, U3 o-agaHTHB-
HOCTH MepHl CJIEYET €€ Henpepol8HOCTb, T. €. €CAH W — G-aJJHTHB-
Hasl Mepa, ompefeneHHas Ha g-anrebpe, A, DAy > ... DA, D ... —
yO6bBaOUIas LEnoYka M3MEPHUMBIX MHOMXKECTB H

A=) 4,
n
™
u(A) = lim u(4,),
n—-»oo

a eemn AicA;c...cAp<...—BO3pacTapmasn [enoyka
M3MEPHMbIX MHOXKECTB H

A=U 4,

TO "
pA = lim p (4,).
n—>»oo

IlokasatenbcTBO, npoBefieHHOe B § | nnis miockoit Mepnl (Teo-
pema 9), NOCIOBHO NepeHOCUTCS Ha OOLIKE cayuai.

HMrak, Mbl ycTaHOBHJIH, 4TO cucTeMa N mpeiacraBiaser co6o0i
g-anrebpy, a onpeneseHnas Ha Hell oyuknusa uw(A) o6ramaer Bcemu
‘CBOUCTBAMH O-afIMTUBHOH Mepbl. TeM caMbiM ONpaBHaHO CJeayio-
lllee onpele/IeHHe.

Onpenenenune 3. Jlebeeosoim npodossicernuem p = L(m)
Mepbi m HasbiBaerca GyHkuus p(A), onpenesnenHasi Ha CHCTeME H3-
mepumbix MHOXecTB M u coBnajamwomas ua I c BHelliHed Mepol
w*(4).

2. IlponoaxeHHe Mepbl, 3aAaHHOH HA NOJAyKOJbue 0e3 eJHHHUBI.
Ecnu nmoaykonbno €, Ha KOTOPOM onpeleseHa HCXOAHAsi Mepa m,
He HMeeT eJHHHIBI, TO NOCTpOeHHe Je6Gerosa NpOMOMIKEHHSs, H3JO-
JKeHHOe B TpelblAylleM MYHKTe, NpeTepleBaeT HEKOTOpbie, BIpPO-
yeM, He3HauHTeNdbHble, u3MeHeHHdA. Onpenesenue | BHeIIHed Mephi
COXpaHsercsi, HO BHeLIHAs Mepa p* OKa3bIBaeTcsl ONpefleseHHOH
TOJILKO Ha CHCTeMe S,+ TaKHX MHOXecCTB A, 1/ KaXI0ro u3 KOTo-

pPBIX CYLIECTBYET MOKpbITHE UBn MHOXeCTBaMH u3 &, ¢ KOHeYHO#R
n
CyMMOH > m(B,). OnpenenieHne H3MEpPHMOCTH cOXpaHseTcss Ges
n

BCSIKHX U3MeHEeHHH.
TeopeMbl 2—4 ¥ 3aK/JIIOYHTENbHOE oOlpelejeHHe 3 COXPaHSIOT
cuny. [Ipennosnoxenue o cylecTBOBaHHY €HHHLBI HCNOJb30BAJNOCh
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JHUb B [0Ka3aTeJbcTBe TeopeMbl 2. YUToGbl 1aTh [0KA3aTeNbCTBO
TeopeMbl 2 B 00lleM cayyae, HaJlO0 YCTAHOBUTb He3aBHCHMO, UTO H3
AieM, A, =M surekaer A; U A, = M. Ho 310 caenyer U3 BKJIO-

YyeHHs
(A U 4) & (B U By) = (A, A B) U (4; A By).

B cayuae, korna &, He MMeeT eJHHHLBI, TeopeMa 5 3aMeHseTCs
cefyoLLel TeOpEMOH:
Teopema 6. [Ipu w0606 ucxodHoi mepe m cucTema MHO-
acecre M, usmepumvix no Jebeey, asanerca O6-KOALYOM; udmepu-
00

MOCTb MHOMecT8a A= U A, npu usmepumvix Ap, umeer mecro
n=1

N
8 TOM U TOALKO TOM cay4dae, ecau mepol ]J.(U An) OoepaHu4enst
n==1

HeKkoTopol KOHCTAHTOU, He 3asucaujel or N.

Jloka3aTeJbCTBO 3TOTO YTBepXKJAEHHS IpPeNOCTaBJsieTcss YHTa-
TEJIO.

3aMeuanue. Ilockonbky cefiuac peub HAET O Mepax, MpH-
HEMAWOIKX JHIIb KOHeYHble 3HaueHusl, HeoOXOMUMOCTb MHOC/el-
HEero ycJOBHSI OUeBH/JHA. '

W3 Teopembl 6 BHITEKaeT CiaeyIOIHH QaKT.

Caencrtsue. Cuctema Ma scex muomecrs B= M, asaaro-
wuxca noomnomecreamu Gurcuposannozo muoxecrsa A =M, 06-
pasyet g-arzebpy.

Hanpumep, cucrema Bcex usMmMepuMmbix no JleGery (B cMbicie
0GbIuHON JieGeroBofi Mepbl Ha MNpAMOH) MHOIMHOXECTB J060ro ot-
peska [a, b] ectb g-aare6pa MHOXKECTB.

B 3akioueHue OTMeTHM elle ONHO CBOHCTBO JeGeroBm& Mep.

Onpenenenue 4. Mepa p HasbBaeTCsl NOAHOU, ecnd H3
n(A)=0wu A’ = A Boitekaer, uto A’ nuamepumo.

OueBuano, yro npu 3toM p(A’)= 0. Be3 Tpyna mokaswiBaetcs,
yTO sAe6e2080 npodoaxcenue 40606 Mmepst nOAHO, DTO BHITEKAET U3
toro, yto 11pu A’ < A u pn(A) =0 neusbexno n*(A’)=0, a s06oe
mHoXectBo C, nas xotoporo p*(C)=0, usMepuMmo, Tak Kak

gem(@rn)l’I
p(C A g)=p"(C)=0.

Beskyo 0-afIHTHBHYIO Mepy Ha O-ajire6pe MOXHO IPOLOMKHUTD
10 TIOJIHOM, MOJOXKHB ee PAaBHOW HYJIO AJs JI0O60T0 HOAMHOMKEeCTBa
KajK/JI0T0 MHOXKECTBa HYJIEBOH Mephl.

JonoanutenbHble 3amMeuanus 1. [lpennonoxende o TOM, uTO HC-
KOJlHasl Mepa /m 3ajAaHa Ha NOJYKOJblle (a He Ha HEKOTOPOH NpPOHU3BOJILHOH CH-
CTeMe MHOMKECTB), CYLUIECTBEHHO AJisi OJIHO3HAYHOCTH ee NPOAOJKeHHs, PaccMoT-
pHM B €JHHHYHOM KBaJpare CHCTEMY BEPTHKAJbHBIX H TOPH3OHTAJbHBIX MpPAMO-
YTOJILHHKOB, T. €. TaKHX MPSIMOYTOJbHHKOB, y KOTODBIX HWJM [JMHA KA WHPHHA
paBHa 1 (puc. 18), n NpHOHIIEM KaXKAOMY TaKOMYy NPAMOYTOJbHHKY Mepy, paB-
Hylo ero naouiagd. Ha nmopoXJeHHYIO 3THMH NpSMOYyroJpHHKaMH aareGpy (a TeM
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Gonee ¢-anre6py) Takas Mepa MoxeT OHTb NPOAOJKEeHAa HEOAHO3HAyHO (yKa-
XKHTE XOTS OW JABa PasJHYHHX NPOJOJMKEHHSA).

2. YKaxeM Ha CBA3b MeXJRy NPOHECCOM NpoAOMKeHHs Mepw no JleGery n
NPOUECCOM TMONOJHEHHS METPHYECKOTO NpPOCTPAHCTBA. 3JaMeTHM MAAs 3TOFO, YTO
m’(A A B) MOXHO UPHHATb 3a pacCTOSHHe MEXAy 3eMeHTaMH A u B koabla
R(Sm). Torna R(Sm) cranoButcs MeTpuueckuM (BooOGlle TOBOpPs, HENOJHBIM)
UPOCTPAHCTBOM H €r0 NONMOJHEHHE COCTOHT KaK pa3 H3 BceX H3MEPHMbIX MHO-
KecTB (NPH 3TOM, OJIHAKO, C Me'rpnqecxou TOYKH 3peHHs MHOXectBa A W B He-
Pa3AHYHMBL, €CJIH p(A A B)=0).

Ynpaxuenus 1. [Tycte Mepa m 3azaHa Ha noJaykoabne (¢ eIHHHIeRH)
©.m MHOXecTB M3 X H p* — oTBeuaionlas efi Bepxuss Mepa. JlokasaTb, 4TO MHO-
wectBo A uamepuMo (no JleGery) B TOM H TOJbBKO TOM cJydae, €cH OHO 06-
AAJA€T CAeAYIOUHM CBOACTBOM, Ha3hIBaeMbM u3MepumocTeio no Kaparteodopu:
Ajas g0 6oro noaMHoxkectsa Z < X HMeeT MecTO pa-

Y BEHCTBO
W (Z)=p"(ZNA) +p*(Z\ A).

7 /
2. nych O-aAlUTHBHAs Mepa m 3ajJaHa Ha KoJibHe

. R ¢ eaunnnei X H m(X) = l. BeaeM A KaxXaoro
// / A < X Hapsny ¢ BueluHell MepOfl u* BHYTDEIHIOIO Mepy
Wa, TIOJIOXKHB

B (A) =1—p*(X\ A).
Jlerko Buaeth, uTo Bcerda p, {(A) << p*(A). Hoka-

/] ] & 3arh, 4TO
1y (A) == p* (4) (*)

Puc. 18.
B TOM H TOJbLKO TOM cCJy4ae, €CIE MHOXeCTBO A H3Me-
PHMO (B cMbIC]e OnpefesieHHs 2)
B cayuae, koraa Mepa 3ajaHa Ha KOJblie ¢ eJHHHIEH, PaBEHCTBO (‘) qacTo
DPHHHMaeTCs 32 ONnpe e eH € H3MEPHMOCTH MHOXeCTBa.

NN

3. PaciiHpenHe nNOHATHA H3MEPHMOCTH B CJyvyae o-KOHEYHORX
mepel. Eciv HexonHas Mepa m 3ajaHa B npoctpaHcTBe X Ha HeKo-
TOPOM IMOJYKO.JbLe 6e3 elHHHIBl, TO BBEJeHHOE Bbille Onpeje/ieHHe
113MEPHMOCTH MHOXeCTBa OKasblBaeTcsi C/IHIIKOM Y3kuM. Hanpu-
Mep, eCiH X — 5TO IJIOCKOCTb, TO TaKHe MHOXECTBA, KaK BCA MO~
CKOCTb, M0J10C2, BHEWIHOCTb Kpyra H T. M., UMelolHe GeCKOHEUuHYIy
nJaowajab, NpH TAKOM OMpelleJ€HHH He NONAJaloT B YHCJIO H3MEpH-
MbIX. EcTecTBeHHO pACHIHPHTb TOHSITHE H3MEPHMOCTH, AONYCKas
JAJA Mepbl # OeCKOHeuHble 3HAaueHHs, C TeM, YTOObl COBOKYIHOCTb
H3MepHMbIX MHOXeCTB Obl1a, KaK H B cJyuae, KOT1a HCXOAHasa Mepa
3ajjaHa Ha TOJYKOJbLie C eJMHHIeH, o-aare6pofi (a He TO.JbKO
§-KOJIbLLOM) .

Mpl OrpaHHYHMCH TDH STOM MNPAKTHYECKH HaHGoJee BaXKHBIM
cjlyuaeM TaK Ha3bIBaeMOH O-KOHEUYHOH MepHl, XOTs COOTBETCTBYIOLIEE
NIOCTPOEHHE MOXKHO NPOBECTH U B 06LIeM ciayyae.

Ilyctb ¢-annuTHBHAs Mepa /m 3ajlaHa Ha HEKOTOPOM IOJYKOJblle
€., noaMHOXecTB MHOXecTBa X. Mpl cka)keM, uTo 3Ta Mepa 0-KO-
Heuna, eciu Bce X MoXeT GblTh NpPEeACTABJIEHO KaK cymMma CYeT-
HOT O uHcaa MHOXectB U3 ©, (HO He KaKk CyMMa KOHEUYHOro
yncsna MHoXecTB H3 ©y,). [IpuMepoM o-KOHEUHOH Mepbl MOXKeT CJy-
JHTb IJIOWLAfb, ONMpefesieHHas Ha BCeX MPAMOYrOJbHHKAX Ha IJIO-
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ckoctH. IlpocToli npumep He O-KOHEYHOM Mephli MOXHO MNOJAYYKTb:
cienywomuM o6pasoM. Ilyctb Ha otpeske [0, I] 3agana Hekotopas
¢yukuus f(x). Ins KaXKAOro KOHEYHOTO noAMHOXecTBa A =
= {x;, ..., Xn} OTpe3ka noaoXum W (A4)= > f(x;). Ecan Muome-
CTBO TOYeK X, B KOTOpuX f(X)== 0, HecueTHO, TO Takas Mepa Ha
[0, 1] He 6yneT o-KOHEYHOH. '

Hrak, nyctb m ectb 0-alHTHBHAA H O-KOHeYHas Mepa B X,

° ]

onpefeseHHas Ha TnoJaykoable Op. IMycts X = U B;, B,e$g,.
i=l
Iepefina ot nonykonbua €, x nopoxaenuomy uM Koabuy R (@)
k—1

n 3amensia By na By \ U B;, MOXHO cuHuTaTbh, yTo X mpencTaBaeno
i=l\

KaK CyMMa CYETHOTO YHCJ/a MONapHO HelepeceKalo Ul H X C s U3~
MEpPHMBIX MHOXECTB, KOTOpbie MBI IMO-npexHeMy o603HauuM B,
By, ... IlpuMeHHB K m ONHCaHHYIO B NpelbiiylleM NyHKTe PO~
nenypy Je6eroBa NMpOJOJIXKEHHS, Mbl NONYYHM Mepy W, ONpeReJeH-
Hyio Ha &-xosbiie M. Ilyctb B M u IPMp— cucrema Bcex MHO-
xKects u3 M, conepxamuxcs 8 B:

Mg={C: C=M, B=C}.
Torpa Mp ecrb o-anarebpa ¢ efuuuled B (CM. ClIeACTBHE H3 TeO-
pemul 6).

PaccmoTpuM Tenepb coBoKynHocTb U MHOXecTB A, HMeOWHX
H3MepHMOe nepeceyeHre ¢ KaXanM Bi:

AnBiEﬁRBi-

Hnaue rosops, A = U osuauaer, uto A npeacTaBuMoO B BHIE
A=|J A;, re A= Mp,. (4)
i=1 .

CucremMa U mpencrasisier cob6or o-aare6py (nposepbTe!), KOTOpYio-
Mbl Ha30BeM npamol cymmol c-anre6p iUtBi. MuoxecrBa (4), co-

crapasiouye ¢-aare6py U, Mbl Ha30BeM U3MePpUMbIMU W OTPEeNnM
Mepy [i Kaxxjoro takoro A caenyiomum o6pa3oM: eciu

A=iL=Jl A, AieMy,

10
i(A)= l; u (A).

ITocko/bKy Mepa BCSKOrO MHOXKECTBA HEOTpPHLATE/bHA, CTOSUUA
3iech cnpaBa psifi CXOAHTCS K HEKOTOPOMY HEOTPHLATEJbHOMY 3Ha-
YeHHIO0 HJIH K oo,
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Teopema 7. B cdesannbix soiie npednoroxcenusx cnpaeed-
AUBbL caedyroujue YTeePHOeHUR:

1) o-aseebpa U u mepa [i we 3asUCAT OT 86i60pa cCuCTembl
Henepecexarouuxcs miocecrs B; uz M, ydosaersopsaoujux ycarosuo
oo

U B;=X;
i=l

2) mepa [ o-addurusna Ha U;

3) cosoxynnocte muomecrs A<= U, dan xoropeix fi (A) < o0, cos-
nadaer ¢ d6-koasyom M u na srom d-xoasye = u.

HdoxasaTeabctBo. 1) 3ameTuM npexne Bcero, yto A=
B TOM H TOJbKO ToM cayuae, e A(1C & M gaa moboro C = M.
JloCTaTOYHOCTh 3TOr0 YCJOBHUS SICHA, IOCKOJBKY OHO O3HAyaer,
B yacTHocTH, uT0o A1B;=M(i=1, 2,...); npoeepum ero HeoG-
xonumocTh. Ilycts A<= u C= M. TMonoxum C;=C () B;; Torna

Anc=U (4nc,.

‘Tax Kak npH BcsikoM N
N N
(June)<u(Uc)<uo

TO B cuay TeopeMmul 6 MHoxecTBO A[1C u3MepUMO.

[yctsb {B;} u {Bj} — 1Be CHCTeMbl HelePECEKAUUXCS MHOKECTB
u3s M, takue, yro UB;= UBj=X. Ecsiu A=, T0, NOCKOJBLKY
Mepa p KaxJoro MHoxkectBa u3 I HeoTpuUaTe/bHa, BHUIOJHEHE
‘PaBEHCTBA

. \Zi.u(Aan)=iZIu(AnBinB;)= };u(AnBi),

. e. onpefenss i(A4) no cucreme {B;} wan {B}}, MBI OJyYUM OIHH
M TOT e pe3yJbraT.
9) Tiyers AV, 4%, ...e%, APNAY =@, k#lu A= UA""

Torga B CHJy 0-aJVIHTHBHOCTH Meph k. Ha I
—Su@ans)= 3 w(¥n5)=
i= , k=

o oo ' £ o _
=3 (Se(®n5))=Fa(a),
k=1 \i=l k=I
-T. €. L 0-aJAUTHBHA. :

Hakonen, 3) HenocpeACTBEHHO cne}lyer U3 Teopemsl 6.

3amevanue OmHcaHHOe BHIIE pacmnpeuue NORATHA U3MepHMOCTH (¢ JO-
nyuleHueM s Mepbl GecKOHeYHHIX . 3HaYeHHH) BO3MOXHO M 6e3 NpeAnoJokeHus
0-KOHEYHOCTH MCXOAHOH Mephl, HanpUMep, 1O CJeAyWOLleld CxeMe,
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[Tycts X — HekoTOpoe npocTpaHcTBO H I — Kakoe-TO 8-KOJIbIO €ro Moj-
MHOXecTB. MHOXecTBO A < X HA3HBAETCT USMEPUMBIM OTHOCuTEAbHO M, ecaw
ANB e M pas moboro B = IMM. Herpyano nposeputs, uto cucrema U H3MepH-
MBIX OTHOCHTEJILHO Y "MHOXKECTB-€CTb o-aiarebpa ¢ eaunuueii X, NpHuYeM, e€can:
camMo MM ecTb o-aare6pa c¢ ToOH ke enHHHned X, To U =M.

[Tycth Temeps B X 3amaHa HekOTopas GO-aJJHTHBHAs Mepa W, KOTOPYIO MH
B CHAY I. 2 MOXeM CUHTaTh YXKe TpPOJOJ/IKeHHOH HAa HekoTopoe O-xoJbio M w
nycTh U — cOBOKYIHOCTh H3MEPHMbIX OTHOCHTeNbHO IR MHOXecTB H3 X. Muoxe-
cTBo A = 9 HaswBaeTcsl Hyae-muomecT8om, ecnn p (A(YB)=0 pas aoboro
B = M. Teneps na A onpenenseTcs Mepa ji (NpHHHMalOIas, BOOGILE FOBOPH, .
6eckoneunble 3HaueHHs) clelylomum o6pasom: ecad anad panHoro A = ¥ cyme-
cTByeT Takoe B =M, uto ANB ecTb HYJIb-MHOXKeCTBO, TO ToOJaraem

i (4) = (B).
Jl1st Bcex OCTalbHBIX A = U nonaraem
i (4) = oo,

HeTpynno npoBepuTh, uTO Mepa [ C-aiiuTHBHA H Ha O-koabue M — A cosna-
naeT ¢ W. )

4. Npoponxenne mepu no Xoppany. Paccmatpusas B § 2 3Toft raasnt Mepul,
YIOBJETBOPSAIIIKE JHIUb YCJIOBHIO aNJHTHEHOCTH, Mbl MOKasaJH, UYTO Kaxjas
Takas Mepa m MoOXeT ObTb TNPOROJKeHAa ¢ MHoJayKoablla &, Ha MHHHMaJAbHOE
koabno N (Sm), nopoxieHHoe 3THM MOJYKOJbLOM. OJHAKO BO3MOXKHO H pac-
NpOCTPaHEHHe Mepbl Ha HEKOTOpoe Koubllo, Gosee obwwupHoe, ueM R(Sm). Coot-
BETCTBYIOLIEE NMOCTPOEHHE Ha3bBaeTCsl npodoascenuem mepst no )Xopdany'y. Upes
3TOr0 NOCTPOEHMsl, TPHMEHSBILErocs B Psjle YaCTHLIX cJ1ydyaeB elle MaTeMaTUKaMy
JpeBueli I'penn, COCTOHT B NDPHOJHIKEHHH «H3MepseMOTrO» MHoOXecTBa A MHO--
xecTBaMu' A’ 1 A”, KOTOPHIM Mepa yxe TPHNHCAHA, H3HYTPH M CHapYXKH, T. €.

TaK, uTo
AcAc A

Ilycts m ~— Mepa, 3anaHHas Ha HEKOTOPOM KoJblie R.

Onpenenenue 5 ByneMm naswBaTh MHOXecCTBO A usmepumoim no Xop-
dany, -ecin npu mo6om e > 0 B Koabue R umeroTcs muoxectsa A” u A”, yno-
BJIETBOPSIOLINE YCIOBUSIM

, A’C_A c A", m(A”\ A)<e.

CrpaBenJHBO CJEAYIOIEE YTBEPKIEHHE,

Teopema 8. Cucrema R* usmepumoix no Xopdany mroxecrs ssasercs
KObYOM.

ITycTb ¥ — cucTema TakHX MHOXECTB A, A/ KOTOPHIX CYIUECTBYET MHOMXeE-
ctBo B D A u3 R. IOas awo6oro A 13 R noaoxum, no onpejeseHuio,

(A)= inf m (B),
Bo A

u
p(A) = sup m (B).
) - Bc A
Dynxuus i (A) u p (A) HAa3BEIBANOTCA COOTBETCTBEHHO «BHEIIHEH> M BHYTpPEH-
Heif». KOPLAHOBOH MepOl MHOXecTBa A.
QOueBHOHO, UYTO BCETnAa
: B (A< (A).

. Teopema 9. Koasyo R* coenadaer ¢ cucremoli tex muomecrs A< %,
dan roroporx p (A)=p(A). . . _
Oas MuoxecTs 3 ¥ HMEIOT MeCTO cleAyIOIHe TEOPEMHI:

1) Kamunan JKopnan, (ppaHIY3CKHA MaTeMaTHK (1838;1922).



280 MEPA. UBMEPUMBIE OYHKUMHA, WHTEIPAN frra. v

Teopewma 10. Ecau A U Ag, 0 H(A)<ZP(AI¢)
Teopewma 1. Ecau Agc:A(k—l 2.....n) u A;nA1=® 70

B> 3 pa)

k=l
OnpenensM Tenepb GpyHKUHIO B Ha o6JacTH
S, =x
xax ofujee 3HayeHHe BHelHed H BHYTPeHHel Meph:
1 (A)=p (A) =i (4).
Hs Teopem 10 u Il u H3 Toro owesHsHOro ob6cToATeNbCTBE, 4TO AN A= N
i (A)=p(A)=m(A)

‘BHTEKaeT cle/yloulee yTBep KACHHE:
Teopewma 12. dyukyua n(A) nasanerca mepod u npodorxenuem Mepoi m.
HsnoxeHHOe NOCTPOeHHe NPHMEHHMO K J1000ft Mepe m, onpeaeeHHOA Ha

woabue. B 4acTHOCTH, €ro MOXKHO NPHMEHHTb K MHOXECTBaM Ha NAOcKOCTH. Ilpu

'STOM 32 HCXO[HOE KOJbLO NPUHHMAETCs. COBOKYMHOCTb 3JeMEHTapHHX MHOXKECTB

(T. €. KOHEYHHX CYMM NPHMOYTOJbLHHKOB). KOJbLO 3/IeMEHTapHBIX MHOMXECTB 3a-

BHCHT, OYEBHIHO, OT BbIOOPA CHCTEMB! KOODAHHAT Ha MJOCKOCTH (GepyTcs mpsamo-

YrOJILHMKH €O CTODOHAMH, Napassie/bHbMu OCsM koopauHat). [IpH nepexome

Kk njockofi Mepe )KopllaHa »Ta 3aBHCHMOCTb OTF BHEOpAa CHCTEMBI KOODHHHAT HC-

ye3aeT: OTNPABAAACH OT /MI0GOA CHCTEMH KOOpAMHAT {%\, %2}, cBs3anHOA ¢ mepBO-

Ha4yaabHO# cHCTeMOit {x|, X3} OPTOroOHa/bHLUM Npeo6Gpa3oBaHHEM

Xj=cosa-xy;+sina-x, + ay,
Xy=—sina-.x; 4 cosa- xy + a,,

‘MH NONYYHM OAHY H Ty Xe mepy JKopmaxa. DTOT (aKT BuITeKaeT H3 ciegyioulef
06iledl TeopeMHl.

TeopeMa 13. Jaa roz0 urobet sopdanosst npodorxenus By = j(my) u
Ly = j(my) mep m; u my, onpederennvix Ha gKoavyax R, u M, cosnadaru, neob-
X00UMO U BOCTATGHUHO BHINOAHEHUA YCAOBUL:

‘:Rl c@u’, m, (A)=p,2(A) Ha iﬁl.
mzc@m, m2(A)=ul (A) Ha SRT

Ecnn ucxosHas Mepa m onpefiesieHa He Ha KoJblie, a Ha noaykosasue S, 10
e KODAaHOBBIM NpPOJOJIKEHHEM eCTeCTBEHHO Ha3RaTb Mepy

j(m)=j(r(m)),

ToAyYalouylocs B pe3yJbTaTe NPOAOMKeHHA m Ha Koabo N (Sm) u panvuedfimerc
nipoposukeHns no YKoprany.

5. Oauo3naynocts nposo/Kenus Mepol. Ecau Miuokectso A uamepumo mno
JKopaany OTHOCHTE/IbHO Mephl W, T. €. NPHHANACKHT RNt = R*(Sn), T0 Ana a0-
6ol MepH {i, mpojosKawoWed m u onpeaeneHHofi Ha N*, 3Hauenme p.(A) coBna-
naet co 3HauyenueM J(A) KODHAHOBZ NPOLONKEHHA I-—](m) MoxHO noka-
3aTb, YTO NPOAOJKeilHe MEPH M 3a npelenbi CHCTeMbl R* M10MKeCTB, HIMEPHMUIK
ro JKopaaHy, He OyAerT oAHO3HauHO. DBosee TOYHO 3TO 3HauWT caenytoulee. Ha-
30BeM MHOMXECTBO A MHOKECTBOM ONHO3HaUYHOCTH NIA MEePH m, ecin:

1) cymecTByeT Mepa, ABJAAIOMIAACA NPOAOJNIKEHHEM MePH m, onpefeneHHas
AN MHOXecTBa A;
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2) ansa mOOLIX ABYX TaKOro pPona Mep j4; H i
Bi (A) =p, (A).

ViMeer MecTo TeopeMa: cucTeMa MHONECT8 OOHO3HAYNOCTU OAR Mepvt m cO6-
naduer ¢ cucremotl MHONeCTS, usmepumvix no Jopdany OTHOCUTEAbHO Mepbr m,
T. e. ¢ Koavyjom R*.

OnHaKo ec/iH pacCMaTPHBATb TONLKO G-aJJHTHBHHE MEPH H HX NPOAOIKEHH:
(O-aAHTHBHBIE), TO CHCTEMAa MHOXECTB OAHO3HAaYHOCTH Oyaer, BooGlle FoOBOpSI,
ofwmupHee.

Tak Kak HMEHHO CJyyaH G-aJlANTHBHHIX Mep HanOoJsee BaxKeH, TO BBedeM
crenyoliee onpeesieHne.

Onpenenernne 6. MHOXecTBO A HA3LIBACTC MHONECTEOM OC-00HO3HAY~
HOCTU IAS G-aJIHTHBHOA MepHl m, ecilH:

1) cyutecTByeT G-aAJHTHBHOE NPOAOJIKEHHe A MepH m, onpefefieRHoe Anaa A.
(T. e. Taxoe, uTo A & €,);

2) DA BCAKMR JABYX TaKHX O-afA/AHTHBHHIX NpPOJOJKEHHH A; M Ag cmpaBej-
JIMBO PaBEHCTBO

Ay (A) = A, (A).

Ecan A ecTb MHOXECTBO O-ONHO3HaYHOCTH AN G-aAAHTHBHOH Me[H W, TO B CHAY
Haulero oONpefesieHHsl CYILECTBYeT eAMHCTBEHHO BO3MOXHOe 3HaveHue A(A) ans
A1060r0 G-aAAHTHBHOTO RPOAOJIKEHHS MepH M, OnpelefeHHOro Ha A.

Jlerko BHAeTb, YTO Kaxjoe MHOXecTBO A, naMepumoe no )Koppany, usme-
puMo H no JleGery (Ho He HaoGopoT! BpHBENHTE NPHMEp), NpHUYEM €rO KOpAa-
HOBa H neberoBa Mepn OfHHAKOBH. OTCIOfa HENOCPEACTBEHHO BHITEKAET, YTO
JKOPAAHOBO MPOAO/KEHHE G-aAAHTHBHOA MepPH O-alAHTHBHO.

Kaxnoe MHOMecTBO A, naMepuMoe no JleGery, aBasieTcss MHOXECTBOM O-Of-
HO3HAYHOCTH QJIA HCXOAHOA Mepm m. Ie#ictBuTenbro, npu JicGom e >0 nas
A cymectByer Takoe B e R, uto u* (A A B) < &. KakoBo 6u uu 6nao onpe-
JAenennoe A A npolosxKexde A Mepw m,

A(B)=m"(B),
Tak Kak npojomkenue m’ Mepet m Ha R =R (S,,) ongnosHauno. Hanee,
AMALABYKp (AAB)<e
|A(A) — m’' (B)] <.

H, CJIeA0BaTEeJAbHO,

Takum oGpasoM, ansa J0OHX ABYX G-aAAHTHBHHX DPOAOJIKEHHA Ay H Ay MepH me
HMeeM
121 (A4) — A;(A) | < 2,
OTKyJla B CH1Y NPOH3BOMBHOCTH &€ > 0
A (A)y=2, (A).

MoxXHO TNOKa3aTb, YTO CHCTEMa MHOMeECTB, H3MepHMHX mno JleGery, HcuepnuBaer
BCIO CHCTEMY MHOXECTB G-OJHO3HAYHOCTH AJsI HCXOAHOA Mepm m.

TlycTb m — HEKOTOpas O-aANMTHBHAaA Mepa ¢ 06JacThi0 onpeleieHHs & n

M = L(©) — obnactb onpefienenns ee aeGeroBa npoponkenus. Jierko yGequTbes
B TOM, YTO, KaKoBO O HH 6bisio noaykosbno &), yAOBNETBOPAIOLIEE YCAOBHIO

S M,
L(&,)=L(€).

Bceraa
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§ 4. H3mepumMbie GYHKUHH

1. Onpepenerne H OCHOBHbIE CBONCTBA M3MEPHMBIX yHKuHil,
Tlycte X u Y — aBa NPOM3BOJIBHEIX MHOXKECTBA H NYCTb B HHX BHI-
JeJleHbl Be CHCTeMbl MOAMHOXKeCcTB @x.u ©y cOoOTBeTCTBEHHO. AG-.
cTpakTHas Qyukuus y = f(x) ¢ obsactbio onpenenenusa X, TPHHA-
aMalolas 3HaueHHs Ha Y, HasblBaercsi (©x, &y)- -uamepumodll, ecan
u3 A < &y Beitekaer, uto [1(A)= ©x.

Hanpumep, ecan u 3a X u 3a Y B3aTh 4HCJIOBYIO NpsMyio (T. e.
paccMaTpuBaTh JeNCTBHTENIbHble (YHKIHH NeACTBHTEJbHOrO Mepe-:
MeHHOTO), a 3a ©x n ©y B3ATH CHCTEMy BCeX OTKPHITBIX (WJIH
‘BCEX 3aMKHYTBIX) MOAMHOXecTB H3 R!, To chopmyaupoBaiHoe onpe-
JejeHHe HM3MEPHMOCTH CBeleTCs K OlpeleseHHIO HelpephBHOCTH.
B3siB 3a ©x u &y cucTeMy BCceX OOpeseBCKHX MHOMKECTB, Mbl MpH-
JeM K TaK Ha3biBaeMbIM B-usmepumoim (niaum udmepumoim no bo-
pear) yHKUHAM.

B nanbnefimem Mb GyfieM HHTEPECOBAThCS MOHATHEM H3MEPHMO-
CTH TJaBHBIM 06pPa3oM C TOYKH 3PEHHS TEODHH HHTerpHPOBAHHA.
B 3ToM maHe OCHOBHOe 3HAUeHHEe HMeeT NOHSITHE H3MEPHMOCTH
9HCI0BBIX (DYHKIMH, ONpelNeleHHBIX HAa HEKOTOPOM MHOXecCTBe X,
C 3aJlaHHON Ha HeM o-aAAuTHBHOH Mepoil w. Ilpu 3ToM 3a ©x mpu-
HHMaeTcsl COBOKYIHOCTh ©, BCeX H3MEpPHMBIX OTHOCHTEJNBHO W MHO-
XKecTB U3 X, a 3a ©y — COBOKYNHOCTb BCeX B-MHOXKeCTB Ha NPsSMOA.
[TockonbKy ‘BCsKasi o-aiJJUTHBHAST Mepa MOmeT ObITb NPOAOJKeHa
Ha HEKOTOPYIO C-ajrefpy, eCTECTBEHHO ¢ CAMOTO HayaJja CYHTATb,
ato ©, ectb g-aare6pa. TakuMm oGpasoM, AJs YHCAOBBIX (PYyHKIHH
MBbl IPUXOAUM K CJIelylollleMy ONpeje/eHHI0 H3MEePUMOCTH

Onpeneaenune 1. Ilycte X — MHOXKeCTBO, B KOTOPOM 3ajfaHa
c-ajJNTHBHAs Mepa p, onpeleseHHast Ha o-ajirebpe ©,. [eiicTBu-
TeabHast GyHKuus f(x) na X HasbiBaeTcs p-udmepumot, ecau A
BCIKOro 60pesIeBCKOro MHOXKecTBa A YHCJIOBOH MpPSIMOH

(A =6,

Anasoruuno, KomMmiaekcHas QyHKUus @(X), onpejnejeHHas Ha X,
HasblBaeTca p-uamepumodl, ecau ¢~ (A)= &, nas Besikoro 6opeses-
CKOTO MOJMHOXKECTBA KOMIJIEKCHON MNJIOCKOCTH. JIErKO NpOBEpHTS,
YTO' 5TO PABHOCHJIBHO W-H3MEPHMOCTH JNEeHCTBUTEJIbHON M MHHMOH
gacreil 370N QYHKIHH O OTAEJbHOCTH. ‘

UucmoBas GyHKuMs, 3afaHHadA HA.NPSAMOH, Ha3bIBaETCsA 6ope/ze3-
ckoti (uan B-usmepumoidl), ecau npoobpas Kaxaoro 6ope.nechor0A
MHOMECTBA €CTb GOpeJIeBCKOe MHOXECTBO.

Teopewma 1. [Tycto X, Y u Z —npoussorbrole mHoxmecTsa ¢’
avi0eneHoiMu 8 Hux cuctemamu nodmnoxcecre ©x, Sy u ©z coor-
BeTcTBeHHO U nycTo onpedeaennas ha X yuryus y==f(x),
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(&x, ©y)-usmepuma, a onpedesennas na Y @pynrkyus z = g(y)
(©y, ©z)-usmepuma. Toeda pynkyus

z2=qx)=g(f(x)

(©y, ©;)-usmepinma.

KopoTko: usamepumasn Gynkyus OT u3mepumoi GyHKyuu ecTo
uU3MepUMAR PYHKYUA.

Hoxkasateabctso. Ecin A= €4, 10 B cuay (Ey, S,)-nsme-
pumoctd GyHKuuH g umeeM; g~!(A)=B<&y,. B croo ouepesb
B cuny (S, Sy)-uamepumocTn dyHKUEH | MHORecTBO [ ' (B) mpu-
napiexut Sy, 1. e. [ (g7 () =07 (A) =Gy, 1. e. DyHKUHA @
Sy, ©)-usmepuma.

Cnencrsue. boperesckan Qynkyua OT p-usmepumoti 4ucio-
soi pynryuu pn-usmepuma. B wactrhoctu, Henpepoisran gynxyus or
W-U3MepUMOL n-U3Mepuma.

B nasbHellleM, B cayuasix, Korla 3TO He MOXeT BhI3BaTb HeJ0-
pasyMeHHsl, Mbl BMECTO <«U-H3MEPHMOCTH» OyleM NHCaTh NPOCTO
«H3MEPUMOCTbY.

Teopema 2. Iaa 1020 4T006r OelicTéurervran gyukyus f(x)
6oiaa usmepuma, Heobxodumo u docrarouno, 4robel npu swbom detl-
cT8UTEAbHOM ¢ MHOJCeCTB0 {x:f(x) < ¢} bbLr0o usmepumo.

JdoxkaszaTteabcTso. Heo6X0NHMOCTb YC/IOBHS SICHA, TAK Kak
noaynpsimasi (—oo, ¢) ecTb 0opejeBCKOe MHOXecTBO. [/is1 moKasa-
TeJbCTBA AOCTATOYHOCTH 3aME€THM TNpeXJe BCero, uto o-ajreépa,
NOpPOXKIEHHAs] CHCTEMOH X BCeX NOJYNpAMBIX (—oo,¢) coBmajaer
¢ o-anrebpoil Bcex OopeseBCKMX MHOXKecTB Ha npamol. Ho, co-
raacHo m. 5 § 5 ra. 1 orciona cnenyer, uto npoo6Gpa3s kKaxjaoro 60-
PEJEeBCKOTO MHOXeCTBa IpHHAJJIEXUT O-anreGpe, IOPOXKIEHHON
npoo6pasaMy MOJYHPSAMbBIX, IPUHALIEXKAIUX 2, T. €. H3MEPHM.

Jloka3aHHOe yCJIOBHe 4acTO NMPUHUMAIOT 3a ONpefiesieHHe H3Me-
PHMOCTH, T. €. Ha3biBalOT QYHKUHIO f(X) U3MepUMOH, ecin Bce MHO-
xkectBa {x:f(x) << ¢} usmepumsl.

2. NeiicrBus Hap uaMepumbiMu GyHkuusmu. Ilokaxem, 4To co-
BOKYIIHOCTb H3MePUMEIX (YHKUMH, 3aflaHHBIX HAa HEKOTOPOM MHO-
XKeCTBe, 3aMKHYTa OTHOCHTEJbHO apH(pMeTHYeCKHX ollepalui.

Teopewma 3. Cymma, pasnocTs u npousgederue dsyx usmepu-
moix pynkyuli usmepumol. Hacrnoe 0syx usmepumolx pynkyull, npu
Ycao8uw, HTO 3HAMEHATEAb He 00paU,aeTCa 8 HYAb, TONE UMEPUMO.

JdokKazaTenbCcTBO 3TOH TeOpPeMbl NPOBENEM B HECKOJBKO
11arOB.

1) Ecau f uamepuma, 10, 0O4eBHAHO, H3MepUMbl U GYHKuMu kf u
a + [ npu J0GLIX NOCTOSIHHLIX £k K a.

2) Ianee, ecau f 1 § — u3MepuMbie GYHKIHH, TO MHOXKECTBO

{x:f(x)> g ()}
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H3MepuMo. HeficTBuTeNbHO,

10> 2@ = (= 10> rd N g <1

The cymMa GepeTcsi O BCeM PalHOHAJbLHLIM YHCJIAM Iy, 3aHYMepo-
BaHHHIM B J060M nopsake. OTciona nosyyaem, 4To

{e: f(x)>a—g)}={x f(x) +gx)>a}

"H3MEPHMO, T. €. CYMMa H3MePHMBbIX (PYHKUHA U3MepUMa.

3) U3 1) u 2) caenyer H3MepUMOCTb Pa3HOCTH f — g.

4) IlpousBenenue uaMepumbix ¢yHkuuit uaMepumo. HeiicTeu-
“TeJIbHO, BOCHOJIb3YeMCSl TOX/ECTBOM

fg=~+1( + 27— (F — g”l.

‘Crosilllee cripaBa BblpaMeHHe ecTb M3MepuMas (yHKuus. STo BhHi-
-TeKaeT u3 1)—3) u caeacTBHs M3 TeopeMH |, B CHJIy KOTOpOro
KBaJApaT H3MepHMOH QYHKUHH H3IMEpPHM.

5) Ecau f(x) uamepuma u f(x) 5= 0, 1o u 1/f(x) namepuma. [eh-
CTBHTEJbHO, ecju ¢ > 0, To

{x: 1f (x) <c}={x: f(x) > 1/c}U {x: [ (x) <O},
ecau ¢ << 0, To
(e 1f (1) < e} ={x: 0> f(x) > 1/c),
aecaun ¢ =0, To
{x: 1f(x) <c}={x: f(x) <c}.
Kaxnbifi pas cipaBa Mbl nojiyyaeM H3MepHMoe MHOXecTBo. U3

g{{:; (npu ycnoBun g(x) =

4) u 5) cienyeT H3MepHMOCTb YaCTHOrO

#*0). ,
Hrtak, Mb mokasaau, 4To apHdMeTHYeCKHe NeACTBHS HaJ H3Me-
PUMBIMUH QYHKUHSMH CHOBA NPHBOAAT K M3MEPHMHIM (QYHKIHSAM.
ITokaxem Temepb, UTO COBOKYNHOCTb H3MepHMBIX (YHKUHI 3aM-
KHYTa MO OTHOIUEHHIO 'He TOJBKO K apHGMETHUECKHMM Omepauusm,
'HO M K OIlepallHy{ [pefeJbHOro Nepexosa.
TeopeMa 4. [Ipedea cxodawelica npu kamdom x < X nocae-
.008aTEAbHOCTU U3MEPUMbLX DYHKYUL usMepum.
Hoxasateanctno. Ilyers fa{x)—>f(x); Torna

{x: f(x) <c) =L.J U ...O,. (x: fum(x) < c— 1/R}. )

JNefcTBuTebHO, ecau f(x)<<e¢, TO CcyllecTByeT Takoe R, uTo
f(x) << c—2/k; nanee, npu 3TOM £ MOXHO HafiTH cTOJb GoJibLIOE n,
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YT1O npu m 2 n BHITIOJIHEHO HEpaBEHCTBO
fm(x) < c— l/kv

2 3TO H 03HAYaeT, 4YTO X BO#JeT B NpaBylo yacTb (1).
OGpaTHo, ecqin x NMpHHAIJEXHT NpaBoH yacTH paseHcTBa (1),
TO CyLIeCTBYET TaKoe R, 4TO IPH BCeX A0CTATOYHO GO/bIIKX. M

fm(x) <C_— l/kr

Ho toraa f(x)<< ¢, T. e. x BXOJHT B JIEBYIO 4acTb paBeHcTBa (1).
Ecan dyukuun f,(x) uaMepuMbl, TO MHOXECTBa

{x: fm (x) <c—1/k}

H3MepuMbl. Tak Kak COBOKYMHOCTb H3MEPHMBIX MHOXECTB €CTb
o-aare6pa, To B cuay (1) MHOXKecTBa

{x: f(x) <c}

TOXE H3MEePHMBbl, YTO H JA0KA3bIBaeT H3MEPHMOCTb f(X).
3ameuaHnue. Kak BHIHO H3 CKa3aHHOro, MOHATHE H3MEpPHMO-
CTH (YHKUHH He CBS3aHO C HaJlHUMEeM B pacCMaTPHBAaeMbIX MNpoO-
CTpaHCTBax Kakof-1u60 Mepol. JLOMKHBE! JIHUIb GbITh BLIAEEHBI CH-
CTeMbl MHOXECTB, Ha3blBaeMblX H3MepHMBIMH. Onnako ¢akTHUeCKH
TIOHSITHE H3MEPHUMOCTH HCNOJb3yeTcs, Kak MpaBu/o, Aas QyHKuui,
ornpe/ie/leHHBIX Ha HeKoTopoMm npoctpaHctBe X ¢ (HKCHPOBaHHOM
Mepoi, 3aJaHHOH Ha. KakKoK-n1ubo o-anrebpe ero MOAMHOXECTB.
VivMenHno 3ta cuTyauwss H OydeT pacCMaTpPHBAThCA B JaJibHefilieM.

Kak yxe 6blJO OTMedeHO, 0-aJAHTHBHYIO Mepy, OINpejesIeHHYIO
Ha o-aare6pe © NOAMHOXKECTB HEKOTOPOTrO MHOXKecTBa X, MOXKHO
6e3 orpaHuuYeHHs OGIMHOCTH CYHTATb MOJIHOH, T. €. CUHTATh, UTO
ecniy A — u3MepHMoe MHOXKECTBO Mepbl HYJb, TO BCAKOE €ro Moj-
mHoxkecTBo A’ H3aMepuMo (M, xoHeuHo, u(A’)=0). dro ycaosue
TIOJTHOTHE Mepbl Mbl BCIOAY B faJbHefilieM 6yaeM npeianoJarath Bbi-
TIOJTHEHHBIM.

3. OkBHBaNEHTHOCTb. [IpH H3yyeHHH H3IMepHMBIX QYHKUHHA YacTo
MOXHO npeHe6peub HX 3HAUEHHSIMH HA MHOXeCTBe Mepbl HYJb.
B cBs3H ¢ 3THM BO3HHKaeT CJeyiolllee OnpefieseHue.

Onpenenenune 2. Jise dyukuuy, f ¥ g, 3aaHHble HAa ONHOM
¥ TOM e H3MepHUMOM MHOXecTBe E, Ha3bIBaIOTCA 3KBUBAAEHTHOIMU
(o6o3Hauenue: f ~ g), ecnu

u{x: f(x) # g (x)} =0.

BeeneM ellle clelyiollyio TepMHHOJNOTHIO. ['OBOPAT, 4TO HEKOTO-
poe CBONCTBO BLINOJHEHO nouTy 8cto0y Ha E, ecaH OHO BHINOJIHEHO
Ha E Bciopy, xpoMe, ObITb MOXeT, TOU€K, 06pa3ylOLIHX MHOXeCTBO
rephl HyJab. TakuM o6pasoM, ABe (QYHKIHH Ha3biBAalOTCS SKBHBa-
JIEHTHBIMH, €CJIH OHH COBNAJaloT IOYTH BCIOAY.
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TeopeMma 5. Pynxyus f(x), onpedesennas na nHexoropom u3-
Mepumom muosxcectee E u 3xeusanenTHAs Ha HeMm HeKOTOpol u3me-
pumotl pynkyuu g(x), ToME UsMepuma.

HokasatenbctBo. M3 ompeneneHuss 3KBHBAJIEHTHOCTH CJie-
LyeT, 4TO MHOXeCTBa

{(x:fx)<a} n {x:g(x)<a}

MOTYT OTJIHYATbCS APYr OT APyra TOJNbKO HAa HEKOTOPOE MHOXKECTBO
Mephl HYJb, CJA€OBATENbHO (MOCKOJBKY Mepa MpeAalnoJoxeHa MoJ-
HOH), eC/IH BTOpOe H3 HUX U3MEPHMO, TO U3MEPHMO H IepBoe.

3aMeuanune. B k1accuueckoM aHajqu3e MOHSITHE SKBHBAJEHT-
HOCTH GYHKLHHA He Hrpaer CYyUeCTBEHHOH pOJIH, TaK KaK TaM B
OCHOBHOM pPacCMaTpUBAIOTCS HeNMpephiBHblE (QYHKUHH OJHOIO HJIH
HECKOJIbKHX TIepeMEeHHBIX, a AJ151 HHX 5KBHBaJEeHTHOCTb PaBHOCHJbHA
ToxaecTBeHHOCTH. TouyHee, ecid ABe OYHKUHY, [ U g, HelpepbIBHbIE
Ha HEKOTOPOM cerMeHTe E, 3KBHBaJeHTHBI (OTHOCHTENbHO Mepsl Jle-
Gera), 1o oHmM coBmagaioT. JleficTBUTeNbHO, ecau [(xo) 7= g(x0) B
KaKoH-1HGO TOYKE Xg, TO B CHJIy HENPEePHIBHOCTH [ W g Haljercs
OKDECTHOCTb TOYKH Xo, BO BCeX TOUKax Kotopoil f(x) = g(x). Mepa
TAKOH OKPECTHOCTH MOJIOXKHTEIbHA, NO3TOMY HeNpepblBHblE (QYHK-
LMH He MOTYT ObITb 3KBHBAJIEHTHbLI, €CJH OHH He COBMAAAIoT.

JJ1s MpOH3BOJILHBIX H3MepHUMBbIX (DYHKLHH SKBHBAJEHTHOCTb BO-
BCe He 03Hauaer coBnajeHus. Hanpumep, GyHKuHs HaA TIpSMOH, paB-
Hasi eMHHIEe B PAllHOHAJBHBIX TOYKAX W HYJII0 B HPpPaLHOHAJbHBIX,
3KBHBaJIeHTHa GYHKLHUH, TOXK/JECTBEHHO PaBHOH HYJIIO. _

4, CxonuMOCTb MOYTH Bcloay. [TOCKOJABKY BO MHOTrMX CJaydasx
noBejleHHe H3MePHMOH QYHKUHH Ha TOM HJH HHOM MHOXEeCTBe Mephl
HYJb M/ HAC HECYIIeCTBEHHO, Gy/leT eCTeCTBEHHO BBECTH CJeLyio-
niee 06061enne OGBIYHOTO SIOHSATHSI TIOTOUEYHOH CXOJHMOCTH.

Onpenenenune 3. Ilocnenosatenvnocts {fn(x)} oyHRUMI,
onpeje/ieHHbIX Ha HEKOTOPOM mpocTpaHcTBe X ¢ 3afaHHON Ha HeM
MepO#, Ha3blBaeTCsl cxodaujetics nouru ecrody K GyHkuuu f(x), ecan

A5 mouTH BceX x = X (T. e. MHOXeCTBO TeX TOYeK X, B KOTOPHIX
(2) He BHIMOJNHSIETCS, HMeeT MepY HYJIb).

[Tpumep. [MocnenosarenbHOCTs GYHKUHE fn(X) = (—X)™ ompe-
neJeHHbIX Ha otpeske [0, 1], mpu 7n-—>o0o0 CcXOAHTCA K QYHKUUR
f(x)= 0 noutn Bcioay (a MMeHHO, BCIOLY, KPOMe TOYKH x = 1}.

TeopeMa 4 gomyckaer cjenyiollee o60611eHHe.

Teopema 4’. Ecau nocaed0o8arenvHOCTy UBMEPUMBIY (PyYHKYULL
fn(x) cxodurca k gynkyuu f(x) nouru scrody na X, o f(x) Taxxie
usmepuma. '

Hdoxkasarteanscrno. [lycts A —To MHOXeCTBO, Ha KOTOPOM

Jim, [ (¥) =T (x).
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Mo ycnosuio, p(X N A)=0. dynkuus f(x) usmepuma na 4, a Tax
KaK Ha MHOXKECTB€ MepHl HYJb, OYEBHJHO, 13006u1e BCAKasd Q)YHKuHﬂ
u3Mepuma, 1o [(x) usmepuma Ha X \ A, ciegoBaTe]bHO, OHA M3-
MepHMa H Ha MHOXecTBe A.

Ynpaxuenue, IlycTh HOCIEAOBATeNbHOCTb H3MEPHMBIX (GYHKUHA [ (X)
CXOAHTCS TOYTH BCIOAY X HEKOTOPOH mnpenesbHOH ¢yukuuu f(x). Joxasatb, uto

MOCJIe0BATEAbHOCTb [n (X) CXOAHTCA TNOYTH BCIOAY K g(X) B TOM H TOJbLKO TOM
cayuae, e g (x) 3KkBHBaJIeHTHa f(x).

5. Teopema Eroposa. B 1911 r. JI. ®. EropoBeim Oblia AOKa-
3aHa cJjeAyiollasi BaXxKHasi TeopeMa, yCTaHaBJHBAIOLIas CBSA3b Me-
KOy TOHSATHSIMH CXOJHMMOCTH IOUTH BCIOAY H PaBHOMEPHOH CXONH-
MOCTH.

Teopema 6. [Tycre E — mHOo%MecT8O KOHeUHOU mepbl u nociae-
dosareavHocTe udmepumolx Gyuxyui fn(x) cxodurcs na E nouru
8ciody « [(x). Toeda dan arbozo & >0 cywecrsyer Taxoe usme-
pumoe mroxecrso Eg — E, uro

1) pw(Es) > p(E)—8;

2) Ha wmHosxcect8e E; nocaedosareavHocTe [n(X) cxodurcs K
f(x) pasHomepro.

HNoxkasateabcrtBo. Cornacuo teopeme 4’ ¢pyukuusa f(x) us-
mepuma. [Tomoxum

Ef= () (x| F: () — F (0 | < 1/m}.
i=n
Taxum o6pasoM, E; npu (UKCHPOBAHHBIX M H N 03HAUAET MHO-
JKEeCTBO BCEX TeX TOUEK X, IJIS KOTOPBIX

[Fi() = F) I<1l/m
npu Bcex i = n. Ilycrs
E™=\]) EI

n=l
U3 onpenesenns MHOXecTB E; sCHO, 4TO NpH (QHKCHPOBAHHOM M

FlcElc...cErxc...

B cuny Toro, uTo c-aggMTHUBHAS Mepa HelpepblBHA, AJs JI0GOro
m u ao6oro §> 0 nafizeTcst Takoe fo(m), 4TO

- w(E™ N\ Enm) < 8/2",
OJIOZKUM

m
Ey= ﬂ Eno(m)v
m=1

H TOKaXeM, YTO TaK NOCTpoeHHoe E, ymoBieTBOpsieT TpeGoBaHHUSAM
TEOpEMBI.
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JlokaxeM cHauanaa, uto Ha E, nocaemoBaTtenbHoctb {fi(x)} cxo-
AWTCS paBHOMepHO K GyHKIMHU f(x). DTo cpasy BhITeKaeT H3 TOroO,
4T0 eca x e E,, To aas moboro m

[fi(x)—f(x)| < l/m npu i> ng(m).

Onenum Tenepb Mepy MHoxecTBa E '\ E,. [Ina 3toro saameTum, uro
npu BcakoM m uMeeM p(ENEM)=0. [lelicTBUTENbHO, €CIH Xy &
= EN E™ 10 CyWeCTBYIOT CKOJMb YroiHo OGoJbliHe 3HAYEHHs I,

IPU KOTOPHIX
| i (x0) — [ (x0) | = 1/m,

T. €. IOCJAeN0BaTeAbHOCTb {fn(X)} B Touke x; He cxomutcs K f(x).
Tak kak, no ycaoBuwo, {fn(x)} cxonutcs x f(x) noutu BClOLY, TO

uw(EN\ E™=0.
Orciofa caefyeT, 4TO

w(ENEnm)=np(E"\ Enm) <8/2™.

TMosTomMy
H(E\E6)=1L(E\ ﬂ E’r:(m))=”( U (E\E:\(m)))<
m==1 m=|
oo oo 6
< Z n(EN Epm) < Z o = 0.
m=I m=1

TeopeMa noka3aHa.

6. CxonumocTb Nno Mepe.

Onpenenenue 4. 'oBopAT, 4TO NOCJAEIOBATENbHOCTb H3MEDH-
MbIX QYHKUHE fn(X) cxodurca no mepe K GyHkuuu f(x), ecau aas

aio6oro ¢ >0
li+m pix: [ fo(x)—F(x)| =0} =0.

Huxecnenyioue TeopeMbl 7 U 8 yCTaHABJAHBAIOT CBA3b MEXIY
NOHATHSAMU CXOIMMOCTH MOYTH BCIOLY H CXOAMMOCTH mo Mepe. Kak
M B npelbiAyuleM NyHKTe paccMaTpHBaemas Mepa NpeanoJaraercs
KOHeyHOH.

Teopema 7. Ecau nocaedosaTeabHOCTy uamepumvix Gynxyud
{fn(x)} cxodurca nouru ecrody K Hekoropou ¢ynkyuu f(x), T0 oHa
cxodurca k Toll ae camotl npedeasvHoti pynxyuu f(x) no mepe.

HokasarteabctBo. M3 Teopemn 4’ cremyer, yto npenenb-
naa ¢yuxuus f(x) uamepnma. [Tyctb A —T0 MHOXecTBO (MepHl
HYJb), Ha KOTOPOM fn(x) He cTpemsites K f(x). [Iycts, nanee,

Ey(o)={x:1fr(x)—F(x) 1=},

Re@= B0, M=) R0

n=
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SlcHO, UTO BCE 3TH MHOXKECTBA H3MepHUMHI. Tak Kak
R (0) D Ry(0)D ...,
TO B CHJY CBOHCTBA HeNpepbiBHOCTH Mepbl
B (R, (o) —> u (M) npu n— oo,

HpOBepuM Tenepb 4TO Med o
JleficTBHTENBHO, €CAH Xo & A, T. e. ecnH '

lim f, (x0) = f (xo),

n-»oo - -

TO AJs fAaHHOro o >0 HaRjercsa Takoe 7, 4TO
, [falxo) — flx0) | <o, mpu k=n,
T. €. xoqéRn(a) H, TeM Gonee, Xoet M.
Ho n(A)=0, u nosromy u3 (3) BuTekaer, uro p(M)=0, u,
CJ1elOBaTENbHO,
w(Rn(0)y—>0 mpu n—>o0;
taK Kak En(0) © R, (0), To TeopeMa noKasaHa.
- Herpynno y6enutbCsl, 4TO M3 CXOLHMOCTH TOCJEA0BATEIbHOCTH
¢yHkuui 1o Mepe, BoOOIle [OBOPS, He CJHEAYeT ee CXOAMMOCTb
nouTtH Bcoay. JleAcTBHTENbHO, ONpeleNHM MJs KaXX[A0ro HaTypaJb-
HOro k Ha moayuHTtepBate (0, 1] pynxuun
o g i
k

y ooy

caenylollHM o6pasoMm:

, v
@ 1 npu < <5,
fi” (x) =
0 npu OCTaJdbHLIX 3HAUEHHAX X.

3anyMepoBaB BCe 3TH (QYHKIUH NOAPSA, Mbl MOJTYUHM IOCAELO0-
BaTeJbHOCTb, KOTOpas, KakK JErkKko NnpoBepHTb, CXOAHTCH 110 Mepé
K HYJIO, HO B TO Xe BpeMsl He CXOJMTCSl HH B OJHOH TOuKe (JOKa-
XHTe 3T0!). ;

Ynpamuenue IlycTs nociefoBaTeNbHOCTb H3MepHMBbIX Qynxunit {f.(x)}
CXOMHTCH MO Mepe K HeKOTOpOR rpemensHol QyHkuHH f(x). Jloka3aTe, uto mocue-
J0BaTeNbHOCTD {fa (¥)} 6yZeT cXomLuThCs No Mepe K GyHKUHH g(¥) B TOM H TOJbKO
B TOM CJyvae, ecan g(x) 9KBHBAJIEHTHA f(x).

XoTsl np¥BeNeHHbIl BbIlE npuMep NoKa3blBaeT, YTO TeopeMa 7
He MoXeT ObiTb OGpallleHa B NMOJHOM Mepe, TeM He MeHee ClpaBejl-
JHBa CJAeAylolllass TeopeMa:

TeopeMma 8. [Tycte nocaedosareabHOCTy usmepumoLx d;yrmquu
{fn(x)} cxodurca no mepe & [(x). Toeda us 3tTod nocaedosarerbro-
CTU MOXCHO 8bl6paTb NOONOCAEO08ATEALHOCTD {fn % (x)} cx00aUYyIoca

K f(x) nouru sciody.
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HNokasatenbctBo. [lycts e, e, ...— HekoTOpas mocnaeno-
BATeJbHOCTb MMOJIOXKHTEJbHBIX YHCeJ, CTPeMALIHXCA K HYJIIO,

lim e, =0,
n-»oo

H NYCThb MOJIOXKHTEJNbHbIE YHCAA N1, M2, «++5 Nn, ... TAKOBBI, 4TO PAA
m+mnt...
cxonutes. Iloctpoum mocjienoBaTeIbHOCTL HHAEKCOB
n<n<...
cJaeayiolluM o6pa3oM: BeiGepeM 7| Tak, YTOOHI
p{x () —F ) I=e} <m

(Taxoe n, o6s13aTeNbHO CyLIECTBYeT); fajiee BolGepeM ng > f; Tak,
4T7006H!

p{cifn@E)—Ffx1=e} <.
Boo6uue, BbiGepeM Ny > Ny TaK, 4TOGH
p{x: |Fap () = f(0)| =8} < e

ITokaxeM, 4TO NOCTPOEHHAA I0C/eL0BaTeJbHOCTD CXOAHTCA K
f(x) noutu Bcroay. Jel#cTBHTENBHO, MYCTh

o

Ri=U (& |In, () —F(0)| > e}, Q=[] R

i=l
Tax xak
RIDRyDR3D...DR,D...,

TO B CHJY HelnpepuIBHOCTH Mepnl u(R;) - n(Q).

C npyro#t CTOpOHBI, ACHO, 4TO u(R;)<kZi Ne, OTKyAa u(R:)—>

~>0 npu i—>o00, T. e. n(Q)=0. Ocraercs NpoBepHTb, YTO BO BCEX
tToukax MHoxecTBa E \\ Q uMeeT MeCTo CXOZHMOCTb

frg () = [ (x).

Ilycts o= E\\ Q. Torpa uahiaercsi Takoe ip, 4T0 Xo&& R;. 31O
O3HauaeT, UTO JJIs1 BCeX R == [

X & {x: Ifnk(x)—f(x)|>8k}.

| Frg (x0) — [ (x0) | < e
Taxk Kak, 1o ycJjaosuio, &, —>0, To

1im fr (50) = F (50

T. €.

Teopema noxasaua.
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7. Teopema JlyanHa. C-cBoiictBo. Onpenesenne HIMepHMOA (YHKIHH, NaHHOE
B caMOM Hauaje 3TOro naparpaga, OTHOCHTCS K (YHKIHSM Ha NPOH3BOJBHBIX
MHOXKeCTBaX M B oOlleM ciayyae HHKaK He CBS3aHO ¢ MOHATHEM HeIpepHBHOM
¢ynkunn. OfiHako, ecd peyb HAeT O QYHKIHAX Ha OTpe3Ke, TO HMeeT MeCTO CJe-
Lylomas BaXKHasi TeopeMa, ycTaHoBjenHas B 1913 r. H. H. JlyauHbim.

Teopema 9. [laa 1020 4Tobbi Pynxyus [(x), 3adannas na orpesxe la, b,
6oira usmepuma, Heo6x00uMO u GOCTATO4HO, 4TObbLL Oas a06020 € > 0 cyujecTso-
8aaa Taxas nenpepvienan Ha [a, b] pynxyus @(x), uro

pix: f(x) % @(x)} <e.

Hnaue roBopsi, H3MepHMasi (YHKLHS MOXeT OHTb CA€/MaHA HENPepHBHORA Ha
[a, b] nyTeM ee H3MEHEHHS Ha MHOXXeCTBe CKOJb YTOXHO Manoi MepH. I1po ¢pyHk-
M0 Ha OTpe3Ke, KOTOpas MOXeT OWTb cleslaHa HenpephLBHOA ¢ MOMOIULIO TaKOH
«Manoii jnedopMaunH», TOBOPAT, UTO OHa o6aafaer C-ceodcréom (TepMHH
H. H. Jlysmna). Kak nokaswiBaer TeopeMa JIy3HHa, njs QYHKUHA WYHCJIOBOro
aprymenTa C-CBOACTBO MOXHO [OJNOXHUTb B OCHOBY CaMOro ONpeNeJeHHs H3MepH-
MocTH. JlOKa3aTenscTBO TeopeMn JIy3HHa MOXHO IOJYYHTb, BOCMOJbL30BaBLIHCh
Teopemoii EropoBa (nposexmuTte 310 AOKa3aTesbcTBO!).

VYnpaxHeHHe JokasaTb, 4T0 eciH A — H3MEpPHMOE MHOXECTBO Ha OT-
peske [a, b], To mna mo6oro & > 0 HafAyTcA TaKoe OTKpHTOe MHOXKecTBOo G D A
B Takoe 3aMKHYToe MHOXecTBO F < A, uto p(G\ A)y<e n p(A\ F)<e

§ 5. Harerpaa Jle6era

TouaTne wuuterpasa PuMana, u3BeCTHOe H3 3JIeMEHTapHOrO
Kypca aHaJ/H3a, MPHMEHHMO JIHIUb K TAaKHM (QYHKUHSAM, KOTOpble
HJIY HEMpephIBHBL HJIH HUMEIOT «He CJHIIKOM MHOrCO» TOUEK pa3pbiBa.
J1 u3MepHMBIX (QYHKLHH, KOTOpPble MOryT GbiTb Pa3pbIBHBI BCIOOY,
rje OHH omnpejeseHn (HJH XXe BooOlle MOryT ObiTb 3afaHbl HA a6-
CTPAKTHOM MHOXKECTBe, TaK YTO %I HHX IOHSATHE HENPepLIBHOCTH
NpPOCTO HE HMeeT CMbIC/a), PHMaHOBCKasi KOHCTPYKIHS HHTerpasa
CTAHOBUTCS HeNpHroJHOH. Bmecre ¢ TeM 1451 TakuX ¢YHKUHHA
UMeeTCs BeCbMa COBepleHHOe ¥ IHGKoe MOHsSITHE WHTErpaJa, BBe-
neunoe JleGerom.

OcHoBHa Haesl NMOCTPOeHHS HUHTerpaJja Jle6era COCTOHT B TOM,
4TO 37€Cb, B OTJIHYHE OT HHTerpaja PuMaHa, TQUKHM X rpynnupyior-
csl He TO MPH3HAKY HX GJIH30CTH HA OCH X, A N0 NMPU3HAKY GJH3OCTH
3HaueHUH OGYHKUUH B 3THX TOYKaX. DTO Cpa3y XKe MO3BOJsSET pac-
NpPOCTPAHUTb TOHATHE HHTErpaja Ha BecbMa IUHPOKHA KJjacc
dyHKUHH.

Kpome Ttoro, unrerpas JleGera ompeznessiercsi COBEpPIIEHHO OAH-
HaKoBO MU (QYHKUHHA, 3aJaHHBIX Ha JIOObIX NMPOCTPAHCTBAX C.Me-
pofi, B TO Bpemsi KakK HHTerpan Pumana BBoauTCsi cHayajaa [Js
(yHKUMI OJHOro NMepeMeHHOro, a 3aTeM YXe C COOTBETCTBYIOUIHMM
HW3MeHEeHHSAMH TePEeHOCHTCA Ha CJyd4aH HEeCKOJbKHX TNepPEeMEHHBIX.
Jna GyHKUHH e Ha a6CTPAKTHHIX NMPOCTPAHCTBAX C MepoH HHTe-
rpa1 Pumana BooG6lile HE HMeeT CMbIC/a.

Bciony, rie He OrOBOPeHO MPOTHBHOE, GyNeT paccMaTpUBAaTbCH
HEKOTOpas MoJiHas O-aJUIHTHBHAsl Mepa u, ONpelleleHHas Ha ¢-al-
re6pe MHOXKecTB ¢ eauHHUeHd X. Bce paccMaTpnBaeMbie MHOXKeCTBa
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A< X 6ymyt npeanoJaraTbCci H3MepPHMbIMH, a GYHKUMH f(x)—
onpeJie/leHHbIMH 1 X & X H H3MepPHMBIMU.

Ham yno6uo Gyner onpeneauts HHTErpas JleGera Bhauane gas
TaK Ha3blBaeMblX NPOCTH X G YHKIIHH, a 3aTeM pacnpoCcTpaHHThb
€ro Ha cyulecTBeHHO 60Jlee IIMPOKHHA KJacc GyHKUHH. ITyukTel 2—5
COoflepXaT MocTpoeHHe HHTerpasa Jlebera s cayuas, Koraa mepa
BCero mpocrpaHcTBa KoHeyHa. Cayuaii GecKOHeuHOH Mepsl paccmar-
puBaercs B n. 6 3Toro maparpada:

1. MpocTbie GyHKUHH. :

Onpenenenue I. CDyHKU.HH f(x), onpeueneHHaﬂ Ha ' HEKOTO-
poM mpocTpaHcTBe X ¢ 3aJaHHOH Ha HeM Mepoil, Ha3blBaeTca npo-
CTOd, ecqlH OHA H3MepUMa H MPHHUMaeT He GoJsiee, YeM CUETHOe
YHCJIO 3HAYEHHH.

CprKTypa MPOCTHIX (pyHKupm XapaKTepH3yeTcs cnenylomen
TEopeMOH.

- Teopema . Pyukyus f(x) NPURUMAIOWAR He Bosee HeM cuer-
HOE 4UCAO PA3AUYHbLY 3HAYEHUL

Yty Yoy ooy Yus oo oy
usmepuma 6 TOM U TOALKO TOM Ccayvae, ecau 8ce MHoxMcecrsa

As={x:f(x)=yn}
usmepumot.

HJokasateabctBo. Heo6xoaumMocTh ycaoBusa ficHa, TaK Kak
Kaxjaoe A, ecTb npoo6Gpa3 OXHOTOUEYHOrO MHOXKecTBa {Yn}, a BcA-
Koe OJHOTOYEYHOEe MHOMXeCTBO siBjsieTcs GopeneBckuM. [docrartou-
HOCTb CJIeflyeT H3 TOro, YTO B YCJAOBHSX TeopeMbl mpoo6pas f1(B)
JI060r0 GOpeseBCKOT0 MHOXKEeCTBa eCTb 00belHHEeHHe BA,, He

Yy €
6oJiee 4eM CYETHOrO YHCJIa H3MEPHMBIX MHOXECTB An, T. €. H3MEPUM.

Ucnoas3oBaHue npocTsiX GYHKIHH B NOCTPOEeHHH HHTerpaJa Jle-
6era O6yeT OCHOBAHO Ha CJaelylollell TeopeMe.

Teopewma 2. Iaa usmepumoctu ¢pynkyuu f(x) nHeobxodumo u
docTarouno, 4Tobsr oHa moeaa 6biTe npedcrasiena 8 sude npedesa
DPABHOMEPHO cX00aujelica nocae008aTeAbHOCTU NPOCTHIX USMEPUMBLY
Pyuryud.

HoxasarteabcTBo. JlocTaTOYHOCTL SICHA H3 TeopeMmbl 4 mpe-
abiaywero maparpada. Ons nokasarenabcTBa HEOOXOAHMOCTH pac-
CMOTPHM HpOHaBOJIbHyIO H3MepuMylo GYHKUHIO [(X) H MoMoKHM
fu(x)=m/n, ecnu m/n < f(x)<<(m-+1)/n (3mece m — uensie,
a n— ueJasle HOJIO)KHTe.fIbeIe) Slcuo, urto dyHruUMH fn(X) mpoOCTHIE;
pH n—>00 OHH PaBHOMEPHO CcXomsiTcs K [(x), Tak kak |f(x)—
~ (%) |< 1n.

2, Unterpan JleGera pas npoctbix pyskumit. Mbl BBeleM MoHs-
THe HHTerpasa JleGera cuayanaa jaasi GYHKUMH, Ha3BaHHBIX Bhbllle
NPOCTHIMH, T. €. U1 H3MEPHMBIX GyHKUUH, TPHHHMAIOLIHX KOHeYHOoe
HJIH CUETHOE YHUCJIO 3HAYeHHH.
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[Mycte [— HekoTOpas mnpocrast (QyHKUMS, NPHHHMalONas 3Ha-
YcHHA

Y Yo cves Yns ~++3 Yi 7Yy UPH i 5],

H nycTb A — HEKOTOpOe H3MepPHMOe NOAMHOXKecTBO X.
EcrectBenHo onpejennTb HHTErpasj oT QyHKuHH [ TIO MHOXKe-
¢TBYy A paBeHCTBOM

(0= g ), e A={x: x= 4, [ =y, O
A n

ecaM psSA ClpaBa CXOOMTCS. MBl NPHXOLHM. K ClefyloLleMy oOIpe-
LeJeHHIo (B KOTOPOM MO IHOHSATHBLIM TNPHYHHAM 3apaHee IOCTYJH-
pyeTcsi aGCOMIOTHASL CXOAUMOCTb psifia).

Onpenenenne 2. llpocrasi dyHKuusa [ HaspiBaeTcs: unreepu-

pyemoi wnu cymmupyemol (no mepe p) Ha MHOXKecTBe A, ecau
psan (1) a6comorHo cxomutcs. Ecau [ uuterpupyeMa, 1o cymma
pana (1) HaspiBaercst uxTeepasom ot [ mo MHOKeCTBY A.
B 3ToM ompenesennu mnpeanosnaraercsi, 4TO BCE Yn PA3JHYHBL
MoxHO, OgHAKO, NpeACTaBHTL 3HAYyeHHe HHTEerpaja OT NPOCTOH
$yHKUHH B BUIE CYMMBl NpOH3BefeHUl BHAA Cku(Br) U He mpepnmo-
Jiarasi, 4TO BCE€ Cp PasJHUYHB. DTO NO3BOJfET CleJarh clelyiollas
JeMMa.

Jlemma. ITycre A=[}JB,¢, B;NB;j=@ npuis=junycre Ha

KaxcOom mHoxecrse By pynxuus [ npunumaer roreko 0dno auaue-
Hue cy; To20a

{fean=73 cn By, @)
A k

npudem Qynkyus [ unreepupyema Ha A 8 TOM U TOALKO TOM CAY-
yae, koeda pad (2) a6coar0THO cx00UTCA.
HokazateabcTBo. JIerko BHAETb, YTO KaXK/0€ MHONKECTBO

Ay={x:xe A, [ () =ya}
fiBJsieTcsl o0beHHEeHHeM TeX Br, LIS KOTOPHIX Ch = ya. [TosTOMY

; Ynlb (An) = Z Yn Z u (Bk) = Zk Crlh (Bk)

mo =iy ‘
Tak Kak Mepa HEOTpUlATeNbHA, TO

Z1gale(A) =21yl X n(Bi)=Dlceln(By),

=y, k

T. e. PAB > Y (A) ® 2’; Cel (B;) aGCOMIOTHO CXORATCH HJH pac-
n
NOMATCA OfHOBpeMeHHO. JleMMa nokasaua. -
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YcTaHOBHM HEKOTOpHe CBOHACTBa HHTerpaJa JleGera ot npocThix:
(QYHKUHEA:

d (r@+emian={iwan+{gwan,
A A A

nputem U3 CYUWeCT80BAHUS UHTE2PAA08 8 Npasoll 4acTU pageHCTsa
caedyer cyuyecTeosanle UHTeZPaAd 8 Ae60l.

Hasa nokasaTenabcTBa NPENNONOXKHM, 4TO [ NPHHHMaeT 3HAYEHHS
f. na mmoxecrBax Fic— A, a g — 3HaueHHsl g; Ha MHOXKeCTBAX
G; < A, Tak yro

L={iw du=Y fin(F, 3y
i

12=

Dty D

gx)dn=> gu(G). (4y
i

Torna B cusy JeMMH
I=\li@+ewldp=) Y (i +e)u(F:nG); G
A o

HO
H(F1)=zj:l‘-(ﬂn01), u(G/)=;u(FiﬂG/),

TaK YTO H3 abCOJIOTHOH CXOAHMOCTH psigoB (3) u (4) caeayer w
abcoaioTHas CXOAUMOCTb psiga (5); npu stoM

J= Jl + 12.
B) Aas awboeo nocroannoeo k

Skf(x)dx=ka(x)dx,
A A

npudem u3 CyujeCT808AHUS UHTezpaaa 8 npasoli 4actu caedyer cy-
wecrgosanue unteepara 8 sesoi wacru. (ITpoBepsiercss Henocpen-
CTBEHHO.)

B) Oepanuuennas na mroxecree A npocras ¢ynkyus [ unre-
epupyema na A, npuuem, ecau |f(x)| <M na A, 10

{rwan |<Mu (A).
A

(IlTpoBepsieTcst HeMmOCpPeACTBEHHO. )

3. O6wee onpeneneHne uHterpana JleGera Ha MHOXeCTBe KO-
YeYHOH MepHhl.

Onpenenenne 3. Hazosem dyurumio [ unrezpupyemois (cym-
mupyemorl) Ha mHoxcecTse A, ecliu CyLIECTBYET NOCJIEJ0BATENbHOCTb
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fIpoCThIX HHTerpupyeMuix Ha A oyuxkuuit {fn}, cxoasmascs
pashHoMepHO K f. [Ipenen

[ =lim Sf,, (x) dpt )
n=roo a

©0603HauYHM

{7 ()

A

¥ HA30BeM uHnTezparom Gyrkyuu f no mroxcecrsy A.

3To onpefeneHHe KOPPEKTHO, €C/IH BLIMOJHEHB CJelyloLliHe
YC/IOBHA:

1. Ipenen (6) nna 06oA paBHOMEPHO CXOASALIEHCH MOC/ENO-
'BATENbHOCTH NMPOCTHIX HHTErpHpyeMbix Ha A GyHKuHA cywiecTByer.

2. dror mpeaen npH 3ajaHHOH (GYHKUHH [ He 3aBHCHT OT Bbl-
6opa nocne10BaTe bHOCTH {fa}.

3. dna npocTbix QYHKUHA OnpefesieHHe HHTErPHPYEMOCTH H HH-
“Terpasia paBHOCHJIBHO JaHHOMY B II. 2.

Bce 3TH yc10BHS 1eACTBHTENBHO BBINOJHEHH.

Ins mokasaTeabCTBa MepBOro JAOCTATOYHO 3aMETHTDb, UTO B CHJY
<Boiicte A), B) u B) unrerpana or npocrhix GpyHkius,

{fa@dn—{fn@du|<u @sup 1, )= fa 1. @)
A A

[na nokasaresbCTBAa BTOPOTO YCJOBHA HAaJ0 pPacCMOTpeTh JBe
TocnenoBatesnbHocTH, {fa} u {f3}, cxomsmumeca x f. Ecin 6u1 mpe-
Jen (6) ons 3THX ABYX MOCJEN0BATENbHOCTEA NMPHHHUMAJ pas3jiHuHble
3HaueHusl, TO AJ/Isl MOC/eJ0BaTeJbHOCTH, TMOJYUYeHHOH 06belHHEHEM
‘3THX ABYX, npelen (6) He cyuiecTBoBaJ Gbl, 4YTO NMPOTHBOPEYHT Iep-
BoMy YycaoBHio. Hakowel, n/s n0oKasaTesbCcTBa CIpaBelJIMBOCTH
“TPeThero yCJOBHA JOCTATOYHO PACCMOTPETb MOC/AeI0BATENbHOCTb, B
KOTOPOH f},,. pasHsiercs f 1as BCex f.

3amMeuanune. Mbl BHIHM, 4TO B NOCTPOEHHH HHTerpana Jle-
6era UMelOTCs ABa CyLIeCTBeHHbIX 3Tana. [lepBblfi — HemocpencTBeH-
#HO€e OnpeJeseHHe HHTerpasia (Kak CyMMBl psifa) [IJ1s HEKOTOPOro
kaacca (GyHKuHA (MPOCTBIX CyMMHpPYEMBIX (YHKUHE), NOCTAaTOUHO
JIPOCTOTO H B TO Xe BpeMsl JOCTAaTOYHO OGIUIHPHOrO, BTOpPOA — pac-
NpOCTPaHeHHe ONpeJeJieHHs! HHTerpajia Ha CYLIeCTBEHHO GoJsiee ILIH-
POKHHA KJacc QyHKUHHA C MOMOLIBIO mpelenbHOro mepexoxa. Ilo cy-
IeCTBY, COYETAHHE 3THX TPHEMOB — HENOCPEACTBEHHOI'0 KOHCTPYK-
“THBHOTO, HO Y3KOTO ONpe[e/eHHs] H MOC/eYIOLEro MpeesbHoro mne-
‘pPexona MPHCYTCTBYET B JI0GOM MOCTPOEHHH HHTErpasna.

YcranoBuM ocHoBHEIe cBofictBa uHrterpasa JleGera. Hemocpen-
«CTBEHHO H3 ONpeJeJeHHs CleayeT, YTo: :

L S L dp=p(A). @)
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I1. laa awb6020 nocrosannozo k

Vef () dp =2 {1 () an, ©)
A

A

npudem U3 Cyw,ecTe08aHUA UHTE2PAAQ 8 NPAsoll 4acTu 6biTeKaer
CYu4ecT808anUE UHTE2PALG 8 160U

370 CBOHCTBO BLIBOAMTCSl NPH MOMOLIH NpefebHOro nepexona
H3 cpoiictBa B) mna unTerpana ot npocThix GYHKUHE.

I11. Addutusrocts: -

(10 +g(Ndu={70)dn+ {2 (xyan, (10)
A A . A .

npudesm u3 CYWeECT808aHUR UHTE2PAL08 8 npasoll wactu sviTeKaer
CylyecTeo8anue unTe2pasa 8 Aesoll.

JloxasaTe/qbCTBO NOJAy4aeTcs MNpefe/bHbIM NEepexojoM H3. CBOii-
c1Ba A) MHTerpasa OT NpOCTHIX QYHKUHIL.

IV. Oepanusennas na mroscectse A gyunkyus | untezpupyema
Ha A. '

JloKa3aTeMbCTBO NMOJNYYAETCsS HpeReNbHbIM NMEPeXOof0M H3 CBOii-
crBa B) uHTerpana oT npocThix GYHKUMEH, C HCIOJb30BAHHEM TeO-
pPeMHI 2.
- V. Monorourocts: ecau f(x}y= 0, 10

{r@wdau>o0 (16

A

(B NpeAnoJIOKEHHH, UTO HHTEIPaJl CylLIeCTBYeT).

Has npoctbix (YHKHHE 3TO yTBepXKAeHHe CJAeAyeT NPSAMO H3
ompejeseHHs, a B. o0llleM CJyyae ero MOXKHO BbIBECTH, 3aMETHB, UTO
ecsu [ U3MepHMa H HeOTPHHATENbHA, TO HAHAETCS PaBHOMEDPHO CXO-
AALAACS K. Hel I0CJAeR0BaTeJbHOCTb (CM. TeopeMy 2) HeOoTpH Il a:
T eJ bHB X IPOCTHIX (byﬂxulm -

U3 nocaenanero cBolcTBa cpasy cileayeT, uto ecad f(x)= g(x),
TO

{fran>{e@an, (12

a moatomy, eciu m << f(x) << M nast Bcex (MM mouTH BCeX) X & A4,
TO ’ '

()< § 1 6) dw < M (4. (13)
A
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VL. Ecau p(4)=0, 1o {[(x)du =o0.
A
VYU. Ecau f(x) = g(x) noutu acrody, 10

{roan={gwan,
A A

npuvem 06a UHTE2PAAA CYUWECTBYIOT UAU HEe CYUWecT8YrT 00HO8pe-
MEHHO. :

DTH ABa YTBePXJEHHs HEMOCPEJCTBEHHO BHITEKAIOT H3 Ompene-
JieHus1 unTerpana JleGera. : :

VIL. Ecau ¢yuxyus ¢ untecpupyema wa A u nouru 6ctody
[f(x) | << @(x), 1o f raksue unreepupyema na A.

HeifictBHTEeNbHO, €Cd [ W ¢ — npocThle QYHKUUH, TO YAAJIHB H3
MHOXecTBa A HEeKOTOpOe MHOXeCTBO Mephl HYJb, OCTaBlLleecsi MHO-
’KectBo A’ MOXHO NpeNCTaBHTb KaK OObelAHHEHHe KOHEYHOro HJH
CYETHOTO YHCJIAa MHOXKECTB, HAa KaxXI0M U3 KOTOPHIX [ H ¢ mOCTOSIH-
Hbl: (%)= an, @(x)= bn, npudeM |an|<< bn. U3 unrerpupyemo-
CTH ¢ BLITEKAeT, YTo '

Yla p(A) <) b (A= S ¢ (¥)dp = S @ (%) du.
n n - . A

A

Tloatomy [ ToXXe MHTEerpHpyema, H

Si(x)du’= Sf(x)dn’|= > a4 <
A A’ n
<Ylaud)= {17 idu< {omadp.
n A A

B ofiem ciyuae 3TO yTBepkK/eHHe LOKA3LIBAGTCA MpelesbHbiM Tie-
PEX0J0M C HCIOJb30BAHUEM TEODEMBI 2.
VIII. Hureepaaret

L={fwas, L={17mau (14)
A A

CYUWECTBYIOT WAL HE CYULECTBYIOT OOHOBPEMEHHO.

B camom gnene, u3 cyumectBoBaHHsi HHTerpana I; BhiTeKaeT cy-
wectsoBanpe I, B cuay csofictea VII.

OGpatHoe ans cayuasi npoctoii (YHKIMM BHITEKAET M3 Onpeje-
JIEHHSl UHTErpana, a AJs o6Iuero caydas 10Ka3bBAeTCs MpeaeabHBIM
NepexofioM C MCIOJb30BAHHEM TEOPeMbl 2; NMPH TOM HYKHO BOC-
N0Jb30BaTbCSI HEPABEHCTBOM

lal—1bila—b|
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4. 0-apAMTHBHOCTD H a6COJIOTHasi HENPEPHLIBHOCTb HMHTErpana
JleGera. B nmpeabiaymeM nyHKTe OblTH cQOpMyJHpPOBaHBI CBOHCTBa&
uHTerpana Jle6era no d¢ukcupoBaHHOMy MHOXecTBY. Cefiuac Mbd
yCTAaHOBHM HEKOTOpble CBOHCTBa MHTerpata Jlebera, paccmarpusan
BLIpaXKeHHe

F(A)={f@an
A

KaK (QYHKIHIO MHOXECTB3, ONpPEJe]EHHYI0 Ha COBOKYMHOCTH H3Me-
PHMBIX MHOXECTB. YCTAHOBHM, NpeXJe BCero, clefyiollee CBOACTBO:

Teopema 3. Ecau A=UA,‘; ANA=0@ npu i+*j, 1o
n

Viwan=Y {fan, (15)

A n A,

npusiem u3 CYU,eCT606AHUS UHTe2para 8 1e60il 4acTu 8viTeKaer cy-
ujecTeo8anue URTE2paso8 u abcoAarOTHARA CXO0UMOCT6 pada 8 npa-
8ol uacrtu.

HoxasarteabctBo. CHayala NIPOBEpPHM YTBEPXKJEHHE TeO~
peMBbl aas npoctoll GyHKUHH f, NpUHHMalollell 3HaYeHHS

yl) y2» coey y,., “oe
IMycts

Bk={x: XEA, f(x)=!/k}:
Bnk={x: xE A, f(x)=yk}'
Torna

{fan=Y ymBo=Y ). n(Bw=
k k

A n

= Z Z Yat (Bpp) = Z S f(x)du. (16}
n &k

n A,

Tak Kak pan 2, Yeu(Bx), B TNPEANONOXEHHH HHTErPHPYEMOCTH [
Ha A, aBCOJIOTHO CXOAHTCS, a Mepbl BCEX MHOXECTB HEOTpPHLATE b~
HBl, TO CXOAATCS aGCOJNIOTHO M BCe OCTaJbHBIE DAAB B LEMNOYKE
pasenctB (16).

B ciayyae npoH3BoJbHOH (YHKUMH [ H3 ee HHTerpHpyeMociw
Ha A BhIT€KaeT, yTo g Joboro e > 0 cymecTByer mpocrasi HHTe-
rpupyeMast Ha A QyHKUHS g, YAOBJETBOPAIOILAs YCJIOBHIO

) —g@i<e. (17)
fe@an=3 § atan, (18)

A n A

Jlas g umeeM

n
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fipHueM g HHTerpupyeMa Ha KaxAoM MHoxectse A, u pag (18)
abconoTHo cxoputca. M3 3Toro mociaeinero oGCTOSATENLCTBA H H3
oueHkd (17) BuiTekaet, uTo [ TOXKe HHTerpupyemMa Ha KaxaoMm A, H

Y| (twdn— (ewan| <} en4) =en(a),
n |4, A, n

) 7 (yan— § g (o)
A A

<eu(4),

yto BMecte ¢ (18) npuBoAMT K aGCOJIOTHOA CXOAMMOCTH psiaa
z Sf(x)dp H K OHeHKe

nAn

> Sf(x)du—-gf(x)du‘<28u(/l)-

n A, A

Tak xak & > 0 npOH3BOJbLHO, TO

> Sf(x)du=8f(x)du-
n A, A
CnencrtBue. Ecau [ unreepupyema na A, 1o | unreepupyema
u Ha ro6om uamepumom muoxecrse A’ < A
Mul mokasas, YTO W3 HHTErPHPYEMOCTH (QYHKNHHM [ mo MHo-
mectBy A caepyer, uto ecin A=UA, nu A;NA; =0, 10 |
aHTerpupyemMa no kKaxiaomy A, u uHrerpaa mno A pasen cymme
¥HTErpajoB MO0 MHOxecTBaM A,. DTO yTBEepXKIEHHE MOXET ObiTh
o6palleHo B CAeAYIOlleM CMBICTeE.

Teopema 4. Ecau A=UA,,, ANA=Q npuis=ju pad

> (i@ idn (19)

a A,
€xodurca, 70 pynkyua [ unteepupyema na A u

{roan=3 §iwan.

A n A,

HoxasateabctBo. HoBeiM mo cpaBHeHHMIO ¢ mpeabiaylied
TeopeMOH 31eChb SBJAETCS YTBepXKJAeHHe, YTO H3 CXOAHMOCTH pfaa
(19) BuiTeKaeT HHTerpHpyeMocTb | Ha A.

Cnauasia npoBe/ieM [10Ka3aTeJbCTBO JJf CJAYydYas MPOCTOf (yHK-
uuu f, npurauMaouefi 3HaueHus fi. Monoxus

Bl={x: xE A, f(x)=fi}: Aul=Anan
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nMeeM
UAe=B:un {17 )1dn=Y 11104,
n A, i
H3 cxonumocTtn psana (19) BHITEKAET, YTO CXOMATCA PAALbI

IDNYATICEDNEATYE:AS
CxonuMoCTb MOCJEeNHero psija osﬁa_qaer, 410 CyIlecTByeT HHTe-
rpana
p {Fran =3t ).
A i
B oémeM cly4yae annpoKcHMHpyeM f mpoctoft gyHKuHe# [ Taxk, tn‘b
F)—FI<e. (20)
S1F @ 1an< (170 1an + en(4)),

4, An

Torna

H Tak kak pam 2.u(A4,) = p (A) cXomuTes, H3 cXoauMocTH psna (19)
n

BhiT€KaeT CXOAHMOCTb psaad

> i@ ian,

nAn

T. €. 10 TOJBKO YTO JOKa3aHHOMY, HHTerpupyeMocTb Ha A mpocToi
¢yukunn f. Ho torpa B cuay (20) ncxonnas QyHKmus [ TOXe HH-
terpupyema Ha A. Teopema joka3aHa.

Hepasencrtso Hebmumena. Ecau ¢(x)=0na A u c>0
TO

. NS )
wiv v a, pW=a<t{owadn. )
A
JleAiCTBHTEIBHO, nycn.

={x: x = A, q)(x)>c}

Torpa
Stp(x)du—gﬂp(x)du—!— S ¢ (x)dp = Stp(x)du>cu(,4').
A aNa A’
CnenctBue. Ecan
1£ @) 1an=o,
a

10 (%)= 0 nouru 6crody.
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B camom znene, B cuiy HepaBeHcTBa UeGnilesa, nMeeM

1
e rea 1@z} <a{iT@ian=0
A
aJasa secex n. [Tostomy

p{x:xe A, f(x)#0}<2u{x: x e A, ]f(x)l>%}=0,

n=1

B npeabiaymieM nyHkTe OblIO yKasaHO, uTo uHTerpana JleGera
0 MHOXECTBY HYJIEBOH Mephl paBeH HyJM0 18 Mo6oi GyHKIMHU f.

3To yTBepKIEHHE MOXKHO PacCMaTpUBATh KaK NpelesbHbIH Cay-
yafl caenyiollel BaXKHOH TEOPEMHI.

Teopema 5 (a6conpTHAsg HENPEePHIBHOCTHL HHTE
rpana JleGera). Ecau f(x) — cymmupyeman na muoxcecrse A
Pynkyua, To 013 kaxdozo ¢ > 0 cywect8yer Takoe 6 > 0, uro

Sf(x)dp <e

e

0.1 80aK020 uzmepumozo e < A rakozo, uto p(e) < 8.

JdokaszartenbcTBO. 3aMeTHM TIpeXKJe BCETO, YTO Hallle YTBEP-
XJeHHe OueBHJHO, ecau [ orpanuuena. Ilyctb Tenmepb f— mpous-
BoJbHAst cyMmMupyeMasi Ha A ¢yukuus. IToaoxum

Ap={x: x€A, n<I[(®)I<n+1}

N
BN= UoAn, CN=A\BN'
n=u .

Torna B cuay reopemsl 3

(o]

fireatan=Y {1fo1am.
A4 : n=0 A4,

Bri6epem N Tak, uro

> i@ lan={17091dn < £,
n=N+I Cn
U NyCTD

o<o<7(N—e+l—).
Ecau teneps p(e) < 8, o
Sf(x)dulv<s‘lf(x)ldu= V 1r@tde+ § 17e1dn,

e ¢1By eNCy
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IlepBbli H3 CTOSIIMX CIpaBa HHTErpajOB He MNPEBOCXOAHT &/2
(cBoiictBo V), a BTOpOil — He GoJibllie, YeM HHTErpaJ, B3SITbI MO
Bcemy MHoxecTBY Cy, T. €. TaKiKe He IPEBOCXOAHT &/2; TakuMm 06-
pasom, mojayyaem

JIF@1du <e.

e

¥YcraHoBNeHHble CBOHCTBA HHTErpasta Kak QYHKIHH MHOXeCTBa HPH-
BONSAT K cJaeaylolleMy pesyabraty. [lycre [— neorpuyaressras
pynkyusn, cymmupyemans Ha npocrpancrée X no mepe p. Toeda
PyHKyua

F(A)={ fx)du

A

onpedesena 0aa 8cex usmepumolx mroxecrs A < X, neotpuyarens-
Ha u 0-addutusna, 1. e. ydogaereopaer ycaosuro: ecau A=\J A, u
n

ANA;=g, 10 F(A)= Y F(4,). WusMu croBamy, unTeepas or

n
HEOTpUYATeAbHOU pyHKyuu 06aa0aeT KaK QYHKYUSL MHONECTEa Bce-
Mu ceoldcTeamu o-a00uUTUBHOL mepbl. DTa Mepa olpefieleHa HA TOH
Xe o-aqre6pe, 4TO H HCXOJHAsi Mepa W, H CBA3aHA C [ YCJIOBUEM:
ecan p(A)=0, Tou F(A)=0.

5. INpeneabHblii nepexon noj 3HaKkom uHTerpaJa Jle6era. Bonpoc
0 Opele/bHOM Iepexole IOJ 3HAKOM HHTerpaJjia, HJH, YTO TO Ke
caMoe, O MOYJIEHHOM HHTErpHPOBAaHHH CXOASLIErOocs psjaa, 4acTo
BO3HHKAET B Pa3/IMYHbIX 33a/7a4ax.

B knaccu4ecKOM aHaJiM3e yCTaHABJHBAeTCH, UTO JOCTATOUHBLIM
YCI0BHEM BO3MOXKHOCTH TaKOTo MpEIeJbHOro Nepexoja SBJSeTCs
paBHOMEpHAsl CXOJHMOCTb COOTBETCTBYIOLIEH IOC/AeN0BATENbHOCTH
(psina).

Ceiiyac Mbl yCTAaHOBHM HEKOTOpbie TeOpeMbl O MpelesbHOM Ile-
pexoie moj 3HaKoM HuHTerpana Jlebera, npeicraBasiouine co6oit
JajJeKo HAYL(He O6OOLIeHHS COOTBETCTBYIOUIHX TeOpeM KJaccHue-
CKOTO aHaJH3a.

Teopema 6 (Jle6er). Ecau nocaedosareavrocto {fz} na A
cxoourcs k | u npu ecex n

[a (%) < @ (),

20e ¢ unreezpupyema Ha A, To npedesvran pyrkyua f unreepupyema
Ha A u -

iy § 1 () e
A

A

HokasaTteabcTBo. M3 ycioBus TeopeMbl JIerko ciaedyeT, 4To
|f(x) | < @(x). Tlostomy f (m. 3, csoficteo VII) uuterpupyema.
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Ilyctb € > 0 npousBoabno. [lo teopeme 5 (06 abconioTHOR Hempe-
PHIBHOCTH HHTerpaJa) Hafiiercss takoe § > 0,uto ecan p(B) <<, 1O

Voran <. (22)
B

B cuay rteopembl EropoBa MHOXecTBO B, ynoBieTBOpsIOLiee YCJO-
puio p(B)<< 6, MOXHO BbHIOpPaThb TaK, UYTO MOCAEJOBaTENbHOCTb
{fn} cxonutcs nma C = A\ B paBuoMepHo. CienoBaTenbHO, Hali-
aetcst Takoe N, uto npu n > N u x & C BbINOJNHEHO HEPABEHCTBO

lf(x)—fn(x)|<?ﬁz~')—-

Torna
(rwan—{faman= {170 —fn(x)]du+8f(x)du—an(x)du,
A A c B
H Tak Kak |f(x)|<o(x) u |fa(x)]|< o@(x), To B cuny (22) mo-
JiyuaeM

w1 x)dul <t4iii-.

A

Caencteue. Ecau |f,. x)| < M= const u fo—>f, 10

{raran— (7 au.
A A

3ameuanne. IlockosbKy 3HaueHHs, MpHHHMaeMble QYyHKIUHEH
Ha MHoXecTBe Mepbl 0, He BJIHMAIOT Ha BEeJHYHHY HHTErpana, B Teo-
peme 6 NOCTAaTOYHO NPeANoJoXHTb, uT0 {fn} cxomurtcst K [ noutw
BCIOZly H 4TO Ka)J10e W3 HepaBeHCTB |fn¢x)|<C @(Xx) Takke BHI-
NOJHAETCS JHIUb MOYTH BCIOAY.

Teopewma 7 (B.Jlesn). ITycrte Ha mHoxmecTae A

fO<f.W<...<f.0<...,

npuvem pynkyuu fn uHTecpupyemol U ux UHTE2PAAbL O2PAHUYEHDL
8 COBOKYNHOCTU

Viatdn <k

A
Toz0a noutu ectody na A cyujecrsyer (KoHeunbiil) npedea
f(x) =1lim f, (x), (23)
n=»o
¢ynxyua f unreepupyema na A u

{fe@ran— (1) ap.
A

A
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IIpu sToM Ha MHOXecTBe, Ha KOTOpPOM mupefen (23) e cyiue-
cTByer, PYHKUHIO [ MOXKHO 3afaTh NMPOHU3BOJIbHO, HANpPHMep, MOJO*
XKUB Ha 3TOM MHOXecTBe f(x)= 0.

HokaszateabcTBo. Bynem npeanonarats fi(x) =0, Tak Kak
o6mmKil cayyalt JNerko CBOAHTCS K 3TOMY IyTeM NepexoAa K (yHK-
UHAM

fn = fn —f1.
‘PaCCMOTpHM MHO2KECTBO

Q={x: x= A, [,(x)— co}.
Jlerko BHAETb, yT0 Q== ﬂ U o r

QP ={x: x= 4, f.(x)> r}.
B cuny Hepasencrsa He6piesa (21)
| p (@) <K/r.
Tak xak Q" cQV="... = fo’ ..., TOp (lﬁJ Qf,”) < K/r; Ho

npH JoOom .r
Qc U QY

nostoMy p(Q)<< K/r. BBUAY NpOHM3BOJBLHOCTH 7 OTCIOAA Cledyer,
4TO . :
u(Q)=0.

Tem caMbIM /10Ka3aHO, 4TO MOHOTOHHAs IOCAE0BATENbHOCTD
{fn(x)} noutn Bcrony na A uMeeT KOHeuHbif mpefen f(x).
O6o3naunM uepe3 A, MHOXKECTBO TeX TOueK x¥ & A, 1/ KOTOPBIX

r—1<f)<r, r=12,...,

H TMOJIOXKHM @ (x) == r ua A,.

Ecau Gyner nokasana uuterpupyemocts @(x) ua A, To yrBep-
JKJeHHe Hallledl TeopeMbl ClesaeTcsl HeloCPeJCTBEHHbIM CIeACTBHEM
TeopeMbl 6. TTonoxum

Tak Kak Ha B, ¢yHkuuu fn u f orpannuensl u Bceraa @(x) <<

< f(x)+1, 10
Jomdn< (T dn+n@)=lim {,()dn+ (D<K + 0 (A).
n—)OOB

B B

s s . : §
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Ho

s

fomdn=)" ruw@).
B, s r=1 .

OI‘paHH‘{eHHOCTb Xe 3THX CyMM O3HadaeT CXOAHUMOCTb psna

oa

Y (A= o (x)dp.

r=1 A

Taxum oGpa3oM, HHTErpHpyeMocTb ¢ Ha A HoKasaHa. YCJIOBHE Mo-
HOTOHHOTO HeyGhBaHHA QYHKUHA fn(X) MOXKHO, OYeBHAHO, 3a-
MeHHTb B JOKA3aHHOH TeopeMe YCJIOBHEM HX MOHOTOHHOFO He€B O 3-
pacTaHHus.

CuencrBue. Ecau pn(x)=0u

oa

D Slbn(x)du<°°’,

n=l A

r0 noutu ectody na A pad Z[ P, (x) cxodurca u
n=

AS (i ¥n '(x)) dp = i S ¥n (x) dps.

n=1 n=l A

Teopema 8 (Pary). Ecau nocredosaressHocTs usmepumolx
Heorpuyarerbroix Gynkyuil {fn} cxodurca nouru ecrody na A K | u

{f.an<k,
A
70 [ unrezpupyema na A u
Jrwdun<k.
A
HokasaTenabcTso. [Togoxum
@, (¥) =inf [ (x);
k>=n
¢n H3MEpHMA, TAK KaK
{x: @, (x) <c) =kgn{x! fe(®) <c}.

Hanee, 0<<@, (x) <f,(x), nosTomy ¢, UHTErpHpyeMH, u

fonan< [ Fayan<k;
a a :
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HaKoHel,
PO<EE)<...<ep. W< ...

lim g, (1) =1 (2

H

noutu Bciony. IToatomy, npumenss npeabaywyio teopeMy K {.},
noayuaeM TpeGyeMblii pe3yJbrar.

6. Unrerpaa Jle6era no mHoxKecTBy GeckoHeuHOH Mepnl. o cux
nop, ropops 06 HHTerpaje H ero CBOHCTBAX, Mbl CYMTAJM, UYTO pac-
CMaTpHBAIOTCA (QYHKIMH, 3aJlaHHBle HA TOM HJIH HHOM H3MepHMOM
MHOXeCTBe KOHeuHO! Mepbl. OflHaKO 4acTO NMPHXOAUTCA HMETb AeJO
¢ ¢ypKUHAMH, 3aJlaHHBIMH Ha MHOXECTBE, Mepa KOToporo Gecko-
HeyHa, HallpHMep, Ha NMpAMON ¢ JeberoBoil Mepol Ha Hed. Ilostomy
DBa’KHO PacCNpOCTPaHHTbL MOHATHE HHTerpaJja M Ha 3TOT cayuai. Mbr
OrPaHHYHMCS JIPH 3TOM TeM NpPaKTHUYeCKH Haubonee CYLIECTBEHHBLIM
cJlyuaeM, KOTa pacCMaTpHBaeMoe MHOXKeCTBO X MOXKeT GbiTh Mmpei-
CTaBJEeHO KaK CyMMa CYETHOTO YHCJa MHOXECTB KOHEYHOH Mephi:

X=UXn n(X,)<oo. (24)

Ecaun npocrpancTBO X, B KOTOPOM 3ajflaHa Mepa i, [IPeACTaBHMO
KaK CyMMa CYEeTHOrO YHcCJa MHOXeCTB KOHEYHOH Mepbl, TO Mepa |
na X nasbiBaeTcd o-KoHeuHoR (cM. m. 3 § 3). Ilpumepamu o-xkoneu-
HbIX Mep cayxaT Mephl JleGera Ha npsMoM, MJIOCKOCTH, B N-MEPHOM
npocTpancTBe. Mepy, He yIOBJAETBOPSAIOLLYIO YCJAOBHIO G-KOHEUHOCTH,
MOXKHO MOJYYHTb, HalpHMep, NPHUIIHCAB KaXXJOH TOUKe Ha NpPAMON
Bec 1. Tornpa Bce MOAMHOXKECTBA NPSIMOM MOXHO CUMTATh H3MepH-
MbIMH, PHYEM KOHEUHble MHOXecTBa OyAyT HMeTb KOHEYHYIO Mepy,
a ocrasbHble — 6eCKOHEeYHYIO.

HasoeeM ucuepnoisaroujett nocaedosaresbHOCTbI0 BCAKYIO MOHO-
TOHHC BO3PacTalollyl0 NOCJAEN0BATENbHOCTb {Xn} HM3MEpHMbIX MOA-
MHOXKeCTB MHOXecTBa X, YHOBJETBOpSIOULYIO ycjaoBuio (24). Bae-
JleM Tenepb cJaefyiollee OnpeseleHHe.

Onpenenenue 4. Msmepumas ¢yuxkuus f, onpenenessas Ha
MHOXecTBe X ¢ O-KOHEYHOM Mepoi W, HasblBaeTcd cymmupyemorl
na X, ecny oHa CYMMHpyeMa Ha KaXJIOM H3MepHMOM NOAMHOXKeCTBe
A < X KoneuHol Mephl H eCad ANS KaXXJOH HcyeplbiBaloOlleH Iocne-
JoBaTeabHOCTH {Xn} mpenen

tim { f(x)dp (25)
n-»co

Xn

CYLIECTBYEeT H He 3aBHCHT OT BbIGOpa 3TOH MOC/AeN0BaTebHOCTH.

StoT npefen HasbiBaeTCs uHTeepasom or [ no muosxecrey X mn
0603Ha4aeTcss CHMBOJIOM

S f (x) dp.

X
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SlcHo Takxke, uTO ecqH OGYHKUHS [ paBHA HYJI0 BHe HEKOTOPOro
MHOXeCTBa KOHEYHOH Mepbl, TO A/ Hee TOJbKO 4TO CHOPMYJIHPO-
BaHHOe ONpefie/ieHHe HHTErpasa PaBHOCHJIbHO TOMY, KOTOpoe Gblio
JiaHoO B 1. 3.

3ameuanue. OnpeneneHte HHTErpaja oT NPOcTOd (PYHKUHH,
JaHHOE B II. 2, MOKHO JOCJIOBHO MepeHeCTH Ha CJayuyall 6eCKOHeYHOH
Mephl. SICHO NPH 3TOM, UTO JUIA CYMMHPYEMOCTH NPOCTOH (DYHKIHH
Heo6Xx0UMO, YTOOBl KaXK/0e OTJHYHOe OT HYJ/fl 3HaueHHe OHA IPH-
HHMaJsa TOJbKO Ha MHOXecTBe KOHeyHOH Mepbl. OnpeneseHue cym-
MHPYEMOCTH, JlaHHOe B 0. 3, CYILECTBEHHO CBSI3aHO C MpeArnoJoxe-
HKeM KoHeuHocTH Mepbl MHoxectBa X. [eficTBuTesnbHO, ecau
u(X)= oo, TO U3 paBHOMEpPHOH CXOAMMOCTH IOCJEL0BATEIbHOCTH
MPOCTHIX CyMMHpYeMbIX GYHKUHHA {@n} He caenyer, BooGIe roBops,
CXOIUMOCTb TOCJEJ0BATEJIbHOCTH HX HHTErpajoB (IIpHBEIHTE MPH-
Mmep!).

Pesyabrathbl, H3/noXKeHHble B M. 3 U 4 AJAA cayyas KOHEUHOH
Mepbl, B OCHOBHOM NepeHOCATCS Ha HHTerpaJbl M0 MHOXeCTBY Gec-
KOHEYHOH MepHhl.

CylecTBeHHOE OTJHYHE COCTOHT B TOM, 4TO B ciyuae p(X)= oo
orpaHHuyeHHas usMepumasi ¢yHkuus Ha X He o6si3aHa GbITb CyM-
mHupyemoi. B uactHocTH, ecan p(X)= oo, TO HHKakKas OT/IHYHAS
OT HyJIsi KOHCTAHTA He HHTerpupyeMa Ha X.

Uuratenp Ge3 Tpyna mpoBepHT, 4To TeopeMb! JleGera, B. Jlemn
u ary ocraloTcs cnpaBeqJHBLIMH B ciaydyae G6eCKOHEUHOH Mepbhl.

7. CpaBHeHHe uHTerpasa JleGera c¢ uurerpasom Pumana. Brisic-
HHM CBSi3b MeXAy HHTerpajamu JleGera u Pumana. Ilpun stom M
OrpaHHYHUMCS INPOCTEHIINM cJaydaeMm JHHeAHOH Mepuw JleGera na
NpsIMOH.

Teopema 9. Ecau cyujecreyer unreepar Pumana

b

I=@){ f(»)dx,

10 [ unreepupyema na [a, b} no Jlebezy u
f(x)dp=1.
[a, b]

HoxasareabctBo. PaccMorpum pasbuenne otpeska [a, b]
Ha 2" yacted TOYKaMHu

k
Xp=a+ 9 (b—a)
H cooraercmyxomue 3Tomy pa36HEeHHIO CYMMBI Ilapﬁy

.Q b_aZMnk: O = b—azmnk;

k=1 k=l
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rae Mar — BepXHsist TpaHb [ HA OTpe3Ke
Xp—1 <x <xk1
a Mpp— HUXKHSAS TpaHb [ na ToM xe otpesxe. Ilo onpenenennio
nHTerpana Pumana,
I=1limQ, =limo,.
n-»oo n->oo
TTosnoxum

Fa(x) =M, npu X, <x < Xg,

fa(¥) =mge 1py xp— < x < xp.
B Touke x = b PyHuxuuu f, n_f,, MOXKHO JOONpeNeJHTb NPOU3BOJIb-
HO. JIerko BHIUHCJAHUTD, YTO

S fn(x)dl":Qm S _]iu(x)dl":(’)n'
{a, b] [a, b]
Tak Kak nocaenoBaTeabHocTh {f,} He Bo3pacraer, a mnoctenoBa-
TeabHOCTh {fn} He yObiBaeT, TO NOYTH BCIORY
| fa®)=>F@)ZF(), fa()=>f)<f(x).
ITo tTeopeme b. Jleu
S fx )du—-llmQ =/=limo, = S [(x)du.

la, 8] n>oo (2. 5]

IlosTomy

F@—i@ide=\ F@—f@dn=0

fa. b] la, b]

H, C1eJ0BaTeNbHO, IOYTH BCIONY

fo)—fx)=

Teopema foxasana. =

Jlerko ykaszaTb npHMepb orpaﬂuqeﬂuux GYHKLIHA Ha HeKOTO-
poM OTpe3Ke, HHTErpupyeMbix 1o JleGery, HO He HHTerpHpPyeMbIX IO
Pumany (Hanpnmep, yXKe ynoMmuHaBumasics ¢yuxuus Jupuxnae uHa
orpeske [0, 1], paBHasi 1 pana panuoHanbHeix 1 0 I HppaLlHOHAJb-
HBIX X). Heorpamme}mble ¢yuxuun Boobule He MOTYT ObITh HHTe-
rpupyeMmst 1o PuMany, Ho MHorue u3 Hux uuterpupyemnl no JleGery.
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B uacthocTtn, mo6as ¢yuxums f(x) =0, ans KOTOpoH HHTerpa
Pumana
b

S f(x)dx

a+ée

cylllecTByeT NpH KaxaoMm e >0 u nmeer KoHeunbifi mpefena I npu
¢ —> 0, nuterpupyema no Jlebery na [a, b], npuuem

b
| F@ap=lim {f(ax.

la, b) +e

Heco6cTBennblit uuTerpan
b
lim S f (x) dx
g-»0
ate

B cJyuae, KOTia
b

lim { 17(0) ldx=co,
£->0

a+s

He CyulecTByeT B JeGeroBOM CMBICHe, IIOCKOJIbKY, COMJIACHO CBOR-
crey VIII n. 3, H3 cymMMupyeMocTH QYBKUHH [(X) ciaenyet, 4To H
¢yukuus [f(x)| Toxe cymmupyema. Hanpumep, uurerpan

1
U B |
S;sm—x—dx
0

cylmecTByeT Kak (YCJIOBHO CXOJsANHHCA) HeCOGCTBEHHHH HHTerpad
Pumana, HO He cyllecTByeT Kak uHTerpaJa JieGera.

Ecau paccmaTpuBaercs QYHKUHA HAa BCeH NMpsaMOH (Han moay-
npsiMoft), To uHTerpas Pumana ans Tako#t kbyuxunn MOXKeT Cyllle-
CTBOBATh JIHIIb B HECOGCTBEHHOM cMbicse. OnsiThb-TaKu, €C/IH Takou
UHTerpaJ CXoAHTCs abCOJIOTHO, TO COOTBETCTBYIOUIUH JeGeroB Hii-
TETPaJ CyLleCTBYeT H HMeeT TO XKe caMoe 3Hauyenue. Eciau ke 30T
HHTETPAJ CXOAMTCA JIMUIL YCJIOBHO, TO B J€6eroBoM CMbiCje QyHK-

sin x
uus He unrerpupyema. Hanpumep, dpynkuns —
1o JleGery Ha BceR NPAMOH, MOCKOJIbKY

S';

He HHTErpupyema

sin x

P dx = oo,
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Opnnako HecoGCTBEHHbBIH HHTErpad

o0

sin x
S dx,

X

—00

KAaK H3BECTHO, CyLIE€CTBYET, H PABCH .

§ 6. [Ipsambie NpOU3BEAEHHS CHCTEM MHOMKECTB M Mep.
Teopema PyOuHn

B ananuse BaXHYIO pOJIb HFPAIOT TeOpPeMbl O CBEAEHHM [BOH-
Horo (AW BoOOGLIe MHOrOKPATHOrO) HHTerpaja K IIOBTOPHOMY.
B Teopun KpaTHbIX HHTerpaJoB JleGera OCHOBHBIM P€3yJbTATOM SB-
Jisietcs Tak HasbiBaeMasi teopeMa O y6uHu, KoTopast Gyaer jo-
Ka3aHa B KOHle 3Toro naparpada. IlpeasaputenbHo MBI YCTAaHOBHM
BEKOTOpPbie BCIOMOraTeJbHble NOHATHS W (PAKTbl, HMEIOLIHe, BIpPO-
yeM, H CaMOCTOSITe/NbHBIH HHTEpeC.

1. MIpousBeseHns cHcTeM MHOMXecTB. MHOXecTBO Z ynopsijoyeH-
HHIX nap (X,y), rae x= X, y= Y, Ha3bBaeTcss npAMbim npousse-
Oenuem muoxectB X u Y u oGosnauaerca X X Y. Ananoruuno,
MHOXecTBO Z YINODPALOYEHHBIX KOHEYHBIX [OC/IeL0BaTeNbHOCTER
(x1, X2, ..., Xn), TA€ Xy & X, Ha3bIBaeTCsA NPSAMBIM NPOU3BEAEHHEM
muoxects X, Xg, ..., Xn n o603Havaercd

Z=X;XXsX ... X Xp=[X| Xs.
B yacrHoM cayuae, Korjaa
Xi=X,= ... =X,=X,
MHOXecTBO Z eCTb N-51 CTelleHb MHOXecTBa X:
Z=X".

HanpuMep, KOOpANHATHOE f-MepHOe NMpocTpaHcTBo R™ ectsb fn-s
crenenb yncaoBoi npamoit R'. Exunnunbiit ky6 I™, T. e. MHOXeCTBO
3eMeHTOB H3 R™ ¢ KOOpAHHATAMH, NTOAYHHEHHBIMH YC/IOBHIO

0<x, <1, k=12 ..., n

fABASETCH n-H cTemeHblo eguHuuHoro cermenta I'=[0, 1].
Ecmu &, &,, ..., ©, — cucTeMBl NOAMHOXKECTB MHOXeCTB X,

Xy .., X, TO
ER=61 X&X ... X&,
0603HaYaeT CHCTEMYy MOJIMHOXECTB MHoxecTBa X =|->Z| X,, npen-

€TaBUMBEIX B BHIE
A=A XA X ... XA,
e A, 6,
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Ecmn &, =6,= ... =©,=6, 10 R ecrp n-a creneb CH-

CTEMBI
R=0".

Hanpumep, cucrema napaJiesenunenos B R" ects n-s cremen
cucreMb orpeskos B R'.

Teopema 1. Ecau &, &, ..., ©,— noaykossya, 10 u
® =[X| &, ecre noayxoasyo.

IHokazateabcTBo. CoriacHo onpejiesieHHIO MONYKOJblLA
HaM HYXHO NpoBepHTh, uTo eciu A, BER, To AB=R, u ecum,

m
Kpome Toro, B A, To A=;U| C;, tne C;=B, C;C;= npu

i*=jn C;e® (i=1, 2,..., _n). IlpoBeneM [0Ka3aTeJbCTBO I
ciyvaa n==2. .
I. Ilyets A=, X &,, B&®, X &,; 310 3HauHT, 4TO

A=A XA A8, 4,6,
B=Bl><32, Blegl, 32662.

Toraa

AﬂB=(A1ﬂBl)><(Aanz)»
H TaK Kak

ANB €8, ANBeS,
TO

ANBe&, X &,
I1. ITpennoJioxXuM Tenepp, AOMOJHHTEJBHO, YTO
Bl - Al) BQ =y A2;

B cuny Toro, uro &, u @, — noaykosblia, HMEIOT MECTO Pa3/oKe-
HHSA:

A=B,uB"y ... UB®,

A,=B,UBYy ... UBY.
Ho Toraa

A=A, X A=B,XB)U B XB) U ... U(B1 X B U
U(B" X B)U (B X BV ... U(B X BY)U

oooooooooooooooooooooo

U(BP X B)U (B X BY)U ... U(BP X BY).

[TepBbIM YJIEHOM 3TOr0 PasyoXeHHsl CAyXKUT B, X By = B, u Bce
yJeHbl NpuHaniexar cucreMe ©; X &,.

Teopema [10Ka3aHa.

OpHaKo M3 NPeNNoJIONKEeHHS, YTo cucTeMbl &y cyTh KoJbla (HJH
g-anre6phl), elle He BbiTEKaer, BOOOILE roBOPS, YTO NPOH3BEJEHHE

RI@,, 6yneT KOJMbLOM (COOTBETCTBEHHO O-aJre6pok).
&
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2. Mponssenenua mep. Ilycrtb Ha mogaykoabuax &, G, ..., &,
3alaHbl Mephl :

W (Al)l Mo (A2)9 L ;1 Bn (Aﬂ)l Ak = 6/«’.‘

s npocrorsl 6yneM CYHTAThb 3TH MePhH KOHEUHBIMH, XOTH H3Ja-

raeMble HHXKe paccyXIeHuss H GakThl nepeHocaTcs, G6e3 cyllecTsex-

HbIX M3MEHEHHH, Ha CayYall O-KOHEUHbIX Mep (CM., HampHMep, [21).
OnpenenuM Ha MOJYKOJbIlE

R=8,X&,X ... X&, ()
Mepy
i i p=p; X pue X ... X By (2)
dopmyJoi
’ p(A)=p, (A) 2 (Ag) - .. pp(An), 3)
The .

A=A XX ... X A,

Canenyer elte 10Ka3ath, yto p(A) — neHCTBUTENBHO Mepa, T. €. YTO
sTa (QYHKUHS MHOXecTBa ajpnuTuBHa. CrenmaeMm 3To Aasi cayuas
n = 2. IlycTb faHO pa3/oxeHue

A=AX$=UBW BONBY =& npu i+~ |,
B(k) B(k) X ng). ‘

B cuay seMMmbr 2 § 5 rat. I cymiecTByIoT Takue passioxeHHs
— C(m), A — C(n)
e =l

(k)
yto Muoxectsa B{Y saBasitoTCA 06beIHHEHUAMHU HeKOToprX ci™,
U MHOXKeCTBa B§ — 00beMHEHUSAMH HEKOTOPBIX c, OuesnHo,

4TO
B A= (A (1) =T T i (CI") s (), (*
BB = (B) e (B) = X T (€M m(c),  ©)

k
rpHueM B (5) cmpaBa cymma GepeTcsl IO BCeM C™eBf u P =

k o
<BP a s npaBoft yactu paBeHcTBA (4) CTOAT MO OAHOMY pa3sy
BCE UJIEHBI, NOABJAIOLIMEC B NpaBbiX yacTax paseHcTB (5). Ilo-

3TOMY
B (A) =2 u(By),

4TO H TpeéoBaJIOCb J0Ka3aThb.

Taxkum 06pa30M, B YaCTHOCTH, aAJUTHBHOCTb 3JeMEeHTAPDHHIX Mep
B N-MEpHOM €BKJHAOBOM INPOCTPAHCTBE CJjenyeT H3 aAJHTHBHOCTH
JIHHEHWHOH MEDHI Ha HpﬂMOﬁ.
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Mepy (2), 3ananuylo ua noaykoabue (1) dopmynoit (3), Msl
6yneM Ha3biBaTb npoussedenuem mep pi, ..., Pn.
Teopema 2. Ecau mepot by, o, - .., WL, G-A00UTUBHBL, TO C-a0-
Qurusna u mepa p=p, Xy X ... X Ry ‘
JdokasaTtemabcTBO npoBeleM s caydas n = 2. O6o3HauuM
yepes A; s1e6eroBo mpojoJikeHHe Mepbl py. [lycTb C. U! C,, e
C,NCp = npu n~=m, npudeM C u Cp, Bx0aaT BG; X &y, T. e.
C=AXB, Ae¢g, B,
Cn=An><Bm Aneel» Bn562,

Mycts MuoxectBa A u Aj, Ao, ... nexar B npocrpancrse X. [lo-
AOXKUM s x = X ~

{ wy(B,), ecan x € Ay,
Fu (x) = 0, ecan x & A,.

Jlerxo Bujeth, yTo Ana x & A
| 2 fa(9) = a2 (B)
NO3TOMYy B CHJYy CJe[cTBHS M3 Teopembl B. JleBu (cm. crp. 305)
o\ fa@ dha = | 1o (B)dAy =1y (A) 1y (B) = 11 () 1 (B),
A

n A
HO

{ Fut) dh = s (Bo) 1 (40) = (C.)
A

¥, CJEJ0BATENbHO,

;uma=umy

Ecau py, ..., B, C-aLIHTHBHbLIE MeDbl, 3alaHHBIE COOTBETCTBEHHO
Ha o-aare6pax &, ..., ©,, To UX npoussederuem Mbl Ha3oBeM Je-
Geroso npomnoJkende Mepbl fy X po X ... X i, Bynem ob6osnayars
€r0 CAMBOJIOM , : _
RIOU® ... R U, HIH & Py

. B uwacTHOCTH, npH
o M=H7= ... =Up=1
noJyyaem 7-10 CTENCHb MEDhI Nl .
RP=® W, Wp=H.

Hanpumep, n-mepunas Mepa JleGera u €CTb A-51 cTemeHb JMHEHHO
Meph JleGera p.
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3aMeTHM, YTO MPOH3BeJeHHe Mep aBTOMAaTHYECKH OKa3biBaeTcs
AOJHBIM (faXe eCJH Mephbl [y, ..., Wy OBUIH HElONHH).

3. BroipaxeHHe NAOCKOH Mepbl wepe3 HMHTErpaj JUHEAHOH Mepbl
CeYeHHH H reoMeTpHuecKoe onpepneneHHe HHTerpana Jle6era. ITyctn
ob6nactb G Ha TJIOCKOCTH (X,Yy) OrpaHHYeHa BePTHKAIAMH X = Q,
y="> n KpuBbiMH y = @(x), y = P(x).

Kax nsBectHo, miomanp o6aactd G Bblpa)kaeTcst HHTErpaJom

b
VO ={ (o) — ()} dx.

[Ipn s1OM pasHocTb @(xp) — P(xo) paBHA HJHHe cedeHHs obaa-
ctd G BepTHKaJbl0 X == Xo. Halmed 3amauelt siB/sieTcsl mepeHecTH
rakoll cnoco® H3MepeHHs IJollaned Ha NPOHU3BOJbHBIE MepHi-Npo-
H3BeJeHH '

p=p;® Wy

B naabHefilieM OyJeT mpeanosiaraTbCsl, YTO MepHl px H p, Onpese-
JieHbl Ha g-ajrebpax, ¢-aAJUTHBHB U 06/1a1aI0T CBOHCTBOM MOJHOTH
(ecim B< A u p(A)=20, to B usmepumo), KOTOPEIM, KaK yKa3i-
BaJoCb paHee, 061afnaoT Bce JeGeroBbl NPONOJKEHUSA.
Beengem 0603HaUeHHS:
Ay ={y:(x, y)= A} (x ¢ukcuposano),

Ay={xi(x, y) = A} (y ¢durcuposaHo).

Ecau X u Y —dgucnossie mpsamele (a X X Y — nnockoctsh), To
Ay, ecTb IpOeKUHs HAa OCb Y ceyeHHst MHOKecTBa A BepTHKaJbLHOMN
npsIMOR X = Xo.

Teopema 3. B nepeuucrennbix soiie npeonosOMeHUAX OAR
4106020 p-uamepumozo mroxcecrea') A

w () = n,a)du, = u,(a)dn,
: X Y
ﬂ oKas3aTeJdbCTBO. D,OCTaTO‘{HO J0Ka3aTb pAaBEHCTBO
b () = a0 du,, tne gu(9)=un,(4), (6)
X

TaK KakK BTOpO€ YTBEDKJAEHHE TEOPEMbl BIOJHE AaHaJOTHYHO Mep-

1) 3ameTuM, 4TO WHTerpupoBaHHe MO X QakTHYECKH CBOXHTCH K HHTErpHpO-
BaHHIO MO MHOXECTBY U Ay, < X, BHe KOTOpOro MOAKHTErpafbHad (QYHKUHA
y
A . r
paBha ByM0, AHajoruuHo, \ == )

Y Ua
xﬁ
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BoMy. 3aMeTHM, YTO TeopeMa aBTOMAaTHYECKH BKJlouaeT B cebs
YTBEpXKAEHHE, UTO Npu NOYTU 6Cex X (B CMbIC/E MEpPbl Mx) MHONCE-
cT8a Ax u3Mepumol OTHOCUTEABHO Mepbl Ly W 4TO QYHKUHA @a (X)
U3MEPUMQ OTHOCUTEAbHO Mepbl L. De3 aToro dopmyna (6) ue ume-
Jna 6bl cMbicaa.

Mepa p-—3T0 Jse6eroBo MNpPOAOJKEHHE Mepbl M = pux X Uy,
onpeenenHoi Ha cucteMe @y MHOXecTB Bupa A=A, X A,,. Hdas
TaKHX MHOXeCTB paBeHCTBO (6) oueBHOHO, TaK KaK JAJs HUX

)__ { Ry (Axo) npH x & Ay,,
Palx) = 0 npu  x & A,

Bes Tpyma mnepeHocHTcsi paBeHCTBO (6) M Ha MHoOXecTBa H3
R (©n), pasnoxuMble B KOHEUHYIO CYMMY IONapHO HemepeceKkalo-
HXCS MHOXKeECTB H3 G

JlokasaTenbcTBo paBeHCTBa (6) B 06lleM cJydae OmHpaercs Ha
CJeyIollylo JIeMMY, KOTOpasi HMeeT H CaMOCTOSITe/bHbI HHTepec
JUIS TE€OPHH Je6GeroBbiX MPOAOJIKEHUH.

JeMmMa. aa 2106020 p-usmepumozo muoxectsa A cyujectsyer
MHOIMecT80 B suda

B=(\B,, B >B;>...DB,>...,
n
B,,=LJB,,,¢, By<SByp< ... CBpC ...,

20e muoxcectsa Bny npunadaenmar R(Sn), nputem A =B u
n(A) = (B). ()
HokasaTtennctso. Ilo onpenenenio H3MepHMOCTH NPH JI0-
60oM 1 MHOXKeCTBO A MOXHO TOTPY3HTb BO MHOXecTBo C, = | | A, —
r

o6 beiHEHHEe MHOXKeCTB Anr H3 ©py TakK, uTO
p(Cn) <n(A)+1/n.

n
Ilonoxum B, = ﬂCk U 3aMeTHM, 4YTO MHOXecTBa B, umeior
k=1

BHJ B,,=U6,,s, rae 8,, npuHapaexat &g Ilosoxus, HakoHel,
) s

k
Bnk=U6M, Mbl MOJYYHM CHCTEMY MHOXeCTB Bnp € HYXHBIMH
s=1

CBOHCTBaMH.

JlemMa nokasaHa.

PaBencTtBo (6) Jerko HepeHOCHTC ¢ MHOXKeCTB By = R(Sn)
Ha MHOXecTBa B, u B npn nomown TeopeMmnl B. JleBu (Teopema 7
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§ 5), Tak Kak

s, (*) =kl _l) M @5y (%), LY \J:

n1

\AA

<.
n
ep(x)= “_)mq?B,, (%), Pp, = Pp, = -+ -
n=>» oo
B cusly HenmpepeIBHOCTH Mephl 3TH PaBEHCTBA HMEOT MeCTO B -Ka-
xaoi Touke x. Ecin p(A) =0, 1o p(B)= 0 v noutH BCIOAY

@5 (x) =y (Bx) =0.
Tak kak Ax < By, TO A5 NIOYTH BCeX X MHOXeCTBO A H3MEpPUMO H
@4 () =1y (4,) =0,
S¢A(x)dux=0=u(A)-

CnenoBaTesbHO, AJsi MHOXecTB A Mepbl Hyab dopmyaa (6) Bepna.
B o6mem cayuae npexnctaBam A B Buge B\ C, rae B cuay (7),
w(C)=0. Tax xak ¢opmysna (6) BepHa 1as mMHOXKecTB B u C, 10
JIErKO BUJETh, YTO OHA4 BepHAa W ajasi camoro muoxectBa A. Jloxa-
3aTeJbCTBO TeOpeMbl 3 3aKOHUYEHO.

Ilycth Teneppb Y — udcaoBag npsaMas, py, — JuHelinag mepa Jle-
Gera, a MHOXKeCTBO A eCTb MHOXKECTBO ToUeK (¥, y) BHAa

{x, ): xeM, 0<y<fEX), (8

rie M —Kkakoe-To py-H3MEpPUMOE MHOXKECTBO, a [(X) — uHTerpu-
pyeMasi HeoTpHLlaTeabHas QyHkiuus. B sTtom cayuae

f(x) npn'xEM,
u”(A")={ 0 mpu x&&EM

p@={1wap,.

M

TakuM o6pasoM, ToKasaHa cjaeayioulasl Teopema.

Teopema 4. Hnreepaar Jlebeea neoTpuyaTesbnol QyHKyuu

f(x) pasen mepe p = px X ny mHoxecrsa A, onpedesennozo cooi-
Houtenuem (8). :
" Korna X —uyuncaosas npamas, MHOXKeCTBO M — oTpe3ox, a dyHK-
uusi f(x) uurerpupyema no Pumany, 3ta Teopema CBOAMTCH K H3-
BECTHOMY BLIPaKeHHIO HHTerpaJsa 4epes mJOIiajb, Paclo/OXeHHyr
nox rpadukom GyHKIUH.

4. Teopema Py6HHH. PaccmoTpum TpoiiHoe mpousseleHHe U =
= XXYXZ; ecnu ua X, Y, Z 3aganusl Mepbi Wx, Wy, Kz TO Mepy

Hu=He @ i1y ® bz
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MOJKHO OIIpEeAeJIUTh KakK

(uy ® py) O 1y,
HJHU 2Ke KakK
ty ® (uy ® u1y).

B neficTBUTENBHOCTH, KaK JIErKO NPOBEPHTb, 3TH OINpeAeseHHst
PaBHOCHJIBHBL.

Crnenyiomasi TeopeMa SBJASETCSl OCHOBHON B TEOPHH KpPaTHBIX
HHTErpaJos.

Teopema 5 (Py6uuu). Hycre mepor px u py onpedeserot
Ha o-aseebpax, o-a00uUTUBHbL U NOAHGL, NYCTb, Dasee,

nu=pu,® Wy
u pynryus f(x,y) unteepupyema no mepe p Ha mHoxicecTee
AcXXY. (9)
Tozda')
{Fo gan={ ( [ fex o) duy) duty = ( [ Fee o dux) d,. (10)
A X \4, Y \4,

VTBepKAeHHe TeopeMbl BKJIOUaeT B ce6a CYlECTBOBAHHe BHY-
TPEHHHUX HHTErpasoB B CKOGKAaX MPH MOYTH BCEX 3HAYEHHAX Mepe-
MeHHOr0, [0 KOTOPOMY GepyTcsl BHEIIHHE HHTErpaJsi.

Hoxkasatensctso. [IpoBenem cHauasna noKasaTeabCTBO 5
cayuan f(x,y)=0. C sTolf LeJplo pPacCCMOTPHUM TPOIHHOE MPOHU3Be-
JileHHe

U=XXYXZ,

rfe TpeTHil MHOXHTEJIb €CTb UYHCJOBad NpsMasi, U MPOU3BEeHHe
Mep 1 1
: A=, Qu,@un =pQu,
rje p' ectb JuHeliHas jieGerosa mepa,

B U onpenenum noaMmuoxectso W ycioBueMm: (x,y,2) W, ecan
(x,y)A,0<<z2<< f(x,y). B cuny teopemsi 4

A= . (11)
A

C npyrofi CTOpOHHI, IO TeopeMe 3

AW)={e(w,) du,, (12)
X

1) Cm. cHOCKY Ha cTp. 314.
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rae E==py, X p! n W, ob6o3HauaeTr MHOXeCTBO nap (y,z2), AJR KO-
Tophix (X, y,z)e W. Ilpu atom, cHoBa no Teopeme 4,

sW)= i pdn, (13)

Ax

Conocrasaas (11), (12) u (13), nonyuaewm
{Fe, g)an = S( F s, )y ) s,
a x \4,

4yTO U Tpe6OoBaJOCh AOKa3aTh.
O6wuit ciyyad CBOAMTCA K pa3o6paHHOMY INpH MOMOLLM pa-

BE€HCTB
fe, ) =F"(x 9) = (x, v),
f+(x’ y)= If(xy y)l2+f(x» y) , f—(x’ y)= | F(x, y)l2—-f(x’ ¥) .

3 ameuaHnune. Kak nokasblBaloT MPHBOAHMbIE HHKE MPHMEpHI,
M3 CyLIeCTBOBAHHS NMOBTOPHBIX HHTErpaJioB

§(Sfdu,,)dux n S(Sfdpx)dp,y (14)

Ay Y \4,
He cjaenyior, Booblwe roBopsi, HH paseHcTBa (10), Hu uHTErpupye-

Mocth ¢yHruuu f(x,y) uHa A. OgHako, ecau cyujecrsyer xors Got
0CUH U3 UHTEe2painos

g(gmx, y)ldug)dux wa S(Slf(x, y)ldux)duy, (15)
x \4, Y \4,
70 f(x,y) unreepupyema na A u cnpasedaussr pasenctsa (10).

JleAcTBHTEIbHO, IYCTh, HANIPHMeD, NMepBLIA U3 HHTerpaJsos (15)
cymectsyer u pasen M. ®yukuus fa(x, y)= min{|f(x, y)|, n} us-
MepHMa, OTpaHHyeHa, a 3HauuT, H cymmupyema Ha A. Ilo Teopeme
dy6unn

[ fue, gyau= ( § o )y ) dine <M. (16)

A X \4,

dyuxuun fn 06pas’yloT MOHOTOHHO HEYGLIBAIOLLYIO MOC/JE10BaTe/b-
HOCTB, NIOYTH BCIORY cxoasuyiocs K |f(x, y)|. ITo Teopeme B. Jlesn
oTciola H u3 HepaBeHncTBa (16) caenyer, uto ¢yHruusa |f(x,y)]|
cymmupyema Ha A. Ho torna n f(x,y) cymmupyema u ans Hee
BepHa teopeMa ®y6unun. OTciona BEITEKaeT Hallle yTBePXKIeHHe.
Mput nokasanu teopemy Py6HHU B MPEANONOKEHHH, UTO MEPH! [y
M py (a 3HauuT, H p) KoHeunwl. OHAKO, OHA OCTaeTCs CNpaBelJiH-
BOH M B CJlyuae G-KOHEUHbIX Mep (cM., HampuMep, [21], cTp. 208).
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[puBeneM mnpuaMepnl (QYHKIHA, AJ KOTOPHIX CYLWECTBYIOT NOBTOPHbIE HHTEr-
paan (14), Ho paBercTBO (10) He mMeer MecTa.
1. Myers A=[~1, 1}?
——Y 2. g2 =0;
f(x ) YL npu x2-fy2 >0 u f(0, 0)=0;
Torja

Slr'(x, y)dx =0

npH BCeX y M

f(x y)dy=0

LM.—

qpu Bcex x. Iloatomy

Sl( Slf(x, y)dx) dy = Sl( Slf(x. y)dy)dx=0,
By

-1 -1 M=l

HO HHTeTpa/l B CMHCJAE JABOAHOTO MHTerpana JleGera Mo KBaApaTy e CYLlecTBYeT,
TaK Kak

1 1 25 1

| Jreaieas S P L cosel g p {2 o,
0 0

=1 -1
2. Mycrs A=[0, 1]%

on 1 11 1

2 np »2_n'<x<2n_lr '2—,‘;'<H<F.
f(x, 9) =1 _ o2n41 1 U 1

PP T S g e SY< g

0 B OCTaJbHHX CAYYanx.

MoxHO NOACYHTATh, YTO

§(§f(x, y)dx)dy=0.
0

1 1

S(S f(xy) dy)dx=l.

0



THABA VI
HEONPEREJEHHbIA HHTEIPAJ JIEBETA.
TEOPHA NHOPEPEHLUHPOBAHHA

B asro#i rmaBe Mn 6yleM paccmMaTpuBaTbh HHTerpan JleGera B
OCHOBHOM U1l QYHKIHH Ha NPsIMOH, CYHTas, 4TO Mepa, IO KOTOPOi
9TOT HHTerpaJ 6epeTcs, ecTb obbyHas JuHeHHass Mepa JleGera.

Ecau f— cymMmupyemas QyHKUHS, onpefeseHHas Ha H3MePUMOM
npocTpaHcTBe X ¢ Mepo#l p, TO HHTErpads

[ F (yan (+)
A . .
CYUIECTBYeT JIsi KaXJIOr0 H3MepHMOro A< X u npu buKCHpPOBaH-
HOft [ mpeacraBisieT COGOH (YHKILHMIO MHOXECTBA, ONPEIeJeHHYIO
0751 BCeX H3MepUMbIX moaMHOXKecTB A ' X. Takoil uHTerpan Hash-
BaeTcsl HeonpeleneHHbim uuTezpasom Jlebeea. HpOCTpaHCTBOM X
MOXeT, B YaCTHOCTH, CJYXHTb OTPE30K 4YHCJIOBOH mpsiMoii. Ecan
npu 3ToM A — TOXKe HEKOTOpbIfi OTpe30K, TO HHTerpaJa (x) Oyaer
dyHKUHEA mnapbl Touek — KOHLOB oTpe3ka A. Bynem cuutath, uTo
B 3TOM cJydae Mepoll p siBasercs oGbiyHas Mepa JleGera u mucathb
dt Bmecto du. 3aduKcHpPOBaB .OLHH H3 KOHLOB [DOMEXYTKa HITe-
rpHPOBAHHS, CKaKeM, JIeBbl, Mbl MOXeM H3y4yaTb CBOHCTBA HHTe-
x

rpagaa Sf(t)dt, B3SITOTO N0 OTPe3Ky [a, x], KaK (yHKIHH O/LHOrO

a
nepeMeHHOro x. JTa 3ajauya NpHBeleT HAC K PacCMOTPEHHIO HeKo-
TOPHIX BaXXHBIX KJaccoB. GyHKuuA Ha npsimofi. O6wel 3amaue uay-
yeHHsi uHterpaia Jlebera ot d;)HKCHpOBaHHOH dbyHkunn f Kak q’)yHK-

N{H MHOXecCTBa nocasiieH § 5
W3 saemenrtapHoro Kypca AHATH3A H3BECTHHI CJeayIouiHe OCHOB-

Hble paBEeHCTBA, HAlOL{He CBA3b MeXy onepaudsaMH AHGepeHiHpo-
BaHHA M HHTErPHPOBAHHS: eClH [ — HenpepblBHasA GyHKuUHA, a F—
dyHKUHS, HMEIOIas HeNpepbIBHYIO NPOUIBOAHYIO, TO

X

1 2 \toa=fe,

a
b

2) SF’ (t)dt = F (b) — F (a).

a
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CrnpawuBaercsi: BepHO JU paBeHCTBO 1) nasi QyHKIMMH, cyMMUpYye-
MbIX B cMbicie JleGera? Kakos knace dyHKuuit (Bo3MOXHO, Gosee
IWHPOKHH), AJI KOTOPOTO BHIIOJNHACTCH PABEHCTBO 2)?

DTUM BOIpOCaM IMOCBSILIEHH CJeAylollne naparpadbl AaHHOM
rJ1aBbl.

§ 1. MosoTonnble (yHKUHUH.
JuddepeHnpyemMoCcTh HHTErpaJa Mo BepXHeMy npeaeay

1. OcHoBHble CBOHiCTBA MOHOTOHHMIX dyHKuuit. M3ayuenue
cBoiicTB uHTerpana JleGera
X

(D(x)=Sf(t)dt (1)

a

KaK (QYHKIHH BEPXHEro npefeja Mbl HauHEM CO CJEAYIOLIEro ode-
BHIHOTO, HO BAXXHOTO 3aMeuaHusi: eCid QYHKUHS [ HeoTpHlUATeNb-
na, ro @ (x)— MoHoroHHo HeyOwiBatoulas ¢ynxuus. [lanee, Bcakas
cymMMHupyeMast QyHKIHSI €CTb Pa3HOCTb ABYX HEOTPHLATEJbHBIX CyM-

VHPYENER: FO=1, O —F. ). @)

TTostomy unrerpan (1) pasnaraercs B pPasHOCTb JBYX MOHOTOHHO
neyGbiBatomnx gyHknuii. CiaeroBartenbHO, H3yueHHe HHTerpana Jle-
Gera kKak (YHKLUHH BepXHero npefesna MOMKHO CBECTH K H3YYeHHIO
MOHOTOHHBIX (YHKIHH TOro e Tuna. MoHOTOHHblEe QYHKUMH (He3a-
BHCHMO OT HX MPOHCXOXKAEHHS) 006/1aAal0T PSANOM MNPOCTHIX H BaK-
HBIX CBOMCTB, KOTOPblE cefiuac 6yayT H3/I0XKEHHI.

HanomuuM Hekoropble noHsATHA. Bclony, rae He oroBopeno mpo-
THBHOE, OYAyT paccMaTpuBaTbcs QYHKIHH, 3alaHHbIe HA HEKOTOPOM
OTpesKe.

®dynkuus [ Ha3bIBAETCs MOHOTOHHO Heybwisaroujeld, ecau Hu3

x; << X Clienyer
f ) <F (xa)s

aHaJIOTHYHO ONPENEJSIOTCS MOHOTOHHO HEBO3pacTalolline GOYHKUHH.
ITycrs f-— npousBonbHas ¢ynkuus Ha npsMoii. Ilpenen!)

lim f (xo 4 #)
h->0+

(ecau oH cyulecTByer) HasblBaercsi npedesom cnpasa Gyukuuu [ B
TOuKe Xo M o6GosHauaercs f(xo+ 0). Amasoruuno ompepeasiercs
f(xo— 0)— npedea caesa Qyukuun [ B TOuke X3 PaBencrno
f(xo4 0) = f(xo—0) o3nauaer, oueBHAHO, YTO B TOUKE Xo GYHKIHA

) Cumsoa h —> 0 -}- o3Hauaer, 4TO A CTPEMHTCS K HYJIO, MPHHHMAs TOJbKO
NOJOXKHUTEJAbHBEIC 3HAYEHUA.
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f nau senpepbiBHA, MM HMeeT ycTpauuMbiil paspeis. Touka, B KoTO-
po#i obGa 3TH mpefesia CyLIECTBYIOT, HO HE paBHbl MeXAy COGOH,
Ha3bIBaeTCsl TO4YKOU paspoiéa nepso2o poda, a pasHocTs f(xg 4 0)—
— f(x0o—0) nasblBaercst ckaukom GyHkunu f B 3TOH TOuKe.

Ecau f(xo) = f(x0—0), To [ HasbiBaeTcsi wenpepoisnol ciesa
B TOYKe X, a ecayu [(Xo) = f(xo+ 0), To | nenpeposna cnpasa B
3TOH TOUKe.

YcTaHOBMM OCHOBHBIE CBOHCTBa MOHOTOHHBbIX Gyuxuuil. Has on-
pelesJeHHOCTH Mbl OyaeM TOBOPHTb O MOHOTOHHO HeyObIBAIOLIHX
{yHKIHAX, XOTs SICHO, YTO BCE CKa3aHHOE HMXKE aBTOMAaTHYECKH
NepeHOCHTCST Ha (PYHKLUHH, MOHOTOHHO HeBO3pacTalollue.

1. Bcakaa monoToHHO Heybwuisaroujas Ha [a, b] pynkyus | usme-
puma u 02paxu4ena, a cAe008aTeAbHO, CymMMUpyema.

HeficTBuTeNbHO, MO ONpeeeHHI0 MOHOTOHHOCTH,

Ha)<F(x)<F(b) na [a, b].
Hasee, nas 1106010 MOCTOSIHHOTO ¢ MHOMKECTBO
Ac={x: f(x) <c}
ecTb Jub0 OTpe3oK, Jubo mnoJyHHTepBaa (aub6o nycro). B camom
Iese, MyCTb TOYKH, B KOTOPHIX f(X)<< ¢, CYWeECTBYIOT, H nycTh d
eCTb TOYHasi BepXHss rpaHb Takux x. Torma Ac ecThb uJIM OTpe3oK
[a, d] unu nonyuurtepsan [a, d).

2. MonoToHHas (YHKYUSL MONET umeTsv paspolébl. TOALKO nep-
8020 poda. .

JeficTBUTENBHO, NYCTb Xo-— NPOM3BOJbHAS TOUKa Ha [a, b] u
Xn > Xo, IPHUEM X << Xo. TOrma mocsenoBaTesbHOCTh {f(Xn)} orpa-
HUUYeHa CHH3y UM CBepXy [Hampumep, BeauuuHamu f(a) u f(b)]. Cae-
JN0BaTebHO, OHA HMeeT XOTs Obl OAHY NpejedbHylo Touky. Ho Hamu-
uyue y Mw060H TakoH IOC/JAeAOBATENbHOCTH HECKOJNBKHUX HpenesbHBIX
TOYEK NPOTHBOPEYHJO Gbl, OUEBHAHO, MOHOTOHHOCTH (GyHKuuH f. Ta-
kuM o6pasom, f(xs —0) cyurectByer. AHAJIOTHYHO YCTAHABJIHBAETCS
cyutectBoBanue f(xq -+ 0).

Monorounass ¢yHkuus He o6s3ana Obth HempepbiBHOH. OnHako
BEpHO CJefylolllee YTBepXKeHue.

3. Muosectso Todex paspoi8a MOHOTOHHOU pynxyuu He bosee
Hem CHeTHo.

JleficTBUTENBHO, CyMMa J1I060T0 KOHEYHOTO YHC/Ia CKAYKOB MOHO-
ToHHOH (yHKIuH | Ha otpeske [a, b] He upesocxogutr f(b)—f(a).
CJ/el0BaTENbHO, AJS KaXKJOr0 A YHCJIO CKAYKOB, BEIHUHHA KOTOPHIX
GoJibiie, yem 1/n, koueuno. Cymmupys nmo Bcem n=1, 2, ..., no-
JyuaeM, UTo 0OlIee YHCI0 CKAYKOB KOHEUHO HJIH CHYETHO.

Cpeau MOHOTOHHBIX (YHKUHH NpPOCTENIIMMH SBJSIOTCS TaK Ha-
apiBaeMble Pynkyuu ckaykos. OHU CTPOSITCA CAeQYIOLHM 006pasoM.
Tlyctb Ha orpeske [a, b] 3ajjaHO KOHeUHOE HJIH CUETHOE YHCJIO TOYEK

Xly X2y v00y Xpgy oo
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M NYCTb KaXX[IOH M3 HUX MOCTABJEHO B COOTBETCTBHE IOJIOKHTE/]b-
Hoe uHeao hn, npuuem ). h, < co. Onpepenum dyuxuno [ ua [a, b),
n

NnOoJIOXKHB

f)= 2, h,. (3)
xn <x

Slcno, uto 3Ta QYHKIHA MOHOTOHHO HeyGnBawias. Kpome Toro,
OHa HempepbiBHA CJAeBal!) B Kax[IOR TOUKe, a COBOKYIHOCTb ee
TOYEK pa3phHiBa COBIAJaeT C MHOXKECTBOM {Xn}?), mpHUEM CKauyoK B
TOUKE X, paBeH A,. JlelicTBHTENbHO,

fx—0)=limf(x—e)= lim 2, A,
>0+ e8>0+ x, <x-—¢
HO TaK KaK KaX[I0€ Xn, YIOBJETBOPSIOUIEE YCJIOBUIO Xp << X, YAO-
BJIETBOPSIET H YCJIOBUIO Xn < X — € NPHU AOCTATOUHO MaJjoM e, TO:

NoCJEeNHI TIpeles paBeH > h,=f (x). Takum obpasom, f(x —0)=
<

xn X
= (). “
Ecau Touka ¥ coBmajgaeT ¢ OJHOH H3 TOUEK Xn, CKaXKeM,
X == Xp, TO

F(tn +0) = lim [ (x,. + &) = lim > h,= X h,

>0+ x, <x, +e X <Xy,

T. €. [(xn + 0) — [ (xn, — 0) = hy,.

Haxkonen, ecii x He coBNnajfaeT HU C ONHONA H3 TOYEK Xpn, TO
B Hell PYHKLHS CKAUKOB HelpepbiBHA (NPOBEIHTE N0KA3aTeabCTBO!).

[Mpocrefimuit Tun GyHKUHI CKAaUKOB — CTyneHuaTble QYHKLUUH, Y
KOTOPbIX TOYKH Da3pblBa MOXKHO PacIOJIOXKHTb B MOHOTOHHYIO IIO-
€J1€I0BATENbHOCTD

x1<x2< e <xn< e

B ofuieM ciayuae GYHKLUHS CKAauKOB MOXKET HMETb H 6OJee CJI0XK-
HYI0 CTPYKTYpY, Hanpumep, ecau {xs} — MHOMKECTBO BCeX palHO-
HaJbHBIX TOYeK Ha oTpe3ke [a,b], a hn = 1/2" 10 dopmyna (3)
onpezesier GYHKINIO CKAUYKOB, Pa3pbiBHYIO B PallHOHAJbHBIX TOU-
Kax W HeNmpepLbiBHYI0 B HPPAIlHOHAJbHbIX,

Hpyrofi THn MOHOTOHHLIX ()YHKIHH, B HEKOTOPOM CMBLIC/]e TpO-
THBOIOJIOKHBIA (QYHKLUHAM CKaUKOB, — HENPEPLIBHLICE MOHOTOHHBIE
¢ynknun. Mmeer Mecto caenyollee yTeepKIeHHe.

) Ecan 651 Mbl onpenennan f gopmyJoh

f(x)= Z hn)

X, <x

TO nonyuynan Obl GYHKUHIO, HEMPEPBIBHYIO C M p a B a.

?) Ecain HH OLHAa H3 TOMEK Xn HE COBMAZaeT ¢ b, MOCKOMBKY X5 = b He
yuactByer B cymme (3). Utolbl yuecTb ckauoK B TOUKe b, Hago BMecTo [a, b]
paccMaTpuBaTh noaynsrepnad [a, b 4 €), ¢ > 0.



324 HEOMPEAEJNEHHBIF UHTETPAJ JIEBETA [TJ1. vt

4, Bcakyto MOHOTOHHYIO (PYHKYUIO, HERPEPLIBHYIO CALBA, MONCHO
‘npedcTasuTy KAK CYmmy Henpepol8HOL MOHOTOHHOL (pyHKyuu u
pyrkyuu ckaukos (HenpepolBHOL cAeBa) U NPUTOM eOUHCTBeHHbIM
06pasom.

HeficTBuTeNBHO, MycTh f—— HeyGHIBAIOWAS HeNpepbiBHAA cJseBa
GYHKUHS W X;, Xo, ...— BCe ee TOYKH paspwiBa, a hy, hy, ...—ee
CKauYKH B 3THX TouKax. [Tosoxum

H(x)= §_<‘, h,.

Pasnocts ¢ = [ — H ectb HeyGuBalomasi HenpepbBHasT (yHK-
uus. Jna qoka3atenbcTBa pacCMOTPUM PasHOCTD

¢ (") — @ () =[F (x") — F ()] — [H (x") — H (x)],

rae x' << x"’. 3gech cnpaBa CTOUT PasHOCTb MEXKAY MOJIHLIM MPH-
pamenneM ¢yHkuuu [ Ha oTpeske [x/, x”'] U cyMMo#i ee CKayKoOB Ha
3TOM OTpe3Ke. JICHO, YTO 3Ta BeJIMYMHA HEOTPHLATENbHA, T. €. ¢ —
HeyOpIBawomas QyHKUHA. asee, 1ys npou3BosbHOHR TOUKH x* HMeeM

P —0)=Ff("—0) = H(E—0)=f(x'—0)— X h,

QU+ 0 =F("+0—HE+0O=Ff("+0— 2 h,

XpSX
OTKYZa

P+ 0 —(x*"—0)=f"40)—f(x*—0)—A"=0

(rme h* — ckauok ¢yukuuu H B Touke x*). Orcioga 1 U3 Henpepois-
Hoctd [ 1 H cieBa BbITeKaer, YTO ¢ AEHCTBHUTENBHO HENpPEPbIBHA.

2. duddepesuupyemocts MOHOTOHHOH ¢yHkuuu. [lepeiinem rTe-
mepb K BONPOCY O CYLIECTBOBAHHHM IPOH3BOJHOH y MOHOTOHHOM
byHKLHH.

Teopema 1 (JIe6er), Monoronnan ¢pyncyus f, onpedesen-
Has Ha oTtpeske [a, b, umeer noutu 8ct00y HQ 3TOM OTpe3Ke KOHeu-
HYI0 npouseodnyro.

Tlpexxne Bcero BBeleM HEKOTOPBle MOHATHS, KOTOpble OyAYT
HYXKHBI 7151 10KA3aTeNbCTBA 3TOH TEOPEMBI.

Kak usBecTHO, npou3Boanoi GyHKUMH [ B TOUKe Xo HA3biBaeTcs
npefesa OTHOLIEHHS

F(x) — F(xq)

X —xy (4)

OpPH X —> Xo. DTOT Npefest MOXKeT, KOHEUHO, H He CYLIECTBOBATh, OJ-
HaKO BCerfa HMEIOT CMbICJ CJeAYIOLIHe YeThipe BeJHYHHbl (KOTOpble
MOTYT IPHUHUMATh U GeCKOHeyHble 3HAUEHHS):

Anp — BepxHHI npenen oTHoWeHHs (4) npu X, cTpeMsAlleMcs K
Xy cnpaBa (T. e. Tak, 4To x —Xp > (). Drta BenHYHHA HaA3bIBAETCS
BEPXHUM NPAGLIM NPOUIBOOHOIM HUCAOM.
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Amp (HUMCHee npasoe npoudgodHoe 4UCA0)— HHKHUA mpejes OT-
woweHus (4) npu x — xo Cnpasa.

Anes (8epxuee nesoe npoussooHoe 4uCA0)— BEPXHUH Npeaes OT-
HolleHHs (4) mpu x —» xo c/eBa.

Aaes (HUMCHEe aeB0e npOu3BOOHOE HUCAO)— HAUKHHUE IIpejel OT-
Howenus (4) npu X—>X 4
cJeBa.

Ha puc. 19 noxasaun! nps-

Mble ¢ YIMJIOBHIMH Ko03hdu-
umeHTaMH Anp, Amp, Anes, Ames
COOTBETCTBEHHO. SICHO, uTO
Bcerja

}"np < Anp H }"nea < Anea-

'\/M’J

|
I
I
I
I
!
I
I

Ecnu Anp U Amp KOHEUHBI ,
K paBHbl Mexay coGod, 10 T -
3T0 obliee WX 3HaueHHe eCTb
npaBasi TNpOU3BOAHAA (YHK- Prc. 19,
uuu f(x) B TOUKe Xo. AHano-
TUYHO, €CaH Ages = Anes, TO =
ux oOlllee 3HAYEHUE €CTb Jie- !
pasi npousBojHaf. CyliecTBo- 1(/
I
l
Il

BaHMe y [ B TOUKe Xo KOHeu-
HOH NPOH3BOAHOH PABHOCHJb-

7
~,

|

HO TOMY, UTO B 3TOH TOUKE BCe i
}TPOHBBOIIHbIe ypcaa GYHKIUU 77 7 P RN

KOHEeYHbl H paBHbl MeXAY
coboit. [TosToMy yTBepxKaeHHe Puc. 20.
TEOpPEMBI JleGera  MOXKHO
copMyaHPOBaThL CJEAYIOIUM 00pasoM: 04 MOHOTOHHOU Ha [a, b]
PyHKYUL COOTHOUEHUS

— 00 < Aen =p = Apon = Agp <

sobinoaHenbL noutu 8crody Ha [a, b).

YnpaxHeHHe. Iyets f*(x) = —f(x). Kak cBsisaHBl NpOH3BOJHHEIE YHCIA
Aas f* ¢ NpOH3BOJHLIMH YHCaaMH f?
OTBeTbTe Ha TaKOW XK€ BONPOC INpH mepexode ot f(x) k f(—x).

HoxasareabcTtBo Teopembl JlebGera omupaercs Ha NPHBOAUMYIO
HHKe JIeMMY, KOTOpOH Mbl 6y[eM MNOJIb30BAaTbCH U B [ajdbHellIeM.
Beenem caenyiomee onpegenenne. Ilycrb g(x)— HenpepsiBHAs
¢yuxuus, 3ajaHHas Ha oTpe3ke a << X << b. Touky xo 3TOro oTpeska
Mbl Ha30BeM TO4KOU, Hesudumol cnpasa 15 GYHKUHU g, eCau Cy-
HecTByeT Takas Touka § (xo << & <C b), uto g(xo) << g(&) (puc.20).
Jlemma (©. Pucc). Haa awboid nenpepoisrot ¢pyukyuu g
MHONCECTBO TOUEK, HeBUOUMbIX CRpasa, OTKPLITO Ha oTpeske [a, b] u,



326 HEOTIPEJEJNEHHBIF1 UHTETPAJT JIEBETA [ra. vr

€1e008aTeAbHO, NPEOCTABARETCR 8 B8ude CYMMbl KOHEHHO20 UAW
CHeTHO20 HUCAQ NORAPHO Henepecexarowjuxcs uxTepsaaos (ag, by)
(1, 803MOXCHO, noAyuHTepaaia, codepiaueso To4KYy a). B Koxye-
BbLX TOUKAX ITUX UHTEPBANO8 BLINOAHEHbL HePABEHCTEA

g (ar) < g (by). (5)

HJokaszarteabcTBo neMMBb. Ecan xo— Touka, HeBUAHMAS
cripaBa s g, TO TEM e CBOHCTBOM GymeT obaamaTte, B CHJIY He-
NpPepbIBHOCTU g, M J106ast TOUKa, AOCTaToyHO 6au3Kasn K xo. Caeno-
BATEJbHO, MHOMECTBO TaKHX TOYeK OTKpnlito Ha [a,b]. Ilycrs
(ar, br) — omHMH W3 COCTaBASIOUIUX ero HHTepBasos. [Ipeanosoxum,

470
g(an) > g(by); (6)

Torga B HHTepBaJje (ak, br) Halaercsl BHYTPEHHS TOYKa Xg, B KO-
Topoit g (%) > g(bx). Ilycte x* — camas mpaBas U3 BCeX TOYEK X
na (ax, br), B KOTOpHIX g(x) = g(%0).

ITockonbky x* & (as, br), cyliecTByer Takas Touka § > x*, urto
g(E)> g(x*). Touka & He MOXeT JsexaTb Ha HHTepBane (ax, bi),
TaK Kak x*— camas npasas TOYKa Ha 3TOM HHTEepBaje, B KOTOPOW
g(x)= g(xp), Torna Kak g(br)<< g(xp). C npyroii CToponbi, He-
paBeHCTBO & >> b, TaKXe HEBO3MOXKHO, TaK KaK Mbl HMEJH Obr
g(br) << g(x0) << g(8), a by He asaseTCA TOUKOW, HEBHAMMON Clipa-
Ba. IlosyueHnoe nmpoTHBOpeyYHe MOKAa3bIBAaeT, YTO HepaBeHCTBO (6)
He HMeeT MecTa, T. e. g(ar) << g(bxr), n nemMMma nokasana. Uutatenn
6e3 Tpyda NpOBEPHUT, UuTO (GakTHYeCKH g(ar)= g(br), eC/iu TONbKO
(459 # a.

3ameuyanne. HazoseMm Touky xo Hesulumoil caesa pnsa uenpe-
poiBHOK QyHKEMH g (x), ecan cyuiecTByer Takoe & << Xq, uTO g (&) >
>g(xo). Takue e paccyXAeHUs MOKA3bIBAIOT, YUTO MHOXECTBO He-
BUJHMMEIX CJleBa TOYEK €CTb CyMMa KOHEYHOro HJHM CUETHOrO 4YucCJa
MONapPHO HenepeKkphIBAIOUIUXCS HHTEPBAJOB (@, br) (4, BO3MOXKHO,
TMOJIYHHTEPBAA, BKJIIOUAIOUIEro Touky b), npuueM

g (ag) =g (by).

IlepefineM Tenepb K 10Ka3aTeNbCTBY caMo# TeopeMhbl JleGera..
Jokaxem ee cHauaja B NIPEANOJNOMXKEHHH, YTO [ — HempepbBHAS MO-
HOTOHHO Hey6biBawolias ¢yukuus. Has nokasaTesbCcTBa TEOPEMBL
JIOCTATOYHO YCTAHOBHTh, UTO HOYTH BCIOLY

l) Aﬂp < oo, 2) 7vn03>Anp-

JleHACTBUTENBHO, €C/H MBI MOJOXHM [*(X)= —f(—x), 1O f* Gy-
JleT TOXK€ MOHOTOHHO HeyOblBalolllell HenpepblBHOH (QyHKHHEH, onpe-
neneHHOH Ha oTpeske [—b, —a]. Eciu A, u Ases — BepxHee mpa-
BOE Y HHXKHee JleBOe NPOM3BOJHbBIE UHCIa MJs [*, TO, KaK Jerko npo-
BepHTb (CM. ynmpaxKHeHMe Ha cTp. 325), mpou3BOAHbIE YHCAA (QYHK-
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i, f ¥ [* B COOTBeTCTBYIOLUMX TOYKAX CBSI3aHbl pPaBEHCTBAMH
Ay = Asen, Ares = Agp. T103TOMY, IpUMEHHB HepaBeHCTBO 2) K [*(x),
HOJIYUHM

Afnp > A.nen- (7)

‘CoelHHHB MOJyYeHHblE HePAaBeHCTBA B OJHY LIeNOYKY H -HCNOJBb3Ys
onpejeseHHe MPOU3BOAHBIX uHCces, 6yneM HMeTb
Anp < }\'Aen < A.nen < A'np < Anpa
a 3TO U 03HAauaeT, 4To
Ajen == Afnp = A= Anp-
TloxkakemM BHauaJse, yTO App << o0 MOYTH BClOAY. Ecau App = oo
’ P P

B HEKOTOPOH TOUYKe Xo, TO AJf Jioboro nocrosiHHoro C >0 crnpaBsa
OT TOUKH X HANZETCS Takasi TOYKa §, 4yTO

f@)g:fxgxo) >C,
1. €.
[ (&) — [ (xo) > C (E— xo),
HIH

f(€) — CE > [ (x0) — Cxo.
Huaue rosops, TouKa Xp OKa3blBaeTCs TOYKOH, HEBHAHMOH cnpaBa
aast QyHKUHH .
g(x)=f(x) —Cx.

B cuny nemmbl @. Prcca MHOXECTBO TaKHX TOYEK OTKPHITO, H Ha
KOHLlaX COCTABJIAIOLIUX €F0 HHTEPBAJOB (2, by) BbImOHEHB Hepa-

BEeHCTBA
f(ap) — Ca, < F (b)) — Cby,
F(b:) — [(ap) =C (b, — ay).

Ileast Ha C u cyMMupYs NOJyuYeHHble HePABEHCTBA IO BCeM HHTEp-
BaJsaM (@, br), MOTyUHM

F(og) =1 5) —
Z(bk_ak)<2 (k) = (ak) gf() f(a) .
k k

T. €.

Cc

3necb C MOXHO GBLIO B3fiThb KaK YroAHO GoabliuM. Takum 06-
Pas30M, MHOXECTBO TeX TOUYeK, B KOTOPbIX App = 00, MOXKHO moO-
KpbITh HHTEPBA/NaMH, CyMMa JUIMH KOTOPBIX CKOJb YTOAHO MaJa.
CaienoBaTesbHO, Me€pa 3TOTO MHOXKecTBa paBHa 0.

Tor ke mpueMm, cBsidauHbifi ¢ seMmoil ®. Pucca, nossoasier go-
KasaTb, YTO NMOUTH BCIOAY Ager == Apnp, HO TENEPb 3TOT NpHEM IHpH-
ZleTCA NPHMEHHTb ABaXKIbl. PacCMOTPHM napy palHOHAMbHBIX yHCes
< u C, pas koroppix 0 <<¢ << C <<oo u monmoxum p = c/C. O6o-
3HaunM uepes E; ¢ COBOKYMHOCTb TeX X, A KOTOPHIX Amp > C,
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a hges << ¢. Ecin mMb pokaxkem, urto pEc ¢ =0, To orciona Gyaer
CJ1e0BaTh, YTO NOYTH BCIOAY Ases == Aump, TAK KaK MHOMKECTBO TeX
TOYEeK, I'le Axep < App, OYEBHIHO, NMPeNCTAaBHMO B BHIe CYMMBl He
Gosiee yeM CUETHOrO YHC/d MHOXKeCTB BHAa E., c.

YcTaHOBHM Ternepb OCHOBHOE HEPABEHCTBO.

L s noboeo unrepsara (o, B) < [a, b] umeen

R(E.cN(a P <<p(B— )

JeficTBHTENIbHO, IDEXKAE PACCMOTPHM MHOXKECTBO TeX X & (a, B),

15 KOTOPHIX Azen <C €. [N BCAKOHM TaKOH TOUKH X HaWAeTCs Takoe
£y — X

E << x, uTO ﬂ—“g—zixu <c, T. e f(§)— ¢t > f(x)— cx. [TosTOMy X
HeBUANMa cieBa i QYHKIMH [(x)— cx u no semme D. Pucca (cwm.
3aMeyaHHe Ha CTP. 326) MHOXKECTBO TAKUX X MPEACTABHMO B BHUIE
CyMMBl He OoJlee yeM CUETHOTO UMCJIa HeNepeceKaloUIHXCs HHTEpBa-
0B (ck, Br) = (o, B), npuuem f(on)— car == f(Br)— CBr, T. €.

FBe) — [ or) <S¢ (Be — @) ®)

Ha kaxpgom u3 unTepBajoB (an, fr) paccMoTpuM MHOXKecTBO Gy
Tex x, AJs KOoTOphX Amp > C. CuoBa npumenss jaemmy ©. Pucca
(Temepb, KaK W IPH AOKA3aTeIbCTBE HEPaBeHCTBA App << 00, JJIs TO-
4eK, HEBUAUMBIX CripaBa), Mbl noaydnm, uto G NpeicTaBuMO B BUJE
CYyMMBI He GoJlee ueM CUETHOrO YHC/ia HelepeceKawolluXcs HHTepBa-
J0B (anj, Prj) H

o — 0 <1 (Be) — F o) @

Slcno, uto MHOXecTBO Ec ¢l (o, B) MOKpLIBaeTCA CHCTEMOH HH-
TepBaJoB (otkj, Buj), NpuueM B cuay (8) u (9) umeem

3 B — aa) <g 2 (FBer) — Flan)] <
k] k. §
<E Y FB)— @] <% ), Be— o) <p (B—a),
k k

U OCHOBHOE HEepaBeHCTBO AOKa3aHo.

Tenepsb Jerko foxKasathb, 4to pEe, ¢ = 0.

IIpu 3TOM JOCTATOYHO HCIIOJIbL30OBATH TOJbLKO TO CBOHCTBO MHO-
wecrBa E¢ ¢, KOTOPOE ONMHCHIBAETCS OCHOBHLIM HEPaBEHCTBOM.

Jlemma. [Tycro usmepumoe mroxcecrso A na orpeske [a, b} ra-
K080, 4TO Oan Atobo20 unrepsasra (@, P)[a, b] svinosnsaerca He-
pasencteo pn(AN (o, B))<p(p—a), 2de 0<<p<<l. Toeda
pd = 0.

HoxasateabctBo. I[lyete pA==t. Iaa moboro e >0 cyr
LEeCTBYeT TaKoe OTKPHTOe MHOXKeCTBO (G, paBHOE CyMMe CYETHOro
yhcala HeMepeceKalOWHXCs HHTEpBaNoB (@, b,), 4Tro ACG u
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Y (bp—a,) <t-+e (cM. ynpaxuenuwe ma crp. 291). [Tomoxum
m
tom=ulAN(am, by)]. Scno, uro = Y t,. Tlo YCJIOBHIO JIEMMBbI,
m
1, < (b — a,). CoenoBaTenbo, t<<p Y, (bn— am) <p(t-+e), u
n

Tak Kak € > 0 mpousBoJbHo, To (<Cpf. Ho 0 <p <l u mosromy
t=0. :

Jlemma nokaszaHa, U TeM -CaMbiM 3aBeplIeHO [J0Ka3aTelbCTBO
TeopeMbl | B NMpelrnosoXKeHn! HenPephIBHOCTH (YyHKUHH f.

Te xe pacCyxXIeHHd NEpPEHOCSITCA H HA Caydad pas3pbiBHOH MoO-
HOTOHHOR (YHKIIHH, €CJAH BOCOOJb30BATbC 060OlLeHHeM JIeMMbl
@. Pucca Ha QyHKUMH ¢ paspbiBAMHU NEpBOro poja.

IMyets g — bynkuus Ha oTpeske [a, b], uMeloLlas pa3peIBEl TOJb-
Ko nepBoro poaa. Hasosem Touky xo & [a, b] nesudumoii cnpasa 011
g(x), ecnu cyulecTByeT Takoe § >=> Xg, uTO

max [g (xo—0), g(xo), g(xo+ 0] <g(E).

Torna, Kak W B cliyuae HeIpepbIBHOH g, MHOXCeCTBO TOUEK, HeBUOU-
MbIX Cnpasa OAs &, OTKPLITO, U 8 KOHYAX COCTABAAOULUX €20 UHTep-
80408 (ap, br) 8binOAHAOTCA HEpaBeHCTBA

g(ar) < g(by).

XoTsl J10Ka3aTeJbCTBO TeopeMbl | JOBOJABHO JIJIHHHO, caMa OHA
uMeeT NpocToil HarafxHb cMbica. [loscHuM, Hanmpumep, mouemy
Anp (1 Ajpes) 0043aHO OBITb KOHEUHBIM MOYTH Bciody. OTHOWeHHE
Af/Ax — 3710 «Ko3bdHIMEHT pacTsaKeHHsT» oTpeska [a, b] B nannoit
Touke x TpH otoGpaxenuu f. Tax Kak npu 3T0OM OTOGPaXKEHHH KO-
HeuHbli OTpe3oK [a,b] npeBpailaercsi B KOHEYHBIH OTPE30K
[f(a),f(b)], To «pacTsixKeHHe» He MOXKeT ObiTh GECKOHEUHbHIM Ha
MHOXKECTBE TOJMOXKHUTETbHOH MepHI.

WHorna OpiBaeT mnosnesHa cheAymLlas TeopeMa O NOWIEHHOM
nud¢pepeHINPOBAHEN PAa U3 MOHOTOHHBIX GYHKUMH, Ha3biBaeMas
HHOTJia «MaJiol TeopeMoH PyOHHM>».

Teopewma 2. Bcrody cxodauuiica pad

2 Fulx)=F(2), (10)

2de F,, — monoronno neybuisarouyue pynkyuu xa [a, bl, nouru ecrody
donyckaer nouienHoe Ouggepenyuposanue:

2 Fr(m)=F' ().
HokaszarteabcTBo. 3amenus Fn(x) Ha Fn(x)— Fa(a), MOX-

HO CYMTATh, 4TO Bce F,(X) HeoTpuuaTeJbHbl U 00PAMIAIOTCH B HYJb
1pu X = a.
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B cuay TeopeMbl 1 cyuiecTByeT MHOXKECTBO IOJHOU Mepbi
E c{a,bl, na xotopom cyuectByloT Bce Fp(x) u F’(x). [lyctb
x<= E, a £ =[a, b} npoussosbno. UMeem

o0

F — F
nzz‘,l( u () n(x>}=”§)_”x)
E—x E—x :

Taxk kKak E—x 0 Fp(E)— Fn(x) uMeloT OfMHAKOBHIH 3HAaK (MOHO-
TOHHOCTB!), TO mpu 06om N

N
{Fn (8) = Fq (x)}
nz=:1  cFEO-F©
E—x = E—x :

Ilepexons k npeneny rpu £ —> x, noayyaem

> P9 < F (o).

Tlockonbky BCe Fj(x) >0, orciona cjenyer, 4To
Y Fa@) <F' (0. (1)
n=

Wrak, psaa u3 npousBomubix Fr(x) cxomurcs Bciony Ha E. [loka-
XKeM, UTO NpH MOUTH Bcex x B (11) nMeer MecTO 3HAK paBeHCTRA.
Ilna xaxporo k nafijercs Takasi yaCTHUHasi cymma S, (x) pana

(10), uro
0 F(B)— S, (b) < 1/2,

Tak kak ¢pyukmus F(x) — S,, (x) = Z F s (x) — ney6biBaiowas,
m>n

k
TO W TpH Jalo6oM x

0<F(x) — Sy, (x) < 1/2%,
OTKYya CJIeAyeT, UTo pal
Z[F ()= Sa, (1], (12)

cocrosiliuii u3 HeyGbiBawoluX (GYHKOUMHA, CXOAHTCA (La)Ke paBHO-
MepHo) Ha Bcem orpeske [a, b]. Toraa, no yxe noxasaHHoMmy, Psif

3 [F () — Shy (0] (13)

noayueHusli u3 (12) nounenunim guddepeHUHpOBAHHEM, CXOLUTCH
noutH Bclony. CaenopatennHo, o6mwuil uien paga (13) moutu Bcony
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cTpemMutcs K Hysao, T. e. Sp (x) — F/(x)—0 mnouru Bciony. Ho
ecy 6bl B HepaBeHcTBe (11) cToA/1 3HAK <, TO HUKAKas MOCJAE10-
BaTeJIbHOCTb YACTUYHBIX CYMM He Moraa Gbl cXomutbes K F/(x).
CanenosarenbHo,

;mw=rm

moutH BCciony. Teopema fokasaHa.

CanencrBue. Pynkyus CKAYKO8 umeeT NOUTU BCIO0Y RPOU3-
B00HYI0, PABHYID HYAIO.

HeiicTBuTENbHO, TaKas PYHKUUS eCTb CYMMa CXOASILErocs psiaa
HeyOBIBAIOWUX «CTYIeHeH»:

0 nopu x<lx,,
F"(x)::{hn IpH X > X,

KaXJas W3 KOTOPBIX HMeeT IOYTH BCIOAY PABHYIO HYJIIO NPOK3-
BOJIHYIO.

3. NMpowussognas wHTErpana no BepxHemy npeneay. ITockosbky
uHTerpasn :

Cnnar™™) M

@ (t) dt

a

OT JM1060H cyMMUpyeMOH (YHKHHH MOXXHO NPEACTABHTb B BHUJle pas-
HOCTH JBYX MOHOTOHHBIX (GYHKHMH, H3 TeopeMbl | cpa3y BbITeKaer
CJefyIoUH pe3yabTar.

Teopema 3. Haa xawooti cymmupyemor pyukyuu ¢ npous-

B800HAA
x

2 owa (19)

a

CyujecTsyer npu NOYTU 8Cex X.
Heo6x0auM0 NMOAYEpKHYTb, YTO, XOTS Mbl H YCTAHOBHJIH CYlIie-
CTBOBaHHe npoussoaHoit (14) mouTu BClOAY, BONPOC O paBeHCTBe

2 lopa—ew

a

moka ue o6cyxaancsi. B nefictBuresnpHoctd (cMm. § 3) 310 paBeHcTBO
OKa3bIBAETCS 3ePHbIM MOUTH BCIOAY AJSA J060% cCyMMUpyeMOol BYHK-
ouu . ’
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§ 2. PyHKUMH C OFPAHHYEHHBIM H3MEHEHHEM

Bonpoc o audoepennnpyemoctn uHrerpana JleGera no sepxHe-
My npejesly IpPHBEJ HAC K PacCMOTPEHHIO KJjaacca (QYHKUHH, npei-
CTaBHUMBbIX B BHJe pasHocTeili MOHOTOHHBIX QyHKUHA. B 3TOM mapa-
rpade Mbl gaauM AJ14 3THX GYHKUOHA Apyroe onHCaHHe, He ONMUpaIo-
leecss Ha MOHATHE MOHOTOHHOCTH, H PAaCCMOTPHM OCHOBHBIE HX
cBoficTBa. HayHeM ¢ HeOGXOAHMBIX oNlpefeseHH.

Onpenenenue 1. ®yukuus f, sanannas Ha otpeske [a, b,
Ha3bIBaeTCsl (yHKYUel € 02PAHUYEHHOIM UBMEHeHUeM, eClu cylle-
cTByeT Takasi nocrosHHasi C, uTo, KakoBo Obl HH Obli0 paszbuenue
otpeskKa [a, b] Toukamu

a=x<x< ... <x,=b,

BLINIOJIHEHO HEPABEHCTBO

LIl — Fln-)1<C. (1)

Bcakas MoHoTOHHas QYHKUMS HMeeT OrpaHMYeHHOe H3N.eHeHue,
TaK Kak [js Hee cymMa, crosiiasi B (1) cieBa, He 3aBHCHT OT Bbl-
6opa pas6uenus u Bceraa pasua |f(b)— f(a)].

Onpeneanenne 2. [Tycts f — GyHKUHMS ¢ OTpaHHUEHHBIM H3Me-
HenueM. Touynast BepXHsi1 rpaHb cyMM (1) HO BCEBO3MOMHBIM KO-
HeuHbIM pa3GHenusaM oTpe3ka [a, b] Ha3bIBAaeTCsT NOAHLIM U3MeEHE-
Huem (uau noauoll eapuayuel) ynkuuu [ Ha oTpeske [a, b] u o6o-

snavaercs V5 [f]l. Takum oGpasom,

Vel =sup X1 (e) = F(rs—p L.

3ameuvanue Dynxuus f, 3anaHHas Ha Bcefl NpsMoM, Ha3bl-
BaeTcl (UHKyUel ¢ O2pAHU4EHHbIM U3SMEHEHUEeM, €CTH BeJHUWHbI

Vﬁ[f] orpanu4eHsl B coBoKynHocTH. [lpn atom
lim V&Il

b-» oo
a-»—oo

HA3BIBAETCH NOAHLIM UBMeHenuem GYHKUMHM [ HA NPAMON — oo <

< x < oo n o6o3Havaercs Vo [f].
YcTauoBHM OCHOBHBIE CBOHCTBA NMOJIHOTO H3MeHEHHS QYHKUHH,
1. Ecau oo — nocrosannoe 4uciao, To

Vilafl=|a VLIl

D10 cpasy cjefyeT U3 OonpeaesieHus Velil.
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2. Ecau | u g — pynkyuu ¢ 0epaHUHUEHHbLIM U3MEHeHueM, TO
{4+ g rosxe umeer oeparuuennoe usmererue u

Vali+ gl <Valfl+ Valel (2)
IleficTBHTENBbHO, NJISl KaXKI0ro pasbuenusi oTpeska [a, b] .umeem
31 () + @ (68) — F (5am) — & (5) 1<

< Z‘“ |F(xe) — F(xe=1) |+ Zk: 1 g (x6) — & (Xp—1) I,

OTKyZla, ITOCKOJIbKY BCeraa
sup(A+ B) <sup A+ supB,

nosyuaeM TpeGyeMoe HepaBeHCTBO.

CgofictBa | M 2 03HayaloT, YTO JHHEeHHAA KOMOHHALMSA (DYHKIMA
C OrpaHHYEHHbIM H3MeHeHHeM (ONpelLesleHHBIX Ha JlaHHOM OTpe3Ke
[a, b]) ectb cHOBa (QYHKUHS C OrpaHHYeHHHIM H3MeHeHHeM. MHbIMH
CJIOBaMH, QYHKYUUL € 02PAHULEHHbIM U3MeHeHUuem 06pasyroT auxell-
HOe NpOCTPAHCTEO (B OTIHUHE OT MHOXKECTBA MOHOTOHHBIX (DYHKIHH,
KOTOpbIe JIHHEHHOTrO APOCTPAaHCTBA He 06pasyior).

3. Ecrua<<b<<c, 10

VSR + Vel = Vil (3)
ﬂel:lCTBHTeJleO, paccMOTpHM CHayaJa TakKoe pa36neHne OTpe3Ka

[a, c], B KoTOpOM b cAyKHT O4HOM U3 TOUEK JeJeHHs, CKaXKeM, Xy =
= b. Torpa

51100 = ) 1= T 0) — 5 1 4

3 ) — ey I<VAA+ VELL (@)

—r+1

ar

BosbmeM Tenepb npousBosbHOe pa3GHeHHe oTpe3ka [a, c]. $lcHo, uTo
ec/M K ero TOYKaM JeneHHst 1oGaBHThb ellle OJHYy, HMEHHO TOUKy b,
TO CyMMa

211 () — F (v) |

OT Takoro poGasienus He yMenbwiutcs. CJexoBaTenbHO, HepaBeH-
cTBO (4) BHIMOJHEHO AJs moboro pasbueHns orpeska [a,c], no-

3TOMY
ValfI<Valfl+ Vilil. 4"
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C npyro# cTopoHbl, AJs1 Bcsikoro € > 0 HauayTes TakHe pa3CueHHs
otpeskos [a, b] u [b, ], uto

YA =1 (o) > Vil — 5

YIFGN = 1) | > Vil =3

CoenuHHB 3TH JABa pa3OHeHHsI, MBI TMOJYyYHM pasbueHHe oTpe3ka
[a, ¢], L5t KoToporo

;'f(xk)_ F(e-) =
= L))+ DTG =F )| > Vel + Vil —e.
B cuay npousBosibHOCTH € >> 0 oTCIOfa CJIelyeT, UTO

Valfl= Velfl+ Vil (5)

Wz (4°) u (5) cnenyer (3).

Tak Kak moJsHoe H3MeHeHHe 11000 QYHKLHH Ha J1060M OTpe3ke
HeoTpHLaTeNbHO, TO H3 CBOACTBA 3 cpasy cjeiyeT CBOHCTBO 4:

4, Pynkyus

v (x) =Valfl

MOHOTOHHO Heybbisarowaa.

5. Ecau [ nenpepbigHa 8 TouKke X* cae8a, TO U U HeENpepolBHA 8
5Tol TOUKE Ccaesa.

[eiictBuTenbHo, nyctb &€ > 0 3axaHo. Bribepem § > 0 rak, uto
[T(x*)— f(x) | << /2, kak ToabKO x* — 8 << ¥ << x*. [lasnee, BHGe-
pem pasbHeHue :

*

a=x << ... <Xx,=X
Tak, 4TO

VE T — D1 (o) = [ lre=) | <5 (6)
k=1
Ilpu 5TOM Mbl MOXKE€M CYHTaTh, 4TO
X —x,— <H

(nHaue Mbl 10GaBusH 6Bl elile ONHY TOUKY pa30HeHHs, OTYEro pas-
HOCTb, cTofiiast B (6) cseBa, Morja 6bl TOILKO YMEHBIUHTLCA), IIO-

3TOMY ,
V) — Fxa-1) 1 < /2
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H, CJEeJ0BATENbHO,
VI = Z 1) = e | <e
Ho Torza, tem GoJee,
VI — Vi fl<e T e 0(x) —o(t,_) <e.

Tak kKak v — MOHOTOHHO HeyOmiBawuiasi GYHKUHSA, TO OTCIOAA CJe-
ayer, uto U(x*)— v(x) < & OJ51 BCEX X TAKHX, UTO Xp—) < X < x™
A 370 ¥ 03HAuUaeT HeNpepbIBHOCTh (PYHKUHH U B TOYKe X* ciea.

Ecau [ HempepniBHa B TOuke x* cnpaBa, TO, KaK NOKa3blBaIOT
anaJoruyHbie pacCyXAeHHs, H U HeNpepHIBHA B 3TOH TOYKE CIpaBa.
CrnenoBatenblo, ecau [ Henpepoi8Ha 8 HEKOTOpPOUd To4Ke (UAd Ha
scem orpeske [a, b]), 70 HenpepbisHa u v.

[Myctb f— npousBosibHass GyHKUHS Ha [a, b] ¢ orpaHHuEeHHBIM
H3MeHeHHeM H U — ee TOJHOe H3MeHeHHe Ha [a, x]. PaccMoTpum pas-
HOCTb

p=uv—f.

3Ta pas3HOCTb NpeNcTaBasieT COO0H MOHOTOHHO HeyOBIBAIOILYIO
¢dyukuuio. JdedictBurenbHo, nyctb x” << x”. Torna

(") — @) ={o(x") —o ()] —[f (") = F(x)]. (7)
Ho Bcerpa
) —F ) I<v ") —o () =V [fl,

N03TOMY IpaBasi, a 3HAYMT, H JeBas yacTd paBeHcTBa (7) HeOTpd-
LaTeJbHBI.
Hrak, nockoabky
f=v—q,

MBI NIOJTYYHJIH CAEAYIOIHUH pe3yabTarT:

Teopema 1. Beakas PYHKyUR ¢ 02pAHUMEHHbIM U3MEHEHUEM
mosxcer 66iT6 npedcTasiena KaKk pasHoCcTe 08YXx MOHOTOMHO Heybobi-
sarouux Pyrnryull.

O6paTtHoe yTBepXKIeHHe OYEBHIAHO: BCfKas (YHKUHUs, Npeacra-
BHMasi B BHJe DAa3HOCTH JBYX MOHOTOHHBIX, MMeeT OTpaHHuYeHHOe
namenenue. [TosToMy cOBOKYNHOCTb GYHKIHH, IPeACTABUMBIX B BUIE
Pa3HOCTH MOHOTOHHBIX (QYHKIMH, pacCMOTPeHHAasi HAMH ellle B mpe-
IpliyuleM naparpage, 3T0 M eCTb COBOKYMHOCTb (MYHKUHH ¢ orpa-
HUYEHHBbIM H3MEHeHHeM,

U3 teopeMsl 1 1 ycTaHOBJIEHHON B npelblaylleM naparpade Teo-
pembl JleGera o CyuleCTBOBAHHH MPOU3BOAHON y MOHOTOHIOH (yHK-
UHHU Cpasy CJefyeT, U4TO 8CAKAA (PYHKYUS ¢ O2PAHUYEHHbIM U3Me-
Heruem umeer no4Tu 8cro0y KOHEUHYIO npouU3soonyo.
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Ilepeiiasi oT MOHOTOHHBIX (PYHKUHH K GYHKUMAM C OrpaHH4eH-
HbIM H3MeHeHHeM, N0JIe3HO CaeAyoWuM o6pa3om 0606LIHTL BBEAEH-
HOe Bbllle MOHSITHe QYHKIHH cKaukoB. IlycTb Xy, Xo, ..., Xn, ... —
KOHEYHOEe MJ/H CYeTHOe MHOXKecTBO Touek Ha [a, b]. TlocraBum B
CCOTBETCTBHE KaXKZIOH H3 3THX TOUEeK X, [Ba 4yucjaa gn H A, Tak, uro

2 (gl F 1k, 1) < oo.

Ilpeanonoxkum, KpoMe TOro, 4TO €CJIH Xn == 4, TO gn = 0, a ecsu
Xn =0, 0 hn = 0.
Ionoxum

YW= X gt X hu ®)

xn X

Mpt 6yneM HassiBaTh Tellepb PYHKYUAMU CKAYK08 JIOOble DYHK-
itun Buna (8). IonHoe usmenendne GyHxuHu P(x) paBHO, OUEBHIHO,

Zn:(lgn|+|hnl)-

Toukamu pa3pbiBa GyHKuuu (8) cayxart Te Xn, AAS KOTOPBIX
XOTs Obl OJIHO M3 UilCeN gn, An OTJIMYHO OT HYJS; NPU ITOM

P) — P, —0) =g, P, +0)—P(x,)=h,

Tenepn J1erko mosyuaercs caejyiollee yTBepxKIeHHe, 0606maxomee
yrBepxKaeHHe 4 n. 1 npeapiayulero naparpada.

Besikas GyHKUHS [ C OrpaHHUYEHHBIM U3MEHEHHEM, ONpe/ieseHHan
Ha {a, b], Mmoxer ObITb NpEACTAaBJEHA M MPHTOM EAHHCTBEHHBIM G-
pa3oMm B BH[E

=0+,
TIe ¢ HelnpepbiBHA, a P — QYHKIUS CKAUYKOB.
Ynpaxueunnda. |. Ecny f umeer na {[a, b] orpanuueHHyl0 NpPOHU3BOIHYIO

(t. e. [/(x) cywecrsyer Bcioay u |f'(x)| << C), To | — QyHKUHA C OTPAHHYEHHBIM
H3MEHeHHeM, TpHyeM

V2If<C (b — a)

2, Myets f(x) =xs'm-l— npu X %0 u [{0)=0. IlokasaTs, uTO H3MeHeHHE
dyakuuu [ wa [0, 1] Geckoueuno.

TTocTosiHHBIE, H TOILKO OHH, NPEACTABAAIOT CO00H GYHKIHMU, MOJ-
Hoe uaMenenne Kotopbix pasuo 0. [Tosoxum

Ifl= VAl

Beanunna V5([f] obaanaer csoiicteamu 2) n 3) HOpMBI (em.
ctp. 139), Ho He cBoficteom 1). Ecnu paccmoTperh TOJBKO ¢YHK-
UMH, YIOBJAETBOPAIOILHE AONOMHHTENbHOMY ycioBHio f(a)=0, To
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OHH TakkKe 06pasyioT JHHeAHOe NPOCTPAHCTBO, B KOTOPOM BENHUYHHA
Vilfl o6nanaer yXe BCEMH CBOHCTBAMH HOpMBbI, [lpocTpaHcTBO
VO[a, b] dyHKuH# ¢ orpaHUYEHHBIM H3MeHeHHeM Ha [a, b], ymosJe-
TBOPSIIOUIUX yCa0BHIO f(@)==0, ¢ OGBIYHBIMH ONpe[eNeHUsIMH CJIO-
JKeHUs] ¥ YMHOXEHHS] Ha YHCJIa ¥ ¢ HOPMOH

I ll=VaIfl,

HA3LIBAETCH NPOCTPAHCTBOM PYHKYUL C 02PAHUYCHHBIM UBMEHEHUEM.
(loka)kuTe MOJHOTY 3TOrO MPOCTPAHCTBA.)

Ynpaxuenue, Hoxkaxure, uto | fl|=]|f(a)]+ VZ [fl sBaserca HOD-

MOH B TNPOCTPAHCTBE 6Cex (YHKUMH C OrpaHHYEHHBIM M3MeHEHUEM Ha OTpe3Ke
[a, b] u poxaxKuTE NMOJKOTY 3TOrO NPOCTPAHCTBA.

§ 3. Mpoussonnas HeompeneseHHOro HHterpana JleGera

B § | mbl nokasaau, uyto uHTerpas JleGera
X

S f () dt

a

Kak GyHKIHS OT X HMeeT MOYTH BCIOJY KOHEUHYIO NPOU3BOLHYIO.
OnHaxo Mbt OKA ellle He BBICHSJH, KaK CBf3aHa 3Ta NPOHU3BOAHAR
¢ noawiHTerpanbHoll dyukuueit. Ceffuac Mbl YCTAHOBHM CJEAYIONIKA
pesysbrat, YyIOMsHYTHIY B KoHne § I.
Teopema . Jaa ecakol cymmupyemoti pynxyuu f noutu ecio-
Oy umeeT MecTo pageHcTeo
X

2\rwa=jw.

a

HJdoxazarenncrso. [lonoxum

X

D (x) = S f () dt.

a

Tlokaxem BHauaJe, 4YTOo NO4YTH BCIOAY

f(x) = @ (x).
Ecan f(x) << ®’(x), To mafiiyTcs Takde pallMOHaJbHble UHCIA O U
B, uto
f)<a<Bp<D (x). (N

Ilycrs E g — MHOXECTBO TeX TOYEK, B KOTOPHIX BBLINOJHEHO Hepa-
BenctBo (1). OHo n3Mepumo, nockosnpKy [ u @ usmepumsi. [Toka-
XKeM, uTO Mepa KaxJaoro u3 MHoxects E g paBna uysao. Tak kak
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YHCJIO 3THX MHOMECTB CUETHO, TO OTCIOAa OyAeT CJe[0BaTh, YTO
- 4
piv:fx) <@ (x)}=0.

Ilycts € > 0 nponsBoabHo u nyctb 6 > 0 TaKoBO, uTO

Sf(t)dt'<e,

e

KaK TonbKO p(e)<< & (rakoe § cywecTByer ass J06Or0 € B CHAY
a6CcoMOTHON HelPepLbiBHOCTH HHTerpazaa; cM. ri1. V, § 5, teope-
Ma 5). BribepeM tenepb oTKpbiToe MHOXecTBO G  [a, b] Tak, uto

GDE, n 1(Q) <u(Ey)+d
(cM. ynpaxHenye Ha crp. 291). Ecan x € E g, 1O

D(E)— D (x)
—f=—x B (2}

015 Bcex > x, 10cTaTOYHO OJH3KHX K X. 3anucaB HepaBeHCTBO (2)
B BHJE
@ () —B:> @ (x) —Bx,

noJyuaeM, YTO TOUKa X — HeBHAMMas crnpaBa aAnsd ¢pyHruuu @ (x)—
— Px Ha J1060M M3 COCTaBJSIOUINX HHTepBaJoB MHoxectBa G. Hc-
nonn3yst aemmy . Pucca, Mpl MOXeM NMO3TOMY yKasaTh Takoe OT-

KPBITOE MHOXeCTBO S = U (ag, by), cocTosillee H3 HemepeceKa IIMXCS
%
uHTepBaJsoB, uto E,p =S < G u
@ (by) — Bbe = D (ar) — Bap, T. €. D (br) — D (ap) =P (b — ar),

HJH
by,

{10 at=p6.~a.
ag
CyMMHpys Takue HepaBeHCTBA N0 BceM uHTepBanam (ax, bi),
cocTasadoiuM S, noayuyaem
{1 yat=pus. (3)
$
B T0 Xe Bpewms
ioa= § roa+ | jod<a(Eg+es

S Egq S\Eqp
Sap(S)+etlald  (4)
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CpasuuBasa (3) u (4), nonydaem

ap(S)+e+lald=pu(S),
T. €. ol
et la
p(S< “B—a °
Takum o6pasoM, MHOKeCTBO E,p MOMHO 3aKJIIOUHTb B OTKPHITOE
MHOXKECTBO CKOJIb YTOAHO MaJjiofl Mepsl (Mbi MOXEM CUHMTATh, Ha-
npumep, uto |o|d< €), a 3TO0 U o3Hauaer, uto p(E,p) = 0. Urak,

Mbl TIOKa3aJI4, Y4TO .
fx) =0 (x)

nouty Bcoay. 3amenus f(x) ma— f(x), Mbl TaKUM »Ke MyTeM MOJY-
YHM, YTO MOUYTH BCIOIY

—fW=2—0 (), 1. e [N

H, CjeJ0BaTeJbHO, NTOYTH BCOLY

=0 w==2{i0a

§ 4. BoccraHosneHne YHKUHH NO ee MPOM3BOILHOH.
AGcontorHo HenpepbiBHble GYHKUUH

Mrtak, ™Mbl peuliHsiv MepBbIl M3 I[OCTaBJEeHHbIX B HauaJje 3TOH
TJIaBBl BONPOCOB, YCTAaHOBHB PABEHCTBO
x

Fdf S f(t)dt =f (,i:) {mouTtu BCIONY)

a

ang moboi cymmupyeMoit Ha [a, b] dyukuun f. PaccMoTpum Temepn
BTOpO#l M3 cPOpMYJHPOBAHHBIX TaM BOMNPOCOB, T. €. BBIICHUM, KaK
o6o6ulaeTcs Ha cayuafi uurerpasna Jlebera ¢dopmyna Hbiorona —
Jlefibunna )

F()=F@+ | F O, (M

a

XOpOII0 H3BeCTHasi B cJydae HempepbiBHO AUD(epeHIHupyemMbix
$yHKUINY K3 3JeMEeHTapHOro aHaJusa.

EcTe¢TBeHHO orpaHuuyuTbcs paccmoTpenueM ¢GyHkuuii F, 3ase-
noMo aunp¢epeHUHpyeMbX modtH BcioAy (MHade pasedctso (1)
npocTo HE MMeeT cMbicaa). Kak Mbl yxKe 3HaeM, TakuMH, B YacTHO-
CTH, ABASOTCS QYHKLHMH C OTPAHUUYEHHBIM U3IMEHEHHEeM.

C npyro#i cTOopoHbI, MHTerpaJ, crodawud B (l) cnpaBa, ecTb
$yHKUMA ¢ orpaHHYeHHHM u3MerdeHueM. IToatomy paBeucrso (1) ue
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Moxer ObiTh BepHO AJa GoJjee upokoro kJjacca ¢yHkuui. Ilo-
CKOJIbKY BcfiKas (yHKIHS C OTPaHHYEHHBIM H3MeHEHHeM eCcTb pas-
HOCTb JBYX MOHOTOHHO HeYyGbIBAalOIUHX, TO HMEHHO MOHOTOHHbLIE
$YHKIHH U HYXKHO PacCMOTPEThb B NMEPBYIO Ouepelb.

OnHako AJs NPOHU3BOJIbHBIX MOHOTOHHBIX (YHKUHH paBeHCTBO
(1), BooOwie roBopsi, He HMeeT MecTa. BMecTe ¢ TeM cnpaBejJuBa
clepyioulas Teopema.

Teopema 1. [Tpoussodnasn f' moHoToHHO Heybuisarowell pyrk-
yuu f cymmupyema u

b

{Frwa<rior -t

a

HokasarenbcTBo. [To ompenenennio, npoussopuas ¢GyHK-
uHY f B TOUKe X eCTb Nnpejes OTHOlWeHHs !)
flx+hm)—i(x)
npu h— 0. M3 MoHOTOHHOCTH [ BBITEKAaeT e¢ CYMMHPYEMOCTb, a 3HA-
YHT, H CYMMHDPYEMOCTb KaXAoH M3 QyHKUUH @n. [losToMy paseH-
¢TBO (2) MOXKHO npouHTErpHpoBaTh. [lonydaem

b b b

Swun¢u=‘8ﬂx+hw»——§ﬂm

a
b+h a+h
i

Sf(x)dx——h— S f(x)dx.

a

Crosimiee cmpaBa Bhipaxkende npu h—>- 0 crpemurcss x f(b)—
—f(a+0). (Hoxaxure!) Ilostomy, npumeHuHB Teopemy Party
(ra. V § 5, Teopema 8), Mbl noayyaem

b

Sfmw<mﬂwmw=ﬂr#w+®f@—ﬂm

(camo cyulecTBOBanHe HHTerpasa oT [ Taxe oGecneunBaercs Teo-
pemoit Pary).
Teopema poxasaHna.
HeTrpyaHo npuBecTH npuMep MOHOTOHHOH (YHKUWH, s KOTO-
POl HMEET MECTO CTPOTOe HepaBeHCTBO
b

{7 (e <7 6) = @.

') YroGbl Bripaxenue f(x -+ h) nMeno cmbica npun nwobom x & [a, b], MoxHO
cuntaTb, uto f(x) == f(b) npn x > b » f(¥)== f(a) npn x < a.
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JocraTouHo NoNoXKHTL
{ 0 npu o0<Cx<1/2.
FO=V1 npu 12<x<1.

HHTepeCHO, OJHAKO, 49TO CYIECTBYIOT HETNPEPBIBHLI € MOHOTOH-
Hbl€ QJyHKU.HPI, AJil KOTOPbiX CTpOroe HEpaBEHCTBO
x

{roa<iw—rw@

a

BHINIOJIHEHO NPH BCeX X => a. BoT oAMH M3 mpocTefINX NPHMEPOB.
Paccmorpum Ha orpeske [0, 1] XaHTOPOBO MHOXeCTBO H omnpene-
JAM f cHayaja Ha ero CMeMXHHbX \
UHTEPBAJax, MOJOXHB

Fy=2571, —

-1

k=123, ..., 2"
Ha k-M CMeXHOM HHTepBaJje -
n-ro paHra (BKJKO4as H €ro KOH-

ubl). (MutepBanbl HyMmepyloTCs
caeBa HanpaBo). Cllel0BaTeNbHO,

Y

fO=1/2 npn 1B3<I<<23, 7 7 > 4
f)=1/4 npn 1/9<<t<<2/9, J 3
f(ty=23/4 npn 7/9<t<8/9 Puc. 2I.

n 1. A. (puc. 21). Takum obpa3oM, f onpenenena Ha otpeske [0, [}
BCIOly, KPOME TOYEK BTOPOrO Pojia KaHTOPOBa MHOXeCTBa (T. €. TO-
yex, He NpPHHAJJEXKAUlUX HU CMEXHHIM HHTEpPBaJaM, HH COBOKYI-
HOCTH MX KOHLOB). JloonpenenuM Tenepb [ B 3THX OCTABUIMXCS TOY--
Kax cienyiomum ob6pasom. Ilycts #*—oaHa u3 Takux Touek H
nyctb {t,} — cXoasuasncs K Hell BO3pacTaollas Nocael0BaTeJbHOCTD
TOYeK nepBoro posa (T. e. KOHLOB CMEXHbIX uHTepsBajoB). Toraa

CyLIeCTBYET npenen
n oo

AHAJIOTHYHO, CyILeCTBYET H npejen
lim f(t0), (4)
n-»oo

ecau {tn} — yObiBalomas nocJae0BaTebHOCTh TOYEK NEPBOTO Poja,
cxoasmasics K t*, npiuem npeaeanl (3) u (4) paBHB MeXAay cobod.
Ipunsis 370 oOmiee 3Hayenue 3a f(I*), MBI NOJYYHM MOHOTOHHYIO
GYHKHHIO, ONpENeeHHyI0O ' HenpepbiBHYIO Ha BceM otpeske [0, [},
Ha3hLBAEMYI0 «KaHTOPOBOH JecTHuueH». Ee mnpoussoanas pasHa,
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O4YeBHJHO, HYJIO B KaxAOH TOYKe JIOOOro CMEXKHOrO HHTepBaJa,
T. e. mouTH Bcoay. CienoBaresbHo, Ms 3TOH GYHKIMH HMeeM

=Sf’(t)dt<f(x)—f(0)=f(x)
0

npu ao6oM x u3 noayuntepnana 0 < x << 1.
OTMeruM nomyTHO, YTO B CJjyd4ae MOHOTOHHOH [(x) PaBeHCTBO

S f'(t)dt =f(b)— f(a) Bneuyer pasenctso S fr@ydt=Ff(x)—f(a)

npu a000M X U3 NoJyuHTepBana a < x << b.
Uro6el onucatb Kaacc QyHKUHUH, I KOTOPBIX HMEET MeCTO pa-
BEHCTBO

F(t)dt =) — T (a),

R o

BBeJeM CJENYIOUlee OlpesiesieHHe.

Onpenenenune 1. Oyuknua f, sagannas Ha HeKOTopOM oT-
pesKe [a, b], HasbIBaeTcsl a6COAOTHO HenpepoLBHOL HA HeM, eC/TH 1A
Joboro e > 0 naigerca takoe § > 0, uto, KakoBa Obl HH OblJa KO-
HeuHas CHCTeMa MONAPHO HelepeceKaloLMUXcs HHTEpBajoOB

(ag, by), k=1,2,...,n

¢ CyMMO# JJIMH, MeHbliel d,
n
Z (b — ap) <8,
k=l
BBIIIOJIHEHO HEpPaBeHCTBO

g:.llf(bk)*f(ak)l<8-

$lcHo, uto Beskas aGCOJIIOTHO HempephiBHAA (GYHKUHS PaBHOMEpHO
Henpepoizna. O6partioe, BooOile roBopsl, HEBEpHO, HAallpUMep: OIH-
caHHas Bbille <«KAHTOPOBA JIECTHHIA» HEIpepbiBHA (a 3HAYUT, H
paBHOMepHO HenpepbiBHa) ta orpeske [0, 1], onnako ona He abco-
JIOTHO HenpepbiBHA. J{eHCTBUTENIbHO, KAHTOPOBO MHOMECTBO MOXMKHO
[OKPHITh KOHEUHOH CHCTeMOH HHTepBasoB (@, bi), R =1,2, ..., n,
CyMMa [IJHH KOTOpBIX CKOJIb YrOJHO MaJja. 3MecTe ¢ TeM AJd Ka-
JKJON TaKOH CHCTEMbl HHTEPBAJIOB BBHINOJHEHO, OYEBHHO, PABEHCTBO

311 60— Fad 1=1.
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YKa>keM OCHOBHbIE CBOHCTBA a6COJIOTHO HenmpepbiBHBIX GYHKILHEA.

1. 3aMeTHM mpexje BCEro, YTO B onpefeseHHd | MOXKHO BMeCTO
Jo6Gol KOHEeYH O CHCTEMbl MHTEPBAJIOB ¢ CYMMOR anuH << § pac-
CMaTpHUBATL MOOYI0 KOHEUYH Y0 HJH CUeTHY 10 CHCTEMY HHTEp-
BasioB, CyMMa AJHH KoTopblx <<&. JleAcTBHTENbHO, NycTh A%t AAH-
Horo & > 0 mbI BeiGpaan § > 0 Tak, uro

é]'f(bk)—f(ak)l<3

s 110608 KOHEYHOH CHCTeMbl HHTepPBanoB (ak, bx), ynosnersopsio-
flefl yCJOBHIO

?;1 (b — @) < 8,

u nyctb (@r, Pr)— CueTHas CcHCTEMa HHTEPBAJOB C CYMMOM [JiHH,
ne npesocxofsller 8. Torna npu nwboM n HMeeM

’?___.:llf(ﬁk)_f(ak)l<3;

nepexojis 31ecChb K NMpeneqy npu n—- oo, noJjyyaem

00

2 F B — Fla) <e.

k=l

2. Beakas a6COAOTHO HenpepulBHas PYHKYUS UMEET O2PaHUu1eH-
HOE U3MeHeHue.

JNeicTBUTENbHO, a6CONOTHAS HENpephiEHOCTh (YHKIHH [ Ha OT-
pesxe [a, b] o3Hauaer, B 4aCTHOCTH, 4TO AJA Kaxjporo & => 0 MOXHO
8 > 0 BhIGpaTh Taxk, 4TO TMOJHOe n3MeHeHHe GDYHKUHHA [ Ha oTpeske
oJaHHE <C 8 Gyner He GoJblue, uem &. Ilockonbky orpesox [a, b]
MOXHO pa3bHTb Ha KOHEUYHOE YHCJIO OTPE3KOB AJNHHB < §, TO H
nosHoe n3menense Gynkunu f Ha [a, b] Koneuno.

3. Cymma abconroTHO HenpepoléHbl QYHKYul u npoussederue
Takoll PYHKYUU HA 4UCA0 CYTb AOCOAIOTHO HenpepolaHble HYHKYUU.

ST1o0 cpasy BhHITEKaeT H3 onpenesieHHs abCOJIOTHOR HelpepbiBHO-
CTH H CBOMCTB MOJAYJAS CYMMbl U NPOH3BeleHHs.

CpoiictBa 2 u 3 03HAYalT, 4TO AOCONOTHO HenpepuleHble (PyHK-
yuu 8 npoCcTPancTse ecex ') pynkyuil ¢ 02paHUUCHHbIM USMEHEHUEM
06pas3yroT Auxelinoe mHo2006pasue. _

4. Beakaa abcoatoTHO  Henpepvi8Has (yHKuUS Moxcer 6oiTh
npedcrasiena KaKk pasHocTe 0syx abCOAOTHO HenpepbleHblx Heybbl-
sarouux pynxkyud.

1) CM. ynpaxHenHne Ha cTp. 337,
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HeficTBuTeN1bHO, a6COIOTHO HENpPephbiBHAS (YHKIHA, KAK BCAKAS
(GYHKIHA ¢ OTPaHHYEHHBIM H3MeHEeHHEM, MOXeT GbITb NpelicTaB/eHa
B BHJe

f=v—g3
v()=Valfl 1 g¥)=v(x)—f(x

— HeyOniBaomne Gynkuun. ITokakeM, yTo Ka)Kjaasi U3 3THX ABYX
GVHKLER abcoMIOTHO HenpepbiBHA. JOCTATOYHO MPOBEPUTH 3TO A
v. ilycts € > 0 3apano. Buibepem 8 > 0 gas 3T1oro e tak, Kak 310
JUKTyercsl abCOJIIOTHOH HenpephiBHOCTBIO QyHKUMH f. BosbmeM cH-
CTeMY 1 HHTepBaJoB (ap, br) ¢ cymMMapHO#l NJIHHOH MeHblie, yeMm §,
1 pacCMOTPHM CYMMY

riae

(v (be) — v(az)). (5)

™

3714 cyMMa nmpeacraBaser co6of TOUHYIO BEPXHIOIO TPaHb YHCeEJ

n Mg
Z 2 e ) —F (e -0 6)

TI0 BCEBO3MOXKHBIM KOHE€YHbIM Pa36HeHPIHM

a=x,0 <%, <X%,2< oo <X =0y,
Ay =Xp,0 < Xg,1 <Xg,2< .. < Xg, m,==by,

Ap=1Xp,0< Xy, 1

. e « . o e e

<Xn'2< PP <Xmmn=bn

HHTEpBAJOB (a;, b)), ..., (@n, bn). Tak Kak cymma g/uMH Bcex HH-
“TEePBAJIOB (Xk, 1-1, Xk, 1), 10 KOTOPBIM Geperca cymma (6), He mpeBoc-
xonut 8§ > 0, To kaxzaas uz cyMmm (6) ne Gosbuie, uem &. CienoBa-
‘TeNIbHO, H CyMMa (D), — HX ToYHas BepXHSis rpaHb, — He OoJiblue,
yeM e.

Caefyoulde JBe TEOpPEeMbl YCTAHABIMBAIOT TECHYIO CBSI3b MeXAY
NOHATHeM abCOJIOTHOA HENPEpPbIBHOCTH W HEONpPeleJeHHbIM HHTe-
rpaJsiom JleGera.

TeopeMa 2. Pynkyus

F=\i0a,

npedcrasanrouas cobold wneonpedenrentobul UHTE2PAA CYMMUPYemod
QyHKyuu, abcoaOTHO HenpepbisHa.
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HoxasartenbctBo. Ectn {(ax bx)} — Kakas-mbo cHcTeMa
HerepeceKaouuXCcsa HHTepBaJIOB, TO

n n kO
2 F o) —Flagl=2, Sf(t Yt | <Y Y17 (0)dt=
k=1 k=1 k=l a

I

[ () dt;
E (ap bg)

B CHJY aGCOMIOTHOH HempepbBHOCTH HHTerpasa JleGera mocnennee
BbIpaXKeHHe CTPeMHTCHA K HYJIO0, KOrla cymMMapHas JJHHa HHTepBa-
J0B (@, by) cTpemMuTCA K HYJIO.

Teopema 3 (Jle6er). [Ipoussodnan f = F' abcororno we-
npepoisroli pyukyuu, 3a0annoli Ha orpeske [a, bl, cymmupyema na
9TOM OTpe3Ke u 048 Kaxdoeo x (a << x << b)

Sf(t) dt = F (x) — F(a).

a

TeopeMsl 2 u 3 noKa3bBalOT, YTO abCOJIOTHO HeNpepbIBHbLIE
GYHKIHH, W TONBKO OHH, BOCCTAHABJIHBAIOTCS C TOYHOCTBIO JO TIO-
CTOSIHHOTO CJIaraeMoro Mo CBOeH MPOH3BOJHON C NOMOIWUBIO omnepa-
[HH HHTErPUPOBAHUS.

Jlns poxasatenbcTBa TeOpeMbl 3 HaM HOHAZOGUTCS CAeAyloulas
JleMMa.

Jemwma. Ecau npoussodnas abCOAOTHO HEAPEPbIBHOUL MOHO-
TOHHO Heyboisaoweldr ¢Gyukyuu [ passa 0 nouru actody, 1o ITa
PynKyUus — NOCTOAHHARA.

ILoxasartenbcTBO JeMMBbl. [lycts [ 3anana ua [q, b]. Tax
KaK [-— HenpepbiBHAs MOHOTOHHAsi QYHKIMs, TO ee 06JacTb 3Hauye-
Hui ectb oTpe3ok [f(a), f(b)]. [TokaxeM, uTo AJHHA 3TOro OTpe3ka
paBHa Hymo, ecau ['(x) =0 nouru Bcioay. Tem cambiM JeMMa 6y-
geT nokaszaHa. Pazofbem MHOXKeCTBO TOUYeK oTpe3Ka [a, b] ua asa
KJacca: MHOXecTBo £ Tex Touek, B KOTophiX [ (x)=0, u Z—ero
nononnenre. Ilo ycaoBuio seMMbl p(Z)= 0. BuiGepem HexoTOpOe
e > 0, nafizem 1o 6 > 0, KoTOpoe OTBeuaer 3TOMY & B cHJYy abco-
JIIOTHOH HENPEepHBHOCTH (YHKIUHH [, W 3aKjJioyuM Z B OTKDBITOE
MHOKeCTBO, Mepa KOTOPOrO MeHblle & (3TO BO3MOXKHO, IOCKOJBLKY
w(Z)=10). Mnave rosopsi, Z noKphiBaeTCsi KOHEUHOH HJM CUETHOH
CHCTeMOH MHTEpPBaNoB (dag, br), cyMMa AJMH KOTOPBLIX MeHblue O.
B cooTBeTCTBHH ¢ BLIGOPOM § mosrydaem

L1f by —ap) | <e.

CrenoBaTtesbHO, BCSI CHCTeMa HHTEPBAJOB (ax, bx) (a Tem Gosee, u
3aKJI0YeHHOe B HX CyMMe MHOXKecTBO Z) mepeBoAdTCSl QyHKUHe# [
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3 MHOXECTBO, Mepa KoToporo Menblie €. Takum o6pasom,
n(F(Z))=0.

Paccmorpum rtenepb mHoxectBo E ={a, b]\\ Z. Ilycts xo = E.
Torna, nockonbky [’ (xo) = 0, pnsa BCEX X, 1OCTATOUHO OJHU3KHX K Xo,
BBINIOJIHEHO HEPaBEHCTBO .

F(x) — F(xo)

X — Xy

< e,

T. e. (Mbl cudTaeM AJs ONpeaeseHHOCTH, UTO X > Xg)
f(x) — [ (xo) < &(x— xp)
xo — [ (xo) < &x — f(x);

TakuM obpasoM, Xo eCTb TOYKA, HeBHAMMAas cnpaBa AJasl (QYHKUHH
g(x)= ex — f[(x). CaenosarenbHo, no semme ®. Pucca, mHOXKecTBO
E comepuTca B KOHEYHOH WJIM CUETHOHR CHCTEMe HelepeceKaloLUX-
Csi HHTEpBaNOB (Qk, Br), B KOHLAX KOTOPHIX BLIMOJNHSIOTCS yC/AOBHA

e, — f (ﬁk) = e, — f(ak)v
F(Be) — f(ae) < e(Be— ),
ZG@Q-f%» GZ@r“%)Gw—%l

HJINR

T. €.

0TKYaa

Huaue rosopsi, muoxkectBo E nepesBomutca ¢yHkuuell f B MHOKe-
CTBO, NOKpbIBaOWeecss CUCTEeMO! MHTEPBAJNOB, CYMMa MJIHH KOTOPBIX
menblite €(b — a). BBHAY NpPOH3BOIBHOCTH € OTCIOAA CJELYeT, 4TO
w(f(E))=0.

Wrag, u f(E) u f(Z) umeor mepy uyab. [Ho B cymme stu asa
MHOXKeCTBa COCTaBasoT oTpe3ok [f(a), f(b)]. Tem cambim nokasauo,
YTO JJIMHA 3TOrO0 OTPe3Ka eCTb HyJb, T. €. uTo [(x)== const.

Temepb yxKe Jerko JokassiBaeTcst U cama Teopema 3. Jlocrarou-
HO OrpaHHYUTLCA caydyaem, Korma ¢yuruua F(x) He yObiBaer.
B stom cayuae

X
Ow=F@x)— | Foa %
TipeJCTaBJsieT cofok prﬂxumo TOX€e MOHOTOHHO HeyOBbIBAIOLLYIO.

HeicTBuTeabHO, ecnu x” > x’, TO N0 Teopeme 1
x

O (x")—DQF)=FEx")— F{x)— S f(f)dt =0
xl
Kpome toro, @ aGcoqoTHO HernpepbiBHA (KaK pasHOCTb ABYX a6co-
JIIOTHO HenpepbiBHBIX GyHKuuit) u @' (x) = 0 noutn BClOAY (coraac-
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no teopeMe 1 § 3). IMostomy B cuny nemmbl @ ectb kKoucraura. Ilo-
Ja0xuB B (7) x = a, moJyuaem, 4TO 3Ta KOHCTaHTa papHa F(a).
Teopema nokasana.
Mbl BHIeaH BHILIE, YTO BCAKYO QYHKIHIO [ ¢ OFPAHHYEHHBIM H3-
MEHEHHEM MOXHO MpeACTaBHUTb KaK CyMMY (GYHKIHMH CKaukoB H u
HernpepbiBHOH (GYHKIHH @ C OrpaHHUEHHBIM H3MeHeHueMm (cTp. 336),

f=H+gq.

PaccMoTpuM Tenepb HeNpepbIBHYIO, HO He abGCOJIIOTHO HenpepbiB-
HYI0 QYHKIHIO C OTPAHHUYEHHBIM H3MEHEHHEM @ H TIOJOKHM

X

v ={o ©ar
PasnocTsb ¢

A=0—

npencrasiser co60id HenpepblBHYIO (YHKIHIO C OrpaHHYeHHBIM H3-

menenueM. I1pu stom
X

L= m—=ema=o

NOYTH BCIOLY.

Ha3zoBeM HenpepbiBHYIO (YHKIHIO C OTPAHHYEHHBIM H3MEHEHHEM
CUH2YAAPHOL, eCIi ee TIPOM3BOJHAS PABHA HYJK NMOUTH BCIOAY. Mbr
MOKeM Temnepb C(hOpMYJNHPOBATHL CJAEAYIOLIMH Pe3ysabTaT:

B8CAKAA (YHKYUSL C 02PAHUMEHMbIM UBMEHeHUeM MOoNMeT OblTo
npedcrasaena 8 sude cymmor Tpex KOMROHEHT

f=H+v+x @8)-

— ynkyuu ckaukos, abCONOTHO HenpepoulBHOL GyHKyUuL U CUHeyY-
AapHoll QynkyuL.

Herpy/aHo moKkasaTb, YTO KaX/0€ H3 CJlaraeMbiX B PasjiOKeHWH
(8) onpenenserca camoii Gpyuxuuell f 0OLHO3HAYHO C TOUHOCTBLIO N0
Koncrauth. Ecau QyHKIUH, BXOAALIHe B paBeHCTBO (8), HOpMHpO-
BaTh, noTpe6oBaB oOpallleHHs ABYX H3 HHX B HYJb B TOUKe X = a,
TO pasnoxenue (8) Oyner yxe B TOYHOCTH eAHHCTBeHHBIM. [Ipo-
nuddepeHLHpOBaB paBeHCTBO (8), Mbl NOJYYHM, YTO TNOUYTH BCIOAY

f (x) =" (x)

(nockobky H’ wn 7’ paBHb Hymo moutd Bcioay). CrenoBaTenbHo,.
MIPH HHTErPHPOBAHHH MNPOU3BOJAHOH OT (QYHKUHM C OrpaHHYEHHHIM
vU3MeHeHHeM BOCCTAHABJMBAETCS He CaMa 3Ta (YHKIHA, a TOJbKO-
ee a0CoJIOTHO HENpepblBHAs KOMNOHeHTa. IiBe Apyrue KOMIOHEHTHI
(byHKIHST CKAuKOB W CHHTYJpHAsi) NpPH 3TOM «GeccJaefHo ucye--
3al0T».
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IMoyuuresbHo CpaBHUTL pe3yJabTaThl 3TOrO0 mnaparpada c T1eM,
yTO 1naer TeopHs o6oOweHHbIX GyHkuuid. Kak u B ra. IV, 6ynem
NOHHMAaTbh NOA O0OO0OIMeHHOH YHKIHeH JHHEeAHBI HemnpepbiBHLIN
GyHKIHOHAN Haa npocTpaHcTBOM K GUHUTHBIX GecKOHeuHO Aupde-
peHuupyeMbiXx QyHKUHEH. Ilpn 3toM 06GBIUHON JIOKaJbBHO CyMMHpYye-
Mol GyHKIHH [ comocraBssiercsi QyHKUHOHAJ, AEHCTBYIOIIMH Ha

oo

sneMedTel @ = K no dopmyne (f, ¢)= S f(x)@(x)dx. O6o6ruen-

—_ 00
HOM [POM3BOAHOH OT 3TOro GYHKIHOHAJMA CIYKHUT (GYHKIHOHAJ,
craBAmMA B cooTBercTBHe 3ieMenty ¢ & K uncio (f/, )=
co
= — S f(x)g’ (x)dx. Tak Kak B kjaacce 0606IEHHBIX (YHKIHMI
-0
ypaBHeHHe y = 0 uMeeT TO/NBKO OGblUHbIe pellleHHus (KOHCTaHThI),
TO BCcfiKas 0606lieHHass (QYHKLUUS C TOUHOCThIO AO KOHCTAHTHl BOC-
CTaHaBJIUBaEeTCs [0 CBOeH npousBoaHoil. B uwacTtHocTH, BCsikasa Jio-
KaJbHO cymMMHpyeMas GYHKUHUS [ ¢ TOUHOCTbIO MO KOHCTAHTHI IIOYTH
BCIO/ly BOCCTAHaBJIHBaeTCs Mo cBoed 06061 eHHON MPpOU3BOA-
Ho#t f’. TlpeanosoxuM Tenepb, 4To QYHKUHUA f MOYTH BCIOAY HMEET
NPOU3BOJAHYIO, Hanpumep, f-— MOHOTOHHAaA GyHKIHA. O6o3HAUNM
yepes f| = df/dx o6blunyio mpousBoaHyio dyHkuud f. (Mbl yxe BH-
nenu, uto df/dx wmoxer paBuatrbcsd O nouTH BCoOAY, xotsa [(x) ==
= const!) ®yuxuusa dff/dx asasercs J0OKaJdbHO CYMMHPyeMOH (Mbi
npeanojaraeM, 4Te f MOHOTOHHA) H, CJEIOBATeIbHO, MBI MOXEM
COMOCTAaBUTh 3TON (YHKUMH QyHKIHOHAK (06001EHHYI0O QYHKIHIO)
oo

(fr, 9) = S %qa(x) dx. CyuecTBeHHBII GaKT COCTOHT B TOM, 4TO

0605u§eHH;lﬂ pynkyus f|, sBoobuje eosopsa, ne cosnadaer ¢ 0606w en-
noti ¢pynkyued f'. Hanpumep, ecau

' 1 mpa x>0,
f(x)=
0 mpau x<<0,

10 fi =0, af =28 (cMm. mpumep 1 crp. 2056—206).

Teopema 3, coO6CTBeHHO ToOBOps, M O3HayaeT, 4TO CpPelH BCex
GYHKUMEA ¢ OUPAaHHYEHHBIM H3MEHeHHeM A5 aGCOJIIOTHO HelpephiB-
nbix QyHKUME (M TOJBKO AJMA HHUX!) TPOH3BOAHAS, NOHHMaeMasl B
0GLIUHOM CMbIC/Ie, COBNagaer ¢ 0600IeHHOU MPOU3BOAHOH TOH XKe
(OYHKLHH.

3mech Mbl CHOBA CTaJKHBAeMCs C TeM IIOJIOXKEHHEM, O KOTOPOM
yKe roBopuaoch B § 4 ri. IV: 1419 BBHINOJHHMOCTH OCHOBHBIX omepa-
nui aHaausa (B AaHHOM cJyYae peub HAET O BOCCTAHOBJICHHH QYHK-
1[HH 110 ee NMPOHU3BOJHON) HYXKHO HJIH, OCTaBasChb B paMKaxX KJAacCH-
UeCKHUX OfpejeJeHHH, OrpaHHUUTLCA JOCTATOYHO Y3KHM 3alacoM
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¢yukuuit (a6COMIOTHO HEMpepbIBHBIMH), WJIM Ke, Hao0GOpoT, Cylile-
CTBEHHO pPacCIUHPHTb NOHSATHE CI)YHKU.HH (pacumpHB npH 3TOM H OI-
pejiesieHHe TIPOU3BOAHOM).

VYnpaxueuusn |. [TokazaTb, 4yTo onpenesneHHe aGCOMIOTHOM HeNpepbIBHO-
CTH, chopMyaHPOBaHHOe Bhllle, PABHOCHJIBHO cJeLylOlleMy: f aGCOMIOTHO Henpe-
peiBHa Ha [a, b], ecnn oHa KaXKJoe NOAMHOKECTBO Mepbi HYJb 3TOr0 OTpe3Ka
NEPeBOAUT CHOBa B MHOXECTBO Mephl HY/b. .

2. HaiiTu 0606IIEHHYIO NPOH3BOJHYIO «KAHTOPOBOH JIECTHHIbI».

3. Ilyctb f — OYHKUHS ¢ OrpaHHYEHHBIM H3MeHeHueM, [ — ee oBoGUlenHan
npou3BojaHas H fy — QyHkuHoHan (oGoblueruas QYHKIHA), ONpPeNeseMblil «0OhIY-

HOH» NPOHU3BOMHON m dyukuuu f. Jokasats, uTo

a) ecaun f abcomoTHO HenpepruBHa, To [ = fi;

6) ecnu " =1Ff,, 10 f(x) sxBUBaJenTHa aGCOMOTHO HenpepbiBHOH GYHKUMHE,
T. €. COBHajfaeT ¢ Takoi (YHKuHed moutd BCoAy. B uactHoct, ecnu f' = f| u f
HeNpepEBHA, TO U [ aGCOMOTHO HENpPEpLIBHA.

§ 5. Hurerpan JleGera kak yHKUHS MHOXKeCTBa.
Teopema Panona — Hukonuma

1. 3apanbl. Pa3noxenne XaHa u pasnoxenue )Kopnana. ITous-
THS ¥ QaKTbl, H3JI0KEeHHble B NpeAblAYLHX naparpafax njas GyHk-
Ui Ha NpsIMOH, paclpoCTPaHAIOTCA B 3HAYMTEJNbHON CTENeHH M Ha
¢$yHKLKH, 3afaHHbIe HA NPOH3BOJLHOM IPOCTPAHCTBE C MepoOH.

Tlycte X — HeKOTOpOe TMPOCTPaHCTBO ¢ (KOHEYHOH) MepoH 1 H
f — cymmupyemas no u ¢yuxkuus na X. Ilpu stom f 6yner cymmu-
pyeMa Ha KaxJ0M H3MepHUMOM mojMHoxecTBe A MHOXectBa X H,
CJIeI0BATENbHO, HHTErpaJ

@) = { 1 (v du (1)

A

(¢ ¢uxcupoBanHol f) mpeactaBiasieT co0o GYHKIHMIO MHOMKECTBA,
onpefeNeHHyI0 H O-aJJAHTHBHYIO HA o-anre6pe &, BCceX M3MEPHMBIX
Muox)ects npocrpanctsa X. Takum o6pasom, anas n060ro passioxe-

HUA
A=g&

B3MepHMOro MHOXKECTBA As KOHEUHYIO HJ/IM CUETHYIO CYMMY monap-
HO HemnmepeCeKaUnXCca H3MEPUMBIX MHOXKECTB BhINTOJIHEHO paBEHCTBO

mm:%mm&

Hnpaue rosops, Gyuxkuuun @, onpenenennas pasencrsoMm (1), obsa-
LaeT BCEMM CBOHCTBAMH O-afJUTHBHOH Mepbl, 38 HCKJIOYEHHEM,
6blTh MOXKeT, HeoTpuuarensHoctd. (Ilpu HeoTpuuarenbuoit | weor-
punatenabia 1 @.)

Onpepnenenne 1. IlpousBonbHas (xoHeunas) o-agAuTHBHAS
¢ynuruusg MHoxecrBa @, onpejleseHHas Ha HEKOTOpOH o-anre6pe
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NOAMHO2KECTB JaHHOTO NNPOCTPAHCTBA X, Ha3bIBAe€TCsl 3HAKONEpeMeEH-
HOU mepoli, uin, Kopoue, 3apA00M.

[TousiTne 3apsila CJAYXKHT e€CTECTBEHHBIM O6GOOIUEHHEM NOHATHSA
G-aILILHTI/IBHOI:'i Mepbl M, KaK Mbl YBHAHM HHXKE, CBOIHTCA B oOlpene-
JIECHHOM CMBLICJI€ K 3TOMY NOHATHIO.

Yunpaxuenne, J[JoxkasaTb, uto jpas Jio6oro (koHeyHcro) 3apsana @, 3a-

LAHHOTO Ha g-aare6pe MHOMecTB &, cymlecTByer Takas KOHCTaHTa ¢, 4TO
|D(A)] < ¢ npu Beex A = ©.

Ecau paccmartpuBaerca peasibHBI 3/1€KTPHYECKHH 3apsij, pacno-
JIOKEHHBIH, CKaxKeM, Ha HEKOTOpPOH NOBEPXHOCTH, TO 3Ty MOBEpX-
HOCTb MOXKHO pa3JeJuTb Ha OBe 06JaCTH: HECYLUYIO MOJOXKHUTENb-
HBIH 3apaf (T. e. Takylo, 4yTo M06as ee yacTh 3apsiKeHa MOJOKH-
TEJbHO) H HeCYLLYI0 oOTpulaTelbHbHl 3apan. MaTemaTHuecKuM
5KBHBAJIEHTOM 3TOro (haKTa CJYXKHMT NMPHBOAHMMAs HHxe Teopema l.

BBeneM npeaBapuTesNbHO CAEAVIOILYI0 TepMHHOJOTHIO. I[lycTh
@ — 3apsja, onpefieleHHBA Ha o-anre6pe © nNOAMHOXKECTB Ipo-
crpanctBa X. MuoxectBo E & © HasbiBaeTcsi OTPULATEAbHOIM OT-
HocutesbHo @, ecsin D(EN F) << 0 nns mo6oro F & ©; agasoruudo
E naseiBaercs noaoxcuressvtvim, ecin O (ENF)= 0 nns scex FEE.

Teopema 1. Ecau ® — 3apad, onpederennsiii va X, 10 cyuje-
cT8yer Takoe uamepumoe mHoxecteo A~ < X, uto A~ orpuyaresstc
u A* = X \\ A~ nososureasno (otHocuresbio M),

Hoxkxasarteabctso. [Tonoxum

a=inf @ (4),

rie HUXHsS rpanb Gepercs Mo BCEM OTPHLATEIbHBIM MHOXKecTBaM A,
IMycts {An} —Taxkas nocnenoBaTeNbHOCTH OTPHIATENbHBIX MHO-

#eCTB, YTO
lim @ (4,)=a.
n-» oo
Torna A™ = U A, npencraBnser co6oH, KaK Jerko BUAETb, TAKOe
n

OTpHLATEJbHOE MHOXECTBO, UTO
@ (A_) =a.

ITokaxeM, uto A~ U eCcTb HCKOMOE MHOXKECTBO, T. €. NOKaXXeM,
4TO
AT=X\A"

noJgoxureabHo. Ilyctb 310 He Tak, T. e. nyctb A* cozepxuUT Takoe
nameprumoe noAMHoxKecTBO Co, yto @ (Co) << 0. Ilpn 31OM MHOXKeE-
ctB0 Cp He MoXKeT ObITb OTPHLATE/NbHBIM, TAK KaK HHaye Mbl MpH-
coeqHHuJIN OBl ero K A~ 1 nosyyuau Gbl OTPHIATENbHOE MHOXECTBO
A, 1151 KOTOpPOro ~

D (4) < a,
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4TO HeBO3MOkHO. ITosToMy cyliecTByeT Takoe HauMeHbllee HesinR
yncao kg, aasa koroporo B Co Haitmercs moamuoxkecTBo Ci, yAoBJe-
TBOPSIIOLLEE YCAOBHIO

@ (Cy) = k.

Pasymeercs, C; 5= Co. It MuoxectBa Co ™\ C| MOXHO HOBTODHTb
paccyxpenue, nposeaerHHoe aasi Co; Mbl nojayduM mHOKecTBO Co,
yIOBJIETBOPSIIOLLEe YCIOBHIO

DC=1/ky (ky=k)
u T. 1. HakoHel, noJIOXXHM

Fo=Cy\ ,-Ql C,.

MuoxectBo Fy He mycro, tak kak D(Co)<< 0, a O®(C;) >0 npn
i>=1. Vs nmoctpoenus caenyer, uto Fo orpuuarensHo. [lostomy,
NPUCOeNHHUB ero K A~, Mbl CHOBA MPHXOAHM K MPOTHBOPEUHIO C OI-
penenenvem a. CienoBarenbHo, AJsi BCeX u3MepuMbix EC X\ A-
HMeeM

®(E) >0,

T. e. X \\ A~ n0N0KUTENbHO.

Teopema mokaszana.

Pas6uenye mpocTpaHcTBa X Ha OTpHuHATeNbHYIO uacTb A~ u mo-
JnoxuTtenbHylo A* HaselBaercs: passoscenuem Xaua.

Paznoxenue Xana, BooGlie roBOpsi, He €IHHCTBEHHO, OAHAKO
€CJIH

X=ATUA" u X=A7UAS
— JABa TAaKHX pa3JIOKeHHsA, TO AJAHA BCAKOrO Ees
O(ENAT)=0(ENA) n ©®(ENA)=0(ENA). (@)
Jle#cTBUTENBHO,
EN(AT N A7) ENAT, (3)
otkyna crenyer, uto ®(EN(Ar \47))<0. B T0 xe BpeMs
EN(AT \ A7) < ENAS, (4)

orryna ®(E N (A7 \42))>0. Takum o6pasom, ®(E N (AT N\ 45 ))=0.
AHaJsornuHO nosyuaeM <D(E N (Az‘ AN AT))=O. Orcrona caenyer, uto

@ (ENAT)=0(EnA7).
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TouHO Tak Xe J0KasbBaeTCs W BTOpPOe M3 paBeHCTB (2).
Takum o6pasom, Ha © 3apsng @ OJHO3HAYHO OmMpejeasieT ABe
HeoTpHLaTeNbHble QYHKIHH MHOXKECTBAa, 8 HMEHHO:

T (E)=0(ENA"),
O (E)=—2(En4),

Ha3blBaeMble COOTBETCTBEHHO 8epxHell sapuayued u HudxcHeld sapua-
yueii zapsana @. Ipu srom, oueBuaHo,

1) @ =0r— @,

2) ®* u O npeiacTaBafAlOT co60H HeOTpHUATENbHbIE C-aJJHTHG-
Hble (PYHKLHH MHOXECTBA, T. €. MepHl.

Mepoit 6yaet, oueBuaHo, d Gyukuus |@|= O* 4 O-; ona nasu-
Baercsl noanod sapuayued zapsgna @, a npexacrasiaenne @ B puae
Pa3HOCTH BepXHell W HHUXKHEH BapHalUi Ha3bIBAETCs pPaA3A0INEHUEM
JKopdara sroro 3apsina @.

3ameuaHune Mbl paccMaTpuBa/JH ceHuac KOHeUHBbIE 3apsijbl,
T. e. Takne QyHKuun @, 3HaUEHHST KOTOPHIX OrPAHHYEHBI KaK CBEPXY,
TaK M CHH3y (cM. ynpaxkHeHue Ha crp. 350). IIpu stom ®* yu @~ —
KoHeuHble Mephl. CkasaHHOe Bbllle MOXHO 0GOGLINTL Ha 3apsijbl,
OrpaHHYeHHble JHIIb ¢ OAHOH CTOPOHBI, T. €. TaKHe, I KOTOPLIX
xoTa 61 onHa 3 Beauuud sup @ (A4) u inf ®(A) koneuna.

2. OcxoBHbie THOB 3apsafoB. [IycTb p — HeKOTOpasl G-alJHUTHB-
Hasi Mepa, onpelesieHHas B npoctpaHctse X Ha HeKOTOPOH o-aare6-
pe ©. MuoxecTBa, Bxoasiuide B &, Mbl OyIeM HasblBaTb U3MepU-
mbimu. BBelleM ciepyiouide MOHATHS.

Mp ckaxem, uto 3apsn @, omnpeleseHHbIHE Ha MHOXKeCTBax
E e &, cocpedorouen na usmepumom mroxcecrae Ao, ecin O (E) =0
nas kaxporo E < X\ Ao MHoxkectBo Ao HasbiBaercs nNpH 3TOM
Hocureaem 3apsga O@.

3apsn @ uasviBaercs wenpepoigroim, ecan O(E)=0 pasa mo-
6oro ognoToueunoro muoxecrsa E. 3apan D HaswiBaercsa ouckper-
HbiM, €CJH OH COCPENOTOYEeH Ha HEKOTODPOM KOHEYHOM HJH CYETHOM
mMHOXecTBe. HBIMH cJOBaMH, AMCKPETHOCTb 3apsijaa O3HAYaer Cy-
lleCTBOBAaHHE TAKOTO KOHEUHOTO HJH CYETHOTO0 MHOXKEeCTBa TOdYeK

€1, €24 « v .y Cn, ... uTO A8 KaXkgoro £E < X
D (E)= 2 D(c).
ckEE

3apsaag @ HasbiBaeTcss abCOAOTHO HenpepoléHbiim (OTHOCHTENBIO
naHHoit mepbl ), eciu ®(A)= 0 mas Bcsikoro usmepumoro A, s
kotoporo u(A)=

3apsin @ HaswiBaeTcsl  CuHeyasapHoim (OTHOCHTEALHO Mephl W),
ecJIH OH COCPEJOTOYEH Ha HEKOTOPOM MHOXKECTBE HYJeBOH H-Mephl.
$lcHO, UTO eC/IH 3apsij OJHOBPEMeHHO aGCOJIIOTHO HelpepuiBeH H CHH-
TyJsipeH OTHOCHTE/JbHO W, TO OH HYJEBOH.
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3. A6coatotHo HenpepbiBHbe 3apsaawsl. Teopema Papona — Hu-
koguma. Ilpumepom 3apsina, abGCONIOTHO HENPEpPLIBHOIO OTHOCH-
TeJbHO JaHHOW Mepbl W, MOXKET CJAYXHTb uHTerpaa JleGera

o) ={i@dn

A

OoT (UKCHpOBaHHOM cymMMHpyeMolt ¢yHKUuH f, paccMaTpHBaeMbiii
Kak byHkuua MHOXecTBa. OKasblBaercs, YTO 3THM M HCYEPIBIBAIOT-
csi Bce abCoJIOTHO HempephiBHble 3apsanbl. Mlnave rosops, cnpasen-
JIUBA CjlelyIollasl Teopema.

Teopema 2 (Pagou—Huxkonnwm). Tycre p— Hexoropas
KOoHeunaa o-a0duTtusHas mepa, onpedesenHas Ha c-arcebpe & nod-
muoscecrs u3 X, a ® — 3apa0, onpedesennoil Ha Tol xe c-arzebpe
u abcoatOTHO Henpepbi8rblll OTHOCUTeAbHO w. Toeda cyujecrsyer ra-
Kas cymmupyemasn no u pynxyus [ Ha X, uro

@)= {1wdu

A

02 Kamdoeo uamepumozo A. 3ta Gynryus, Hazs8aeMmAR NPOUIBOO-
Hoti 3apsada ® no mepe p, onpedesnerca 0OHOSHAYHO, ¢ TOYHOCTHIO
00 n-3K8UBANEHTHOCTU.

(Be QyHKUMHM HA3BIBAIOTCA W-3KBHBAJEHTHBIMH, €CJH OHH COB-
NajaloT MOYTH BCIOJY OTHOCHTENBHO Mephl p).

HoxkasarenbctBo. Kaxabii 3apsaj MOXKHO NpPeJCTaBHTh KakK
pPasHoOCTb JABYX HeOTpHLATeIbHBIX (cM. 1. 1), mpu 3TOM abCoMOTHO
HelpepbiBHBbIR 3aps] NpeACTaBasfeTcs KaK Pa3HOCTb abCOJIOTHO He-
npepulBHbIX. [To3aToMy noKasaTeabcTBO TeopeMbl HOCTATOYHO MPO-
BeCTH /Il HEOTPHLATEJbHBIX 3apsifioB, T. e. ajas mep. Hrak, nycts
@ — mepa, a6COMOTHO HenpepbIBHAS OTHOCHTEJIbHO NaHHON Mephl .
HoxkaxeM c/aeaylollylo JeMMYy.

Jemma. Tycro mepa @ abcoar0THO HenpepouLBHA OTHOCUTEAbHO
QU He pasHa Hyao ToxOecT8enro. Tozda cyujecTeytoT Takoe n U
Takoe uamepumoe muoxcecrso B, uro p(8) >0 u B nosoxuressHo

no orrowenuro Kk 3apady O — o h.

HdoxasartenbcTBo neMmu. IlycTs X=A,IUA,J{—pa3J10-
xenne XaHa, oTBeuaoLiee 3apsiay CD—%p., n=1, 2,..., 5 IycTh
ar = 47, 45 =1) At

Torna =
®(47) <-- 1 (A7) npu seex n,
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T. €. CD(AO_)=0 H, CcJe/loBaTesbHO, CD(A(T)>O, a 3HAYHT, H
n(4)>0(s cuny abcoatothoit HempepoiBHOCTH @ mo p). Ilostomy

HaligeTcs Takoe n, 4To p.(A,T)>O. 310 n u MHO)ecTBo B=AF
VAOBJETBOPSIOT YCJIOBHSIM JIEMMBI.

[lepeiinem Tenepb HEMOCPEACTBEHHO K [JOKa3aTelbCTBY TeO-
peMbl. Ilyctb K— MHOXecTBO @yHKuui [ Ha X, oGnafaiolux cie-
JAYIOUMMY CBOMCTBAMH: [ HeOTpHLATENbHEI, HHTECPHPYEMbl N0 [ H

S f(x)dp << ®(A) nas Beskoro usmepumoro A. ITyctsb
A

M==sup{gf(x)du 0 BCEM feK}.

x
Bosbmem mocaegopatennnoctb $yukuuit {f»} us K takyio, uto

lim S f.(x)dp = M.

n
-)uox

Tlonoxum

g (¥) =max (f, (x), fa(x), ..., [a(x)).

MoxaxeM, uto gn = K, 1. €., uTO A45 BCsiKOro uamepumoro E

S&mw @ (E).
E
n
HeiicteuTenbuo, E MOXKHO NpedCTaBHTb B BHAE kUI E;, rne Ei ue

nepecekaloTcs U gn (x) = fr(x) na Ex; nostomy

T n

(=3 [ ntan< Z (Ex) =D (E).
E

k=l Ek k=l

ITonoxum

f(x) =sup {f, (¥)}.

Slcuo, uto mpu 3ToM f(x)==lim g,(x) H, cremoBaTe/lbHO, MO TEO-
) )

peme B. Jlesn,

n->»

Sf(x)dp= llrzloggn(x)du=M.
X X

Ilokaxem Temnepn, 4TO

o@E)— | Fd
@)
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Ilo noctpoenuio, GpyHKuUsA MHOXKECTBA

ME)=®(E)— | [ (D dn

E

HeoTpHLaTesNbHa U obsajfaeT BceMH cBoHcTBaMu Mepnl. Kpome Toro,
OHa a6CcoMIOTHO HenpepbiBHA OTHOCHTeNbHO u. Ecnu A5=0, To B cuay
JeMMmul Haigytca rakoe € > 0 u Takoe B, pu(B)> 0, uro

en(ENB)SA(ENB)
1J1s1 J11060T0 Pl3MepHMO>I‘O E. Torna, nonoxus h(x)= f(x)+ exa(x),

Tle ¥p— HMHIHKATOD MHOXeCTBa B, Mbl nmoayunau Obl A1as J060Oro
naMepumoro E

(hwan=(fwditerEnB< | Fwdn+@ENB<OE.
E E E\B
IT1o o3Hauano Obl, uTO PYHKUUS h TPHUHANJIERKHT ONPENESEHHOMY
ebie MHoxecTBY K. Ho B To XKe Bpems
{hdu={F(du+enB) > m,
X X

a 3T0 npoTuBOpeunT onpefpenenuto M. Urak, cymecTBoBanue TaKoil
¢yHkuuu f, uro '

©(4) = { f () du,

A
nokasaHo. [TokaxeM ee equHCTBEHHOCTb. Ecan a9 cex A =&

o(4)={ £, () du={ f(0) du,
A A

TO NpH JIOGOM 1 /1T MHOXECTB
Ay ={xfo(x) = f, (x) > 1/n}

B (A) <n § (F, () — f2 () dn =0,

Ay

uMeeM

Auagnornuno, ans B, ={x:f (¥) — f,(x) > 1/m} umeenm

{x:fl(x)¢f2<x)}=(LnJ 4r) U( gnJ Bn),

pilx i fi(x) 7= [, (1)} =0,

7. e. f1(x)= f2(x) moutn Bciony. JlOKa3aTeJbCTBO 3aKOHYEHO.

Tak kaxk

TO
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3ameuanue. Teopema Panona — Hukoauma npeacrasaser co-
0o#, oueBHIHO, ecTecTBeHHOe 06oblleHHe TeopeMbl JleGera o Tom,
yTo abCOJIOTHO HeNnpepbIBHAsA (GYHKIHS €CThb MHTErpas oOT CBoefl
npoussognofl. OnHaKo, B TO BpeMs KaK NpPH paccMOTpeHHH (YHK-
IUHA Ha NpAMON y HAc ecTb 3P PeKTHBHBIH COCO6 HaXOXKIEHHS Mpo-
H3BOAHOH — BbIUMC/AEHHe Tupejena oTHoweHns Af K Ax, Teopema
Panona — Hukonuma sMile ycTaHaBinBaeT CylleCTBOBaHHE MpPOU3-
BoaHo#i d®/du abGcoaloTHO HempephiBHOTO 3apsiga @ no mepe p, 1O
He faer cnocoba A1S ee BuluHcjaeHHs. Takofi crnoco6 MOXKHO yKa-
3aTb, HO MBI He 6ydeM Ha 3TOM OCTaHaBjauBaTtbcs. B o6uux veprax
OH COCTOHT B BbluHc/Jeduu npefena otaouleHus M (A)/u(4) no ue-
KOTOPOH CHCTEME& MHOXKECTB, «CTATHBAIOIIHUXCS» B OIpeeJeHHOM
CMbIC/Ie K AaHHON TouKe. JleTa/qbHO 3TH BOIPOCHI PacCMOTPEHB!, Ha-
npumep, B [53].

§ 6. Unterpan Cruarbeca

1. Mepbt Ctuatbeca. B § | npeamayuieft raBei, roBops o Io-
cTpoeHuu mepol JleGera Ha mpsAMOM, MBI yXKe YIIOMHHAJH O CJeLylo-
el koHcrpykuud. Ilycte Ha HekoTopom oTpeske [a, b] 3agana mo-
HOTOHHO HeyObiBalomias QYHKIHSA F, KOTOPYIO MEl [ ONpeleseHHO-
¢t 6ymeM cuyuTaTh HenpephiBHOM cJieBa. Omnpegenus Mepol Bcex
OTpE3KOB, HHTEPBAJOB U MOJYHHTEPBA/IOB, NPHHALJIEKAUWX OCHOB-
HOMY OTpe3ky [a, b], paBeHcTBaMHU

(0, B)=F (B) — F(a-+0),
mla, Bl = F B+ 0) — F (),

m (o, Bl = F(B+0) — F (a +0), 1
m o, B)=F (8) — F (a),

MBI MOXKEM 3aTeM paclpoCTpPaHHTb 3Ty Mepy C MOMOLUbIO JeGeroBoh
Npolenyphl MPOJOJIKEHHS Mepbl Ha HEeKOTOpylo c-aarebpy ar, co-
JlepKaulyio BCe OTKPBIThIE H BCe 3aMKHYTbie (a 3HAYHT, U Bce Gope-
JIeBCKHe) TNoAMHOXKecTsa oTpe3ka [a, b Mepy ur, TOAYUCHHYIO
C_ MOMOMIbIO TAKOTO TOCTPOEHHS, HA3bIBAIOT nepoti Jlebeea —
Cruatseca, oTBeyaollels q)yHKupm F, a camy ¢yHruuio F HasbBaoT
npoussodsuyets gynkyuel sTolt Mepbl ).

PaccMoTpuM  HeKOTOpble dacTHele caydad Mep JleGera —
Cruntbeca.

1. Mycts F — $yHKUMA CKAYKOB, Xi, X2, ...— €€ TOYKH Pa3phiBa,
a hy, hy, ...— BeJIMUHHB €e CKAaYKOB B 3THX TouyKax. Torga mepa
(r, OTBeualoulasi 3TOH (QYHKUHH, YCTpOeHa CcJedylolHM o6pa3oM:

1) Ecam MOHOTOHHO HeyGbiBaioulasi GyHkuus F He HenpephiBHa cJeBa, TO MO
Hell TOXe MOXKHO OfnpefenauTh Mepy, BHecs B cdopmyqn (l) oueBHAHBIE H3Mene-
HHS; HanpuMep, Hago nokoxutb m[a, B} = F(B + 0)— F(ax—0) u 1. I
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ECe NOJMHOXKeCTBa OTpe3Ka [a, b] uaMepumsl U Mepa MHOKecTRa A
paBHa
pr(A)= 2 hi. 2)
X, EA

HeficTBUTeIbHO, U3 onpejeseHus Mepbl Jlebera — Cruarbeca

cpa3y e BHJIHO, YTO Mepa KaX<[0f TOYKH X; paBHa h;, a Mepa Jo-
o0

noaHeHus MHOXKecTBa {X;},_, paBHa Hym0. PaBeHctso (2) mas Jio-

6oro A —[a, b] BuiTeKaeT OTCIOfla B CHJY G-aJAHTHBHOCTH Mephl Ur.
Mepa pp, mocTpoeHHas MO KaKOH-THG0 (YHKUHMH CKAayKOB, Ha3bl-
Baerca JuckperHoti MepoH.

2. [Tycte F ~— a6coqoTHO HempepbiBHAas HeyObiBawoiias (YHK-
uns Ha [a, b] u f = F’ — ee npoussoaHas. Torga cooTBeTCTBYIOIIAA
Mepa ur 3aBeOMO OTpejeseHa Ha BceX H3MepHUMbIX mo JleGery moj-
MHOXKECTBaxX OTpPe3KOB [a, b], mpuueM IJs KaKJIOro Takoro MHOXKe-
ctBa A

pr(A) = f (0 dx. ®)
A

JleficTBUTENbHO, B cHJy TeopeMbl Jlebera Assl KaKAOro NOJTYHHTEp-
Raja [a, f) .
pela, B)=F @) — F(@) = | F () dx.

a

TlockoabKy J1e6eroBo NpPOJOJIKEHHe BCSAKOH O-aAJAUTHBHONH Mepbl
OJIHO3HAYHO ONpejessieTcsl CBOMMU 3HAaYeHHSIMH Ha MCXOAHOM IMOJaY-
KoJblle, OTCIOfla CJeJyeT paBeHCTBO (3) AJs BceX H3MEPHMBIX MO
Jle6ery A < [a, b]. Mepa pr, oTBevaloulass a6CoMIOTHO HeNpPePLIBHOM
¢ynkuun F, HasbiBaeTcst abCOAOTHO HenpepviBHOl Mepol.

3. Eciu F— cunrysnsipHasi HenpepbiBHas PyHKIHSA, TO OTBEYaio-
mas el Mepa ur LeJTHKOM COCPeAOTOYeHa Ha TOM MHOXKECTBe Jele-
roBoH Mepbl HyJb, Ha KOTOPOM F’ OTJIHYHA OT HYJs WJIH HE 